SOME RELATIONS IN Osc®* M

Irena Comié¢ and Nevena Pusié

Abstract

R. Miron and Gh. Atanasiu in [15], [16], [17] studied the geometry of Osc" M.
Among many various problems which was solved, they introduced the adapted
basis, the d-connection and gave its curvature theory. Different structures as
almost product structure, metric structure was determined.

Here the attention on E = Osc®M will be restricted, but in this space some
generalizations will be made.

1. With respect to the adapted basis the decomposition of T(Osc®M) and
the integrability conditions will be given.

2. Instead of d-connection the generalized connection will be defined and its
torsion and curvature tensor will be determined.

3. The Bianchi equations will be established.
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1 Adapted basis in T(Osc*M) and T*(Osc* M)

Let E = Osc3M be a 4n dimensional C° manifold. In some local chart (U, ) some
point u € E has coordinates

(xa’yla’y2a’y3a) _ (yOa’yla’yQa’ySa) _ (yaa)’
where 2% = y°* and
a,b,e;dye,...=1,2,....n, «,8,7,0,K,...=0,1,2,3.

If in some other chart (U’, ¢’) the point u € E has coordinates (m“', yte'
y?¢ 3¢, then in U N U’ the allowable coordinate transformation are given by:

(1) (a) 2% =a%(z', 2>, ... 2")
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Determination of the group of allowable coordinate transformations is the first
step to construct some geometry. The second important step is the construction of
the adapted basis in T'(F), which depends on the choice of the coefficients of the
nonlinear connections, here denoted by N and M.

The following abbreviations

0
(2) aaazw,a:1a2,3a andaa:aOa:7:7

will be used. -
The natural basis B of T(F) is

(3) B = {80(1781@7 aQaa 83(1} = {8CW}

The elements of B with respect to (1.1) are not transformed as d-tensors.
The natural basis B* of T*(F) is

(4) B* = {da®,dy"*, dy**,dy**} = {dy**}.
The adapted basis B* of T*(E) is given by (as in [19])

(5) B* = {5y°%, 6y, 6y, 37},

where

(6) 5y% = dx® = dy**

Syt = dy'e + M(l);dym’
6y2a _ dyQa +M(1)l;1dy1b 4 M(z);dy()b
5y38 = dye + M(l);dyzb + M(Q),fdylb + M(3);dy0b

Theorem 1.1. The necessary and sufficient conditions that dy*® are transformed
as d-tensor field, i.e.

gy = 0"

= oy*® =0,1,2,3
axay ’a Rt B B

are the following equations:
(7) (a) M(l)glaaxa' _ M(l)[;l/labxb/ + abyla/
(b) M(Z);aal"al = M(2);/ab$b/ + M(l)z;l/,abylb/ + Opy?
() MO29,a = MO 9 + MO o + MO 02 1
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From (1.7) it is obvious that we can take

1a 1)a a a
(8) M( )b — M( )b (yO ,yl )’
M(Q); — M(2)é1(y0a’y1a’y2a)’
3)a 3)a a a a a
MOy = MO0yl g2,y

9

From the choice of M depends the adapted basis B* ((1.5)).
Let us denote the adapted basis of T'(E) by B, where

(9) B= {5011; 014,024, 5311} = {5aa}»

and
Soa = 0oa — NDPay, — NPloy,, — NOlo,

(10) Ola = Do — N0y — NPioy,
02 = 0y — NWloy,
53(1 = a3(1-

Theorem 1.2.  The necessary and sufficient conditions that B ((1.9)) be dual to B*
((1.5)), (when B ((1.3)) is dual to B* ((1.4)) i.e.

< 0aady?® >= 09480
are the following relations:

(11)  NWE = b
N@)}; M(2)(ll> _ ]\f(l);]\/[(l)é7 - M(2)s _ M(l)gM(l)f
NG® M@ NMDepr@b _ Ny @eprb
c c 1)c
M(B)s _ M(l)aM@)é’ _ M(Q)GM(l)é’ + M(l)gM( )dM(l)cb_

From (1.10) and (1.11) it follows

Theorem 1.3. The necessary and sufficient conditions that 6o, with respect to (1.1)
are transformed as d-tensors, i.e.

ox®
12 6aa’ = 7/6(1117 =0,1,2,3,
(12) Eyn a
are the following formulae:
(13) N(l);):aaxa’ _ N(l)gabxb/ 7 aylb'

N(2)£:8a$a/ _ N(Q)gabxb’ _|_N(1)gabylb' - abe’
N(g)f;,laax“/ _ N(?’)fabxb/ +N(2)faby1b/ +N(1)33by2b/ . aySb'.
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From (1.10) and (1.11) it follows
(14) 03¢ = I3¢
ae = b2c + M3,
O1e = 010 + MWDGoq + M55,
Ooe = Goe + M V514 + MP550 + MP654.
Theorem 1.4. The relations (1.11) which determine NV, N2 NG as functions

of MW, M@ M®) don’t depend on coordinate system, i.e. (1.11) is valid if a, b, c,
d is substituted by a’, V', ¢/, d’ respectively.

