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Abstract

Fractional order differential forms (and vector fields) are introduced by using
logarithm of derivatives. Considering such forms on a Hilbert space H equipped
with a Schatten class operator G, whose ζ-function ζ(g, s) = tr(Gs) is holomor-
phic at s = 0, we can define the regularized volume form on H. It is also shown
there is a 2-cocycle obstruction to the global definition of such forms, and show
regularized volume form exists on a loopspace ΩM if the string class of ΩM
vanishes (cf.[4], [11]).
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1 Introduction

In our previous study of regularization of the Dirac operator on a Hilbert space H ,
new proper values which do not come from finite dimensional Dirac operator appeared.
The proper spinors belonging to these proper values are expressed as the infinite
products of trigonometric functions ([6]). To clarify background of this phenomenon,
we have defined regularized infinite product :

∏
xn : ,

∑
xnen ∈ H−(finite), where

H−(finite) is a modification of H and {en} is a special complete ortho-normal basis
of H. :

∏
xn : is linear in each variable, but we can not compute limN→∞

∂N

∂x1···∂xn
:∏

xn :. But it is shown in [7], if we use fractional derivatives(cf.[12]. In this paper,
physical applications of fractional calculus are also discussed), we can define an infinite
order derivation ∂∞∏

∂xn
such that

∂∞∏
∂xn

:
∏

xn := 1.
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Related regularized infinite dimensional indefinite integral operator was also defined.

Motivated these definitions, we try to construct fractional order differential forms
and use them to the regularization of the volume form of H. For this purpose, we
first study logarithm of derivation, which is the generating operator of the semi-group
of fractional derivatives. Logarithm of derivation

log(
∂

∂xn
) = lim

h→0
h−1(

∂h

∂xh
n

− I),

is not a pseudodifferential operator and maps single valued functions to many valued
functions. But taking wn = log xn, n = 1, 2, . . ., as variables, we can proceed the
calculus of logarithm of derivation in algebraic manner. For this purpose, we first
consider one-variable case, and denote the power series algebra of w = log x by F(w) =
F. We also define another product f]g by

f]g =
d

dx

∫ x

0

f(x − t)g(t)dt,

when f and g are functions of x = ew. Then we can define ]-product for the power
serieses of w, and we have

e]tw =
e−γt

Γ(1 + t)
xt, (1)

e]f =
∑ f ]n

n!
, f ]n =

n︷ ︸︸ ︷
f] · · · ]f . (2)

We regard F to be an operator algebra acting on F by the ]-product. Then, since
limt→−n e]t(w+γ)]f = dnf

dxn , we may consider e]−n(w+γ) = dn

dxn as the element of F. By
using F and ]-product, we define fractional derivation and logarithm of derivation by

da

dxa
f = e]−a(w+γ)]f, (3)

log(
d

dx
)f = −(w + γ)]f. (4)

The algebra F = F(w1, w2, . . .) is defined similar to F(w). While in the definition
of F = F(w1, w2, . . .), we modify ]-product as follows;

wn]wm = wn · wm +
m − n

|m − n|
πi

2
, n 6= m. (5)

Fractional differential forms are defined by using e]a(wn+γ), together with the
relation e]2(wn+γ) ∼= 0. Then, by using the analytic continuation of e]ω(s), ω(s) =∑

µs
n(wn + γ), we define the regularized volume form of H. It is expected this
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construction of the volume form may give an explanation of the use of Ray-Singer
determinant in the calculation of the path integral such as∫

e−π(x,Dx)Dx =
1√

detD
.

To define fractional forms and regularized volume form on curved space, we need
to define coordinate transformation of F. If g = eh, φ = eu, then by Campbell-
Haussdorff formula, we get gtφt = et(h+u)+t2CH(h,u;t), if |t| is small. Denoting the
analytic continuation of t(h + u) + t2CH(h, u; t) along the path β which joins 0 and
1 by h +β u, we get coordinate transformation of F. In general, the action h+β is
not associative. The obstruction to the associativity of this action is expressed as a
2-cocycle.

The outline of the paper is as follows; In section 2, we review regularized infinite
product and its relation to the fractional calculus according to [7](see also [6]). Log-
arithm of derivation for 1-variable functions is discussed according to [1] and [2], in
section 3. Then the algebras F and F of several variables are introduced in section 4,
and fractional differential forms are defined in section 5 together with the definition of
fractional vector fields and the pairing of fractional differential forms and vector fields.
Regularized volume form on H and its relation to the regularized infinite product are
also discussed in this section. Coordinate transformation of F and fractional forms
are discussed in section 6 by using the idea in [3].

By using these results and results in [4], we discuss fractional differential forms on
a mapping space Map(X,M) in section 7. To define fractional differential forms on
Map(X,M), the first string class s1(τ) of the tangent bundle τ of Map(X,M) needs
to vanish. Also there exists a 2-dimensional obstruction class which is defined under
the assumption there are no crossing of spectres of D + AU (x). Here the Sobolev
structure of Map(X,M) is fixed by D and AU is a connection of τ with respect to
D ([4]). This assumption on the spectres of D + AU (x) is satisfied if X = S1, that
is Map(X,M) is a loopspace. But otherwise, it seems too strong, and we seek for
another condition.

If D is positive, and if the virtual dimension ν = ζ(D + AU , 0), of Map(X,M)
can be choose to be a constant integer, there are no further obstruction to construct
regularized volume form of Map(X,M). If such selection can not be possible, then the
regularized volume form may be many-valued unless Map(X,M) is simply connected.
On the other hand, obstruction to the construction of regularized volume form must
exists and relate to the second string class s2(τ) of τ if we use Dirac type operator
as the Sobolev structure (cf.[4], see also [5], [8], [9]). Especially, we show regularized
volume form exists on a loopspace ΩM if the first and second string classes of ΩM
vanishes (cf.[11]).
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2 Regularized infinite product and fractional calcu-
lus

Let {H,G} be a pair of a Hilbert space H and a non-degenerate Hermitian Schatten
class operator G acting on H, such that the ζ(G, s) = trGs allows analytic contin-
uation to s = 0 and holomorphic at s = 0. We note such pairing is closely related
to Connes’ non-commutative geometry from the spectral point of view ([10]) but
more concrete. For simple, we assume positivity of G and arrange the proper values
{µn : Gen = µnen} of G as follows; µ1 ≥ µ2 ≥ · · · > 0. Here {en} are the proper
vectors of G which span H. We assume {en} is an ortho-normal system and fix the
complete ortho-normal basis to be {en}. The coordinate x =

∑
xnen ∈ H is fixed to

be (x1, x2, . . .).

{H,G} has the following numerical invariants

1. The regularized dimension ν = ζ(G, 0) of H.

2. The location of the first pole d of ζ(G, s).

3. The Ray-Singer determinant detG = eζ′(G,0) of G.

By using G, we introduce the Sobolev k-norm ||x||k of x ∈ H by

||x||k = ||G−kx||, ||x|| is the norm of x in H.

The k-Sobolev space constructed by this norm and H is denoted by W k. By definition,
W k ⊂ W l if k > l. We set H− = ∩k<0W

k. H is contained in H−. We set
e =

∑
µ

d/2
n en. Then e belongs to H−, but does not belong to H. We consider the

following subspaces of H−.

H−(finite) = {
∑

xnen ∈ H−| lim
n→∞

µ−d/2
n xn exists.}, (6)

H−(0) = {
∑

xnen ∈ H−| lim
n→∞

µ−d/2
n xn = 0}. (7)

By definitions, we have

H−(finite) = H−(0) ⊕ Ce. (8)

As for topologies, we regard H−(0) to be a subspace of H−, while we give product
space topology of H−(0) and C to H−(finite).

By (8), x =
∑

xnen ∈ H−(finite) is uniquely written as y + te, y =
∑

ynen ∈
H−(0). If t 6= 0, we can write

log xn = log(
µ
−d/2
n xn

t
) +

d

2
log µn + log t.

Hence we have∑
µs

n log xn =
∑

µs
n log(

µ
−d/2
n xn

t
) +

d

2
ζ ′(G, s) + log(tζ(G, s)).



Logarithm of Differential Forms 15

Since (µ−d/2
n xn)/t = 1 + µ

−d/2
n yn/t, we define the regularized product : prodxn : of

x1, x2, . . . , as follows;

Definition. If t 6= 0 and
∏

(1 + µ−d/2
n yn

t ) converges, we define the regularized
product :

∏
xn : by

:
∏

xn := tν(detG)d/2
∏

(1 +
µ
−d/2
n yn

t
). (9)

Theorem 1. (i). :
∏

xn : is defined if and only if x /∈ H−(0) and
∑

|µ−d/2
n yn| <

∞.
(ii). :

∏
xn : is uniquely defined if and only if ν is an integer.

(iii). :
∏

xn : is linear in each xn.
(iv). :

∏
xn : is a positive real number if each xn is a positive real number.

By Theorem 1, ∂
∂xm

:
∏

xn : does not depend on xm. Hence we may consider

∂

∂xm
:
∏

xn :=:
∏

n6=m

xn : .

But we can not compute limN→∞
∂N

∂x1···∂xN
:
∏

xn :. Because we have

∂N

∂x1 · · · ∂xn

∫ x1

0

· · ·
∫ xN

0

1dx1 · · · dxn = 1,

∫ x1

0

· · ·
∫ xN

0

1dx1 · · · dxN = x1 · · ·xN .

Since :
∏

xn : is the analytic continuation of
∏

x
µs

n
n to s = 0, to calculate

limN→∞
∂N

∂x1···∂XN
:

∏
xn :, it is appropriate to use fractional calculus (fractional

order derivation and indefinite integral).

Fractional order derivation da

dxa is defined by several ways, e.g. , by Fourier or
Laplace transformation( da

dxa L[f(t)](x) = L[(−t)af(t)](x)), by Riemann Hilbert inte-
gral ( da

dxa f = 1
Γ(1−a)

∫ x

0
(x− t)−af ′(t)dt, a < 1), and by da

dxa f = limh→0 h−a(τh − I)af ,
where τhf(x) = f(x + h). In any case, we obtain same answer. For example, we have

da

dxa
xn =

n!
Γ(n + 1 − a)

xn−a.

The fractional order indefinite integral Ia
[0,x] is defined by the same way, and we can

regard it to be d−a

dx−a .

Note. Unless considered the variables of f to be positive real numbers, frac-
tional derivation and indefinite integral map single valued functions to many valued
functions. Detailed discussion for this point is given in next section.
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By using fractional calculus, we define the operators : ∂∞∏
∂xn

: and
∫

Q(x)
: d∞x :,

Q(x) = {
∑

tnen|0 ≤ tn ≤ xn} by

:
∂∞∏
∂xn

: = (
∞∏

n=1

1
Γ(1 + µs

n)
∂µs

n

∂x
µs

n
n

)|s=0, (10)

∫
Q(x)

f(x) : d∞x : = ((
∞∏

n=1

Γ(1 + µs
n)Iµs

n

[0,xn)]f(x))|s=0, (11)

([7]). Here, F (s)|s=0 means analytic continuation of F to s = 0.
By definitions, : ∂∞∏

∂xn
and

∫
Q(x)

: d∞x : are inverse operators each other. Since
we have ∏

Γ(1 + µs
n)Iµs

n

[0,xn]1 =
∏

x
µs

n
n ,

we obtain ∫
Q(x)

1 : d∞x : = :
∏

xn :, (12)

:
∂∞∏
∂xn

::
∏

xn : = 1. (13)

These formula show fractional calculus fit to the study of regularized product.
(12) suggests the regularized volume form : d∞x : might give some explanation of the
formulae such as ∫

e(−2π(x,Dx))Dx =
1√

detD
.

3 Logarithm of derivation

Since da

dxa · db

dxb = da+b

dxa+b , { da

dxa |a ≥ 0} becomes a semi-group. We denote its generating
operator by log( d

dx ):

log(
d

dx
) = lim

h→0

1
h

(
dh

dxh
− I).

We study log( d
dx ) by using Borel transformation (cf.[1], [2]). For f(x) =

∑
cnxn,

its Borel transformation B(f) = B[f(t)](x) is defined by

B(f) =
∑ cn

n!
xn =

1
2πi

∮
f(t)

t
e

x
t dt.
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By definition, we have

d

dx
B(f) = B(

f

t
), (14)

B(f · g) = B(f)]B(g), u]v =
d

dx

∫ x

0

u(x − t)v(t)dt, (15)

B(f) =
∫ ∞

−∞
J0(

√
−4π

√
−ixt)F(t)dt, (16)

B−1(f) =
∫ ∞

0

e−xf(xt)dx. (17)

Here F and B−1 mean the Fourier transformation and inverse of Borel transformation,
respectively. By (17), we may define

B(log t)(x) = log x + γ, γ is the Euler constant. (18)

A justification of (18) follows from

B(log(t + c)) = log x + γ − Ei(−−x

c
), Ei(−x) = γ + log x +

∑ (−x)n

n · n!
.

Because Ei(−z) =
∫ ∞

z
e−tt−1dt, so we have

lim
c→0

Ei(−−x

c
) = 0, −π

2
< arg.

x

c
<

π

2
,

if <x
c > 0. Another justification of (18) is the following Lemma ([1]).

Lemma 1. Let u]n be

n︷ ︸︸ ︷
u] · · · ]u and e]u =

∑
u]n

n! . Then we have

e]t log x =
e−γt

Γ(1 + t)
xt. (19)

Proof. Since log Γ(1 + t) = −γt +
∑∞

n=2(−1)m ζ(m)
m tm, the Taylor expansion of

e−γt/Γ(1 + t) is

1 +
∑
n≥2

{
n/2∑
s=1

∑
2≥J1≥···≥js,j1+···+js=n

(−1)n−s ζ(j1) · · · ζ(js)
j1 · · · js

}tn.

We also note since ∑
σ(s)=k

1
jσ(1)···(jsigma(1)+···+jσ(s))

= 1
j1···jk−1jk+1···js(jσ(1)+···+jσ(s))

,

where σ ∈ Ss is a permutation,∑
σ∈Ss

1jσ(1)(jσ(1) + jσ(2)) · · · (jσ(1) + · · · jσ(s)) =
1

j1 · · · js
,
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is hold if j1 + · · · + js = n.
To show Lemma, first we note

∫ x

0
log(x − t)(log t)n−1dt is expressed as

log x

∫ x

0

(log t)n−1dt −
∑
m≥1

xm

m

∫ x

0

tm(logt)n−1dt.

Hence to set log x](log x)n−1 =
∑n

k=0 an,k(log x)k, we have

an,n = 1, an,n−1 = 0, an,0 = (−1)n−1(n − 1)!ζ(n),

an,k =
(n − 1)!

k!(n − k − 1)!
an−k,0, 2 ≥ k ≥ n − 1.

By these formulae, to set (log x)]n =
∑n

k=0 bn,k(log x)k, we obtain

bn,n = 1, bn,n−1 = 0, bn,k =
n!

k!(n − k)!
bn−k,0, 2 ≤ k ≤ n − 1,

bn,0 =
[n/2]∑
s=1

∑
ji≥2,j1+···+js=n

(−1)n−s n!ζ(j1) · · · ζ(js)
j1(j1 + j2) · · · (j1 + · · · + js)

, n ≥ 2.

Since bn,0/n! is the coefficient of tn of the Taylor expansion of the entire function
e−γt/Γ(1 + t), bn,0/n! is o(cn) for any c > 0. Hence we get

e] log x =
∞∑

n=0

tn

n!
(

n∑
k=0

bn,k(log x)k)

=
∞∑

k=0

(
∞∑

n=k

k!bn,k

n!
tn−k)

tk

k!
(log x)k

= (1 +
∞∑

n=2

bn,0

n!
tn)(

∞∑
n=0

tn

n!
(log x)n) =

e−γt

Γ(1 + t)
xt.

By (19), assuming a is not a negative integer, we define

B(xa) =
xa

Γ(a + 1)
. (20)

Since e]a log x]e]b log x = e](a+b) log x, we have

xa]xb =
Γ(a + 1)Γ(b + 1)

Γ(a + b + 1)
xa+b, (21)

provided any of a, b and a+b is not a negative integer. (21) shows lima→−n B(xa)]f =
dnf
dxn . Hence by Lemma 1, we obtain

lim
t→−n

e]t(log x+γ)]f(x) =
dnf(x)

dxn
. (22)
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Definition. We define algebras F = F(w) and F = F(w), w = log x, by

F = {
∞∑

n=0

cnwn | |cn

n!
| < Cn, for some C > 0}, (23)

F = {
∞∑

n=0

cnw]n | |cn

n!
| < Cn, for some C > 0}. (24)

F is an algebra of functions, while we consider F to be an operator algebra acting
on F by the ]-product. So as an element of F, we have

e]−n(w+γ) =
dn

dxn
.

Here we consider f ∈ F to be a function of x = ew.

Definition. Let f be an element of F. Then we define fractional derivative and
logarithmic derivative of f by

daf

dxa
= e]−a(w+γ)]f, (25)

log(
d

dx
)f = −(w + γ)]f. (26)

Since e]f ]e](−f) = 1, the identity map of F, we have

e]a(w+γ)]f = Ia
[0,x]f.

Here Ia
[0,x] means the a-th order (fractional) indefinite integral. Similarly, we define

logarithm of indefinite integral log(I[0,x]) by

log(I[0,x])f = (w + γ)]f. (27)

Examples. The logarithmic derivatives of xm,m = 0, 1, . . . are given by

log(
d

dx
)1 = −(log x + γ), (28)

log(
d

dx
)xm = −xm(log x + (γ − (1 +

1
2

+ · · · + 1
m

))), m ≥ 1. (29)

Since w]w = w2 − ζ(2) and

w]wn−1 = wn − Pn−1(w), n ≥ 2,

Pn(w) =
n∑

k=0

(−1)n−k (n + 1)!
k!

ζ(n + 2 − k)wk, n ≥ 1,
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we get

log(
d

dx
)1 = −w − γ, log(

d

dx
)w = −w2 − γw + ζ(2), (30)

log(
d

dx
)wn = −wn+1 − γw + Pn−1(w), n ≥ 2. (31)

By these calculations, we have
Lemma 2. Let C[w] and C[w]] be polynomial algebras in F and F, respectively.

Then we can identify them as vector spaces over C, and C[w]] acts on C[w].

4 Algebras F and F of several variables.

For the variables w1 = log x1, w2 = log x2, . . ., we define the algebra F = F(w1, w2, . . .)
by

F = {
∑

I

cIx
I |

∑
|I|=m

|cI | < Cm, for some C > 0}, (32)

I = (i1, i2, . . .), xI = xi1
1 xi2

2 · · · , |I| = i1 + i2 + · · · , (33)

We say a power series to be a finite exponential type power series if it satisfies the
growth condition (32).

To define F = F(w1, w2, . . .), first we need to define wn]wm, n 6= m, and so on.
Definition. Let wn · wm be the ordinary product. Then we define wn]wm, for

n 6= m, by

wn]wm = wn · wm +
m − n

|m − n|
πi

2
. (34)

We define F = F(w1, w2, . . .) to be the algebra of finite exponential type power
serieses of w1, w2, . . . by the ]-product.

Note. Later, we mainly interest to the case x1, x2, . . . are the variables of H. In
this case,

ω(s) =
∑

µs
n(wn + γ),

belongs to both of F and F if (and only if) <s > d.

To define the action of F to F, we need to prepare some notations. Let S =
{p1, . . . , pn} be a set of natural numbers (may not be distinct each other). {T be the
complement of T = {pj1 , . . . , pjk

} ⊆ S in S. For pl ∈ T , we correspond a natural
number \S(pl) = \(pl) as follows;

\(pl) = 1, if pl = minT,

\(pl) = 2, if pl = min{{pj ; \(pj) = 1} ∩ T,
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and so on. The sign sgnT = sgn{pj1 , . . . , pjk
} of T is defined by using the signature

of permutation, as follows;

sgn{pj1 , . . . , pjk
} = sgn

(
1, . . . , k

\(pj1), . . . , \(pjk
)

)
. (35)

For example, we have

sgn{n,m} =
m − n

|m − n|
, n 6= m, sgn{n, n} = 0.

Let C[w1, w2, . . .] ⊂ F be the algebra of polynomials of w1, w2, . . .. Then we can
regard wn]wm ∈ C[w1, w2, . . .]. So we assume wp1] · · · ]wpk

∈ C[w1, w2, . . .], k < n−1.
Let wn]′wm be wn]wm if n 6= m, and wn · wn = w2

n if n = m. Then we define
wp1]

′ · · · ]′wpn by

wp1 · · ·wpn +
∑

n−2m≥0

(
πi

2
)msgn{{pj1 , . . . , pjn−2m}wpj1

· · ·wjn−2m . (36)

For example, if j < k < l, we have

wj]wk]wl = wj · wk · wl +
πi

2
(wj + wk + wl).

Assuming j < k < l < m, wj]wk]wl]wm is given by

wjwkwlwm +
πi

2
(wjwk + wjwl + wjwm + wkwl + wkwm + wlwm) − π2

4
.

By this definition, we can regard F to be an operator algebra acting on F by the
]-product. Similar to (25) and (26), we define fractional partial derivation ∂a

∂xa
n

and

logarithm of partial derivation log( ∂
∂xn

) by

∂a

∂xa
n

f = e]−a(wn+γ)]f, (37)

log(
∂

∂xn
)f = −(wn + γ)]f. (38)

The following Lemma also follows from this definition.
Lemma 3. Let C[w1, w2, . . .] and C[w1, w2, . . .]] be polynomial algebras in F and

F, respectively. Then we can identify them as vector spaces.

We denote the subspaces of F and F consisted by polynomials of order at most
n and homogeneous polynomials of order n by Fn, Fn, Fn and Fn, respectively. As
vector spaces, we have

Fn ∼= Fn, Fn
∼= Fn. (39)



22 A. Asada

F is commutative, but F is a non commutative algebra. By the commutator
[f, g] = [f, g]] = f]g − g]g, F1, F2 and F2 become Lie algebras. As Lie algebras, F1

is an ideal of F2 and we have

F2 = F1 ⊕ F2. (40)

Since we have

[wn, wm] = sgn{n,m}πi, (41)

we get by Campbell-Haussdorff formula (or by direct calculation)

e]a(wn+γ)]e]b(wm+γ) = e](a(wn+γ)+b(wm+γ)+sgn{n,m}ab( πi
2 ).

Hence we obtain

Proposition 1. (i). If n 6= m, then

e]a(wn+γ)]e]b(wm+γ) = (−1)abe]b(wm+γ)]e]a(wn+γ), (42)

where −1 = eπi if m > n, and −1 = e−πi if m < n.
(ii). We have

e]−a(wn+γ)]e]a(wm+γ)]1 = (−1)−a2 sin(πa)
πa

(
xm

xn
)a, (43)

e]−(wn+γ)]e](wm+γ)]1 = e](wm+γ)]e]−(wn+γ)]1 = δn.m. (44)

Here, −1 is same as above, and δn.m is Kronecker’s δ.

Note. F is the algebra of functions on the universal covering space of (C\{0})×
(C \ {0}) × · · · . So the operaotrs such as log( ∂

∂x1
+ ∂

∂x2
) do not belong to F.

5 Fractional degree differential forms

In this section, we assume the variables x1 = ew1 , x2 = ew2 . . . . are the coordinate
functions of H.

Let
∑

cnwn be an element of F, then we have
∑

|cn| < ∞. Since

∞∑
n=1

∞∑
m=n+1

cncm =
1
2
((

∑
cn)2 −

∑
cn).

Because to set
∑

cn = C, we can rewrite
∑m

n=1 = C −
∑∞

n=m+1. Hence we obtain

e]c1w1]e]c2w2] · · · = e](
∑

cnen+
C(C−1)

2 πi)e]
∑

cnwn . (45)
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By (45), we obtain

e]−ω(s) = e
ζ(G,s)(ζ(G,s)−1)

2 πie]−µs
1(w1+γ)]e]−µs

2(w2+γ)] · · · . (46)

Definition. We define regularized infinite product :
∏∞,→

n=1 ]e]−(wn+γ) : thought
to be the regularization of e]−(w1+γ)]e]−(w2+γ)] · · · , by

:
∞,→∏
n=1

]e]−(wn+γ) : ]f = e−
ν(ν−1)

2 πie]−ω(s)]f |s=0. (47)

:
∏∞,→

n=1 ]e]−(wn+γ) : may not acts on F. So we can not consider it to be an element
of F. But if f ∈ C[w1, w2, . . .], then

:
∞,→∏
n=1

]e]−(wn+γ) : ