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Abstract

Let (M, g) be an orientable and compact Riemannian manifold. The aim
of the present paper is to study the vector spaces H? (M, R) and K (M, R) of
harmonic g-forms and Killing tensor fields of order ¢ on a compact Riemannian
manifold M, where ¢ =2,3,...,n — 2 and n = dim M.
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. We denote by K9 (M, )
the vector space of Killing tensor fields of order ¢ and H? (M, R) the vector space of

harmonic g-forms on M, ¢ = 2... ,n—2. The purpose of the present paper is to study

the vector spaces K7 (M,R) and H? (M, R).

The whole paper contains five sections. Each of them is analyzed as follows: The
first section is the Introduction. Special tensor fields on a compact Riemannian man-
ifolds are included in the second section. The Killing tensor fields on a Riemannian
manifold are studied in the third section. The fourth section contains harmonic g¢-
forms on a compact Riemannian manifold. Some topological invariants of a compact
manifold are studied in the last section.
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2 Tensor fields on a manifold

Let (M,g) be a compact Riemannian manifold of dimension n. We consider an

atlas (Ua, @a)qeca » Where (Uy, do) is a chart on M with local coordinate system

{x}l,...’asg}.

Let w be a g-form on M, that is w € A?(M). Therefore w on the chart (U, ¢)
with local coordinate system {:131, e x”} can take the form

1 . ) .
w = —'wimmiqu“ Adz™ A ... Ndx'e, (1)
q!
where 1 < < i < -+ <ig <n and wy,. ;, are the components of w on the chart
(U, ).
The local norm of w is defined by
1
2
‘w| = awll iqw“ lq? (2)
where
witein — gt giddow, . 3)

This ¢g-form w, by means of (2), gives a function |w|2 on M, that means \w|2 €
DY (M). Hence we have

1 2\ _ B 2
5A(|w| ) =< §Aw,w > — |Vuw|?. (4)

The formula (4) by integration implies

/ [< SAw,w > — |Vw|2} M, (5)
M

where dM is the volume element of (M, g) .

If we A?(M,R), then Aw € A7 (M), where A is the Laplace operator acting
on the vector space A?(M,R) as a linear operator. On the chart (U, ¢) with local
coordinate system we have

q
1 -
- 13 AVATIE R Yoan. . . R
Aw = a9 V;iViwi, i, E Py Wiy iy v g iq
’ s=1
1,...,q9
vu 71 7
— E R’itiswilu-it—l’/it+1~--is—1uis+1-<~iq dz"™ N ... \Ndx'e. (6)
t<s

Hence the components of Aw on (U, ¢) have the form
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q
1 -
— S| I R o
(Aw);, ., A Vzvngl...zﬁg PiWiy iy v s ig T
q: _
s=1
1,....q9
uv
+ g RyYY Wiy iy uvipin o1 v G g | - (7)
t<s

1
< Aw,w >=< 6Vw,w>+(¢71)!Fq(w), (8)
where Fj, (w) is the following quadrate form
ig..ig, ] qg—1 ijig..iq, kil
Fy (w) = pijw Wi, i, T TRijklw Wig i, 9)
It can be easily proved the following relation
The integration of (10) implies
2 1
/ {< Aw,w > — |Vw|” — WF(Z (w,w) | dM. (11)
qg—1)!
It can be easily obtained the relation
1
<Aw—(¢+1)éVw,w >= —q¢ < §Vw,w > —I—WFq (w,w). (12)

The equality (12) by means of (4) becomes

1 N , 1 1
54 (\w| ) =~ |Vul® 4 Fy(ww) = < Aw = (g+1)0Vw,w >, (13)

which by integration implies

/ [< Aw — (q+1)6Vw, w > +q |Vuw|” — F, (w,w)| dM = 0. (14)

M

1
(¢ —1)!
We use a new expression of the quadrate form F, (w,w), which can be written

—R.. ... aptt2aiig, Ji1d2--.d
Fq (w, w) - B2122~-~'Lq ,J1J2~~~qu ‘w q? (15)

where
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q
Bivig..iq,jrjaia = (Piljlgiz g2 + ?Rm‘z mz> Gis js-+-Jig jq » (16)

where the indices satisfy the inequalities

]-jilaiQ?"',ian 1jj1aj2,"~,jan' (17)

Proposition 1 The tensor field B = (Biliz...z‘q 7j1j2_“jq) on a Riemannian manifold
(M, g) is symmetric with respect to (i1i2,J17j2) and with respect of any of two indices
(tv,4v) v = 3,4,...q and as well as with respect to (i1,i2,...iq) and (ji,J2, -, Jq)-
Therefore the quadratic form (15) is symmetric with respect to (i1, 12, ...ig) and (j1, j2,
cees 5 0q)-

Proof. Tt is known from the properties of the Ricci tensor field p, the curvature
tensor field R and the metric tensor field g, we have the following relations

Piiji = Pjriv s Pisjo = Pjais » R;, i2j1J2 — le J2 i1 42> (18)

Gi1 51 = YGjrir s Giojo = Yjain » Gizgzs = Gjsiz s+ Jigiq = Gjqiq- (19)
From (7) and (8) we conclude the first part of the proposition. The other part,
that means the symmetric property of the tensor field with respect to the pair

(i17i27"'iq) ) (jlaj27~-~7.jq) (20)
is a consequence of the same relations (18) and (19). O

A
Now, we intrude a new quadratic form Fy (w,w) on the vector space A? (M, R)
as follow

A . . . .
Fq (w,w) = B, ig)(jr..j)w" w7, (21)
with the condition that the symbol (i1, 9, ...7;) means

1ji1<’i2<...<ian.

For this reason we form the tensor field

, i..kq oli...1
B ('leq)(]lﬂq) = Bkl“'kqll“'lq(sillnjqqajlln-j?} ’ (22)
where - L
Teen 1een
0;, 5,0 and ;0 (23)
are the Kronecker’s generalized symbols which are given by the formulas
k k l l
G0 010
Krooke | e P P R
0uliy =| . S I (24)
k?l kq l l
i e 62(1 53; ..... 6]-‘;

Now, we can prove the following proposition
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Proposition 2 The tensor field B'= (B(ilmiq)(jlqu)) is symmetric with respect to

{(il---iq) ) (jl-"ajq)}-

Proof. According to the proposition 1 we have

By kg iy = By kyky (25)
From the properties of Kronecker’s tensor field we conclude that
i 1 if i=j
5]'—{0 it i (26)
Liodg ok kg
5]‘1..,]5 = 6i11...iq : (27)

From (25), (26) and (27) we have

Bliyeci)Greda) = Bliredo).ii) (28)

a

A
Now, under the introduction of the tensor field B, the quadratic form Fj (w,w)
becomes

£ -1 3
g (w,w) = W (j1--dq) (i1.iq)

where the indices satisfy the inequalities

wil.“iq wjl...jq’ (29)

1<ii<ipg<..<ig<n, 1<ji<jp<..<j;<n (30)

A
The relation between the quadratic forms Fj; (w,w) and F, (w,w) is the following

Fy (w,w) = ﬁFq (w, w). (31)

Now, we can prove the following theorem

Theorem 3 Let (M, g) be a compact Riemannian manifold of dimension n, n = 3.
A
The nullity of the quadratic form Fy (w,w) is a global property.
Proof. Let (U, ¢) be a chart on M with local coordinate system (z',...,2™). We
A
assume that the nullity of F, (w,w) on (U, ¢) is &, that is

A
nullity Fy (w,w) = k. (32)

If (V,v) is another chart on M with local coordinate system (yl,...,y”) such
that U NV # 0, then the components {w’ll'“lQ} of w on V are connected with the
components {w il'”‘l} of w on U with the relations
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Oz dath
= B oyt

The relations (33) are valid on U NV and the local coordinates (z',...,2™) and
(y',...,y") are connected by the relations

i1.dg

w tte, (33)

ol =zt (yl7 ,y”) Lzt =2 (yl, 7y”) . (34)

A
The quadratic form F, (w,w) on the local coordinate system (yl, ,y") and by
meaning of (33) and (34) takes the expression

A
Fy (ww) =P Q, (35)
where
Oz Ogla Oxir  Oxla
powheta 2 S g o S T 36
v Ayl T Oyla’ oy™ aquw (36)

The change of the local coordinate system (,7:1, - a:") on the chart (U, ¢) to the
(yl, . y”) on (V,v) brings a change into the base
{dyi1 Ady2 A ... A dyiq} (37)
of the vector space A? (U NV, R), which is determined by the relation

i i i Ox™ fx*2  Oxla ! . .
dz"™ ANdx®2 A ... ANdxt = g By Dy dyt Ndy'? Ao A dy'e. (38)

This expression implies
Oz 9z'2  Oxla n
rank <8yll oy "'8qu> = ( ¢ ) . (39)

A
From (35) by means of (39) implies that the nullity of the quadratic form F, (w,w)
is constant and equal x on the whole manifold. O

3 Killing tensor fields

Let (M, g) be a compact Riemannian manifold of dimension n. Let T" be an antisym-
metric tensor field of type (0,¢). It is known that for T we can associate an exterior
g-form w. This exterior ¢-form w is called Killing if it satisfies the relation

(¢+ 1) Vw = dw. (40)

The relation (40) implies that the tensor field Vw is antisymmetric and also

Sw = 0. (41)
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The tensor field T is called Killing if the associated exterior g-form w is Killing..

Let (U, ¢) be a chart on (M, g) with local coordinate system (:L'l, ,x") Let
{wil_”iq} be the components of w on (U, ¢). If w is a Killing, then {wzllq} satisfy
the relations

) 1 &
9"V iViwg, i, + 6 Z Dy Wiy iy g viegpr.iqT

s=1
| L
- Z RS Wiy iy viegria—y wisg.ig =0 (42)
731
and
9"V jwiy iy, =0 (43)

on the chart (U, ¢).
If w is a Killing exterior g-form, the formula (11) takes the form

) 1
/ {q |[Vw|” — WF‘] (w,w)| dM. (44)
M

Now, we can prove the following theorem

Theorem 4 Let (M, g) be a compact orientable Riemannian manifold of dimension
A
n. We assume that the quadratic form F, (w,w) is semi-negative on the whole man-

A
ifold M. We also assume that on one chart of M the nullity of Fy (w,w) is equal to
the number of linearly independent parallel exterior forms of order q.

Then the dimension of K, (M,R) of Killing exterior q-forms on M is given by

A
dim K, (M, R) = nulity F, (w,w) (45)

Proof. Let w be a Killing exterior form of order ¢. Under the assumption, we have

A
that the quadratic form F, (w,w) is semi-definite on the whole manifold. From the
formula (44) we obtain

A
Vw=0 F, (w,w)=0. (46)

It is known that if f € D° (M) and Af = 0or Af <0, then f =c.
From the relation (8), the equation Aw = (¢+ 1) § Vw and the above remark we

conclude that
lw|*> = ¢, ¢ = constant. (47)
We assume that on the chart (U, ¢) of the manifold M with local coordinate system
A

(mlm") the nullity of the quadratic form F, (w,w) is equal to x and there are &
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linearly independent different than zero exterior g-forms, wéfl )iQ___iq) 6 =12 ..,k

which satisfy the relations (46). These exterior ¢g-forms are parallel and also Killing.
Let w1 be another parallel exterior g-form different from zero, which satisfies
the relation

A
F, (w("“H),w(“H)) =0. (48)

We shall prove that the exterior g-form w(*+1) can be written in a unique manner
as a linear combination of wgmz i) 8 =1,2,...,k with constant coefficients on the
chart (U, ¢).

We assume that

(n+1
(1112 q) _Z ¢B (1112 “iq) (49)

where ¢g are functions of (xl,xz, ,x") If we apply the operator of covariant dif-

ferentiation V; on the relation (49), we obtain for every j the system
(8)
Z 83 ¢ﬁ (i1ig..iq) (50)

which has a number of ( Z ) equations with x unknown

8j¢1,8j¢2,...,8j¢,.{. (51)

From our assumption we know that the degree of the matrix

{wézﬁ)zw} (52)

of the coefficient of the unknown is equal to s

Therefore for every point of U, there exists at least one determinant of order
k different than zero, the referred above matrix. The corresponding homogeneous
system, which has as matrix of the coefficients the determinant which is different
than zero. Hence, we obtain

0i0p =0 (8=1,2,..k) forevery j=1,2,...,n, (53)
which imply
pp=cg B=12 ...k (54)

Hence, we have

K+1) (B
Wiiriy...iq) _Z B8 Wiiyiy...ig) (55)
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On the other hand, by means of the formulas of changing the local coordinate
system we easily conclude that the linear connection (55) with constant coefficients
is valid on the whole manifold.

Finally, since every exterior g-form w® satisfies the relation

[ =5, (ca £ 0) (56)

and taking under consideration the theorem 3, we conclude that the exterior g-form
w®, 3=1,2, ..k are the only non-zero linearly independent Killing exterior ¢-form
on the whole manifold. O

4 Harmonic g-forms

Let w be an exterior ¢-form. This is called harmonic if it satisfies the relations

dw =0, dw=0, (57)

or equivalently

Aw = 0. (58)

Let (U, ¢) be a chart on the manifold with local coordinate system (a:l...a:"). Let
{wil,,.iq} be the components of w on U. If w is harmonic, then its components satisfy
the conditions

q 1...q
ji‘,.,_Ev,‘ ) 4_2 VU L . . . R
g vjvlwll...lq Riﬁwzl‘..zg,lvzwrl...zq Ritiswzl...zt,lvzt+1...13,1ul5+1...zq—0~
s=1

t<s
(59)
The integral formula (14), if w is a harmonic form and by means of (59), takes
the form

/[Vw2+(q11)!Fq (w,w)] M = 0. (60)
M

The following results are known. If F, (w,w) is semi-definite on the whole man-
ifold, then every harmonic form is parallel. If F, (w,w) > 0, then there exists no
harmonic form and the ¢ Betti number is zero, then

by (M) = 0. (61)

Now, we can prove the following theorem

Theorem 5 Let (M,g) be an orientable and compact Riemannian manifold of di-

A
mension n. We assume that the quadratic form Fy (w,w) is semi-positive on the
whole manifold M and the same time the nullity of Fy (w,w) is equal with the number
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of linearity independent parallel exterior q-forms, then q Betti number of M is equal

A A
to the nullity of Fy (w,w), that is by (M) = nullity (Fq (w7w)> .

A
Proof. From the assumption the F, (w,w) is semi-positive on the whole manifold
M, we conclude, by the meaning of the formula of (60), the relations

A
F, (w,w)=0, Vw=0. (62)

From the equation (10), using the known result, if f € D° (M) and Af > 0 implies
f = constant, we conclude that

If we use the same method as in the theorem 3 we conclude that there are x
linearly independent parallel exterior g-forms, which are the only harmonic g-forms
on the manifold. Therefore we have the equality

dim HY (M, R) = by = k.
O

5 Determination of the Betti numbers

Let M be an orientable and compact manifold. It is known that the ¢g-Betti number b,
is a topological invariant. One problem of algebraic topology is to determine b, (M),
q=1,2,..,n—1, where n = dim M. In some cases we use Riemannian metrics on
M to determine by, ¢ = 1, 2, ..., n — 1.This method connects Algebraic Topology and
Differential Geometry.

Let H (M) be the set of all Riemannian metrics on M. It is known that H (M) is
a Banach space of infinite dimension. Let g € H (M) be a Riemannian metric on M.
If we A9 (M), then we can form

F/\q (w,w). (63)
If

A
F, (w,w) =0 and Vw=0, (64)

then w is parallel and also harmonic. If there are k exterior g-forms

Wy, Wy ...y W
such that they satisfy
A A A
F, (w1, w1) =0 Vwy, =0, Fy (we,w) =0 Vwy =0,....., Fy (we,ws) =0 Vw, =0,

then b, = k. Thus we have the following result.
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Proposition 6 Let M be an orientable and compact manifold of dimension n. We
assume that there are k exterior q-forms wy, wa, ..., Wy and a Riemannian metric g
such that these forms are parallel with respect to the Levi-Civita connection V and

A
also Fy (wj,w;) >0, j=1,....,k. Thenb, =k

The above proposition permits to determine the Betti numbers on an orientable

and compact Riemannian manifold.
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