Proof. If we substitute NV, N2 NG from (1.11) into (1.13), further M),
M®_ M®) from (1.7) into such obtained formulae, after long calculation we get
relations, which can be obtained from (1.11) if the indices a, b, ¢, d are substituted
by o', V', ¢/, d’ respectively.

From (1.8) and (1.13) it follows

a 1a a a
(15) N = N,y
N(Q); — N(2)g1(y0a7y1a’ y2a)
3)a 3)a a a a a
NO = N (00 yla g2 y30),

The above formulae will be important at determination of integrability conditions.

In [5] the relations (1.8) and (1.15) were not taken into account. These formulae
are restrictions on M(® and N(® « = 1,2,3,but even in this case they satisfy all
relations which appear by construction of adapted bases in T(E) and T™*(E).

2 Decomposition of T'(F). Integrability conditions
Let us denote by Ty, Tv,, Tv,, Ty, the subspaces of T'(FE) spanned by
{00}, {010}, {020}, {030}
respectively. Then we have
T(E)=Tyg®Ty, Ty, ®Ty,.

Proposition 2.1.  The horizontal distribution Ty is integrable if all Ky&%,, o =
1,2,3 determined by (2.2) and (2.4) are equal to zero.

Proof. By direct calculation one obtains
(1) [5Oav 50b] = KO;cobalc + R0300b82c + RochbaSw

where

(2) Ko = SopN )¢ = 00a N, 0= 1,2,3.
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The substitution of 9y, dac, O3. from (1.14) into (2.1) yields

(3) [60a; 605) = Koa op01c + Koo op02e + Koo op 03¢,
where
(4) KO;COb = f(o;Coz)

_ Ly )
Kod = Koo op + Koa ObM( )5

K [ 2d 1 o 1d 2
Ko 30 = Koo, + Ko 2%, MM + Kol M®)s

Proposition 2.2. The distribution Ty, is integrable if K,>%, o = 2,3 determined
by (2.6) and (2.8) are equal to zero.

Proof. We have

(5) [01a,616) = K 2¢15000 + K1 5,03,
where
(6) K260, = 61, N — 6, N = 0y, N — 9y, NOF

K, 3, = 6,N®e — 5, NPe = (9, - NOdo, ) N@e — (a/b).

In (2.6) formulae (1.14) were used.
Using (1.15), (2.5) takes the form:

(7) [01a,615) = K1 2%00¢ + K1 2% 03c,
where
(8) K1301b = Klfclb

c [~ 3¢ 7 1)c
Ky 3oy, = Ky 2oy + Ry 24, M )d'
Proposition 2.3. The distribution Ty, is integrable.
Proof. From (1.10) and (1.15) it follows
(020, 02) = Kp2030 = (o NVE — 52aN(1);)53c =0,

(55 (624, 02] = 0.

Proposition 2.4. The distribution Ty, is integrable.

Proof.
(10) [034,d36] = 0.
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Proposition 2.5. The following formulae are valid:

(11) [60a; 616) = Koo “1501c + Koo 15020 + Koo 1403¢
where
(12) Koa“1o = Koa 1

. > - 1d 1
Kodp = Kol + Koa 1bM( )57
Kodo, = Kodo, + Ko(fde(l); + Koidle(Q)gv

(13) KOalclb = 51bN(1)§ = ale(l)g
f(ofclb = 51bN(2)§ - 50&N(1)bc
Ko, = 61 N®e — 50, NP

Proposition 2.6.  For [y, d2p] we have

(14) [B0a, 026] = Koz ap02¢ + Ko op03a,
where
(15) Kofc% = Kofc% = 32bN(2)§a

Kooy = Kodo + Kofdsz(l)ga

Kofczb = 52bN(2)(f = 82;,N(2)§,

[_{03621) = 52bN(3)§ - 50«1N(1)5 =

(02 — N 0s) N®)e — (9, — NDda )N e,

Proposition 2.7. For [0gq, 03] we get

(16) [B0a, d36] = Ko; 3086,
where
(17> K0§’°3b = 53bN(3)§~

Proposition 2.8. For [014,02p] we have

(18) [51a7 62b] == K1a362b53C7
where
(19) K, 3, = 6 N@¢ — 6, NV = 9y, N®e — 9, NOe,

Proposition 2.9. For [014, 3] we obtain

(20) [014,d36) = 0.
Proposition 2.10. For [d24, 03] we get

(21) [024, 03] = 0.
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3 Covariant derivatives in T'(F)
Let V: T(E) x T(E) — T(FE) be a linear connection, such that
V:(X,Y) - VxY € T(E), ¥X,Y € T(E).

The operator V is called a generalized connection. It is called d-connection if VxY
isin Ty, Ty, Ty, Ty, f Y is in Ty, Tv,, Tv,, Ty, respectively. For the space Osct M
it has been studied by R. Miron and Gh. Atanasiu in [15], [16].

Definition 3.1. The generalized connection V on T'(E) is defined by
(1) Vs0a08b = L1  abre.

In (3.1) the summation is going over v and c.
If Y is any vector field in T'(E) and

Y =Y %4,
then
VY = Voua(V?05) = (00aY ™")0p0 + T 5) 00 Y "85 =
(JaaY’Bb +TI Bb ch)(;gb.

ye aa

aa

Now we define the generalized covariant derivative of vector field Y in the form

(2) Y2 0= 0adV P+ T2 Y
We have
(3) VoY = (Y™ )00

Theorem 3.1. With respect to (1.1) Y’Gblaa will be a d-tensor field, i.e.

: Az 9z
(4) T 2
0z Ozt laa
if all I‘,y'gbaa are transformed as d-tensors, i.e.
(5) g 0z Ox® o ,833C
ye aaaxa/ 6’Ib ye! aa’ foc

except Fﬁfb()a (no summation over 3, 8 = 0,1,2,3) which have the following trans-
formation law

oz oz o0z oxe 92z
6 r/ = _=rp
(6) Be Oa gpa’ §gb Be’ Oa’ Hope + Oz fxredze’

for 5 =0,1,2,3.
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Proof. Starting from (3.4) and using the tensor character of 640 and Y we get

/ 61:“ oxY Fold / ox°
Bb — Bb Be Bb c _
Y0 = o | gaptaal ™ Y bau o | 4T Y =
O O 5 YT Y
From the above follows:
(7) g Ox° oz sy dx 5 0z 5 oz
Ve At Hra’ Jxb vel aal Hye Yoz Y P

If 8 # ~ the last term in (3.7) vanishes.

If o # 0, then 6,022 = 0 (see (1.10) and (1.1)(a)).
If o =0, then

5 aibl B 922

0 9ze — Ozadze’

which proves (3.6).

4 The torsion tensor of generalized connection

The torsion tensor T'(X,Y) is defined as usual by:

(1) T(X,Y)=VxY -VyX — [X,Y].
If X and Y expressed in the basis B have the form

(2) X = Xpq, Y =Yg,

then using linearity of V and (3.1) we get

(3) VxY = Vxaas,, (Y05) =
X (60aY ?)op, + XY T 1)° 6re.

Further we have

(4) [(X,Y] = [Xpa, YP05) =
X(m((saayﬂb)é,@b — Yﬁb((SﬁbXaa)(;aa + Xaayﬁb[(;aa, 551,].

The substitution of (4.3) and (4.4) into (4.1) gives

Theorem 4.1. The torsion tensor of generalized connection has the form

(5) T(X,Y) = X“Y?UTg5 00— Tan pp)0ve = [0aa, 0p]] =
Tgy e XY P06,

where

(6) Tﬂl;/caa = Fﬁb aa Falcﬁb - K(xzcﬁbv

(7) [0ca: O6] = Kazcﬂbavc
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From (2.1)-(2.21) it follows

(8) XaaYﬁb [6aa> 5[317] =

XY (Koaop01c + Kodop02e + Kol opde)+

(XYM — XY O (K1 610 + Kol 1020 + Kol p030)+
(X04Y20 — XY 0) (K202 + Kol opdse)+

(Xan3b XSbyOa)K Sc3b530+

XY (K 2000 + K13 p00)+
(Xlay2b X2bY1a)K1a 2b53c'
As in TBZ:{ o @ 3,7 take values from {0,1,2,3}, so there are 4° different types
of torsion coefficients. From (4.6) and (4.8) it is clear that 43 — 19 of them are

the difference of connection coefficients, but 19 of them according to (4.8) have the
additional term —K_° b If it is supposed that Ty, Tv,, Tv,, Tv, are integrable

distributions, then all K’s beside XY and X'%Y''® are equal to zero.

5 The curvature theory of V

The curvature tensor for the generalized connection V is defined as usual
(1) R(X,Y)Z =VxVyZ —NyVxZ -V xy|Z

If the notations (4.2) and Z = Z7°0.,. are used, then

(2) VxVyZ = VxaabaaVysdaZ 0 =
VxoabaalY PP (056 27¢)0yc + Y PP Z7°T 2% 5 05a] =
X (60aY ") (056 27)0c + XY P (500056 27€) 0 +
XY P (6,270 2% 0 05a + X (60aY ") Z7T 2% 5,660 +

XY P (600270 2% 5050 + XY P Z7(80al 0%, )66 +
Xory Pz 2 0 24, 1 05a.

From (4.4) and (4.7) it follows

3)  VixyiZ = X(0aaY™)0nZ7)05c + X (00aY ™) 27T, 2 5,654
Y (35X ) (600 Z7)80e — Y (056X *") 27T 2, 4054
XY O (6aadpp — Opp0aa) 270y +
XaaYBbZWCKaZe,Bbrfygdseéﬁd-

Substituting (5.2) and (5.3) into (5.1) we obtain
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Theorem 5.1. In Osc3M the curvature tensor for the generalized connection V has
the form:

(4) R(Xa Y)Z = R’yidﬁbaaz’ycyﬁbXaaéédv

where

(5) R’y(c;dﬁb aa — K’ygdﬁb aa Kaze ﬁbr'ygdsev

(6) K% a0 = (0aal50% gy + Ty T ed 'aa) — (@a/30).

It is clear that in (5.5) are only those K 5° gp are different from zero, which appear

n (4.8). As a, 3, v, § are the elements of the set {0, 1,2, 3}, so there exist 4* types
of curvature tensors.
From (4.7), (5.5) and (5.6) it follows

&d od
(7) R’yc Bbaa = _R'yc aa b
od od
ch Bb aa = _K'yc aa Bb
ye oo ~ye
Kaa Bb — 7K/3b aa

Taking into account (4.8) the explicit form of (5.5) is the following
[ [ e [ e [ e §
(8) va dOb O0a — K’yc dOb O0a — KOa ! Obr'yc dle - KOa 2 Obr'yc d2e - KOa ’ ObF'yc d3

dd _ dd le od 2e od 3e od
R'yc 1b 0a — K’yc 16 0a — KOa 1br'yc le — KOa 1br'yc 2e K()a lbrfyc 3e»

e’

od _ od 2e od 3e od
R’yc 2b 0a — K’yc 2b 0a — KOa 2br'yc 2e KOa QbF’yc 3er
éd _ éd 3e éd
R'yc 3b0a — K’yc 3b0a KOa SbP'yc 3es
od _ od 2e od 3e od
R'yc 1b la — K’yc 1b la — Kla 1bI"yc 2e Kla le'yc 3e’
od _ od 3e od
R'yc 2b la — K’yc 2bla — Kla 2bF'yc 3e’
&d _ &d &d _ &d
va 3bla — K’yc 3b 1la » R’yc 2b2a — K’yc 2b 2a»
éd _ &d od _ éd
R’yc 3b2a — K’yc 3b 2a > ch 3b3a — K’yc 3b 3a> -

In the above formulae v and ¢ take values from the set {0,1,2, 3}.

6 The Bianchi identities

When R(X,Y)Z is defined by (5.1) and T(X,Y") by (4.1) the first Bianchi identity in
the global form ([14]) is given by

cyel{X,Y, Z}[R(X,Y)Z — (VxT)(Y, Z) - T(T(X,Y), Z)] = 0.
Theorem 6.1. The first Bianchi equation in Osc>M has the form
(1) Cyd{'ycv ﬂb, aa}Rﬂ{C 6d6b aa
CyCZ{fyca ﬂb’ aa}(T,yc 6dﬂb|aa + T’yc EeﬂbTaa 6dse + K’yc Eeﬂbraaéd se)
where

 8d éd éd éd éd
(2) T’yc B8b — F'yc Bb Fﬁb ~ye — T’yc Bb K’yc Bb*
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Proof. The proof is obtained by direct calculation using (4.6), (4.7), (5.5) and
(5.6). R Mﬁb wa 18 tensor, so the sums of terms on the right hand side of (6.1) is also
tensor.

yc

Theorem 6.1.” The first Bianchi identity in Osc>M has the form

(3) CyCl{’YC, ﬁbv aa}(K'yc §d[5b aa T’yc 6d,8b|aa - T’yc EeﬁbTaa 6dse) =0.

Proof. Using the antisymmetry of K5, we can write (6.1) in the form

CyCl{’}/Q ﬁbv aa}(R’yc 5dﬁb aa + Kac Eeﬁbr'yc 5dse) =
CyCl{’YQ 51)7 aa’}(T'yc 6d,8b|aa + T’yc EeﬁbTaa 5dse)'
From the above equation and (5.5) it follows (6.3).

Theorem 6.2. In the torsion free space Osc>M the first Bianchi identity has the
form

(4) cyCZ{’yq 6b7 aa}R'yc 6dﬂb aa —
cyCZ{rYQ Bbv (XG}[T,YC Jdﬁb\aa + T’yc Eeﬂb(Taa adse - Faa(sd EE)}'

Proof. From T, °%5, =0 and (6.2) it follows

(5) T’yc 6d,8b = _K'yc 5dﬁb'
The substitution of (6.5) into (6.1) results (6.4).

Special cases

Proposition 6.1. For a = =~ =0 the first Bianchi identity has the form

(6) cycl{c,b,a} Ry, MObOa =
= 5 ce S 5
cycl{c,b,a}(Ty, d0b|0a +Toe “so10a Lo+ Koo “opl0a *20);
where B
(7) Ty, OdOb =Ty OdOb — Lo Odoc = Tp. Odozw
= 5d sd 5d sd sd
(8) Toe “ob = Toc *“ob = Top ““0c = Toe “0p — Koe “0ps 0 =1,2,3.

Proof. (6.7) and (6.8) are the consequences of (2.3) and (4.7).

Proposition 6.2. When the horizontal distribution is integrable and o = 3 =~v =0
then the first Bianchi identity has the form:

(9) cycl{c,b,at K, 6d0b 0a = cycl{c,b,a}(Tp, 5%1)\0(1 + Toe “0vT0a 5dse)~
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Proof. When the horizontal distribution T is integrable, then from Proposition
2.1. it follows K, °%), =0, 6§ = 0,1,2,3. From this equations and (5.5) in this case
we have

Ry, 5d0b 0a = Koc §d0b Oa

and from (6.7) and (6.8) we obtain

TO 6d0b = TOc 6d0b? d= Oa 17 273

[

Proposition 6.3. Fora = =v =9 = 0 and integrable horizontal distribution
Ty, the first Bianchi identity has the form

(10) cycl{c,b,at K, OdOb 0a = cycl{c, b, a}(Tp, Odob\oa + Toe “05T0a Odse)'

Proof. From (4.8) it is obvious that all K, °®_ ¢ = 0,1,2,3 are equal to zero and

0 the 7o0d  _ 0d
in this case Ty, "%e = Tog ee-

Remark. If we in (6.10) drop the index 0 before indices a, b, ¢ and e and take
the summation only for ¢ = 0 we obtain the known Bianchi identity for Lagrange,
Finsler or Riemann space in the form:

(11) CyCl{Ca b, a}chba = CyCZ{C, ba a}(Tcdb|a + TcebTade)'

If the mentioned Lagrange, Finsler or Riemann spaces are torsion free (6.11) re-
duces to
cycl{c,b,a} K% = 0.

Proposition 6.4. Fory =1, 8 =« =0 the first Bianchi identity has the form
cycl{lec,0b, Oa}t (K, 6d0b 0o — T 6d0b\0a Ty, “0Toa 6dse) =0.

The above equation follows from (6.3). The other special cases can be obtained
in the similar way.

Theorem 6.3. The second Bianchi identity in Osc®M is
(12) cycl{*yc, ﬂba aa}[R6d Ee'ycﬁb|aa + Réd se’ycnkTBb nkoza} =0.
Proof. Tt can be obtained from the global equation

cycl{Z,Y, X}(VxR)(Y, Z,U) + R(T(X,Y), Z)U] = 0.
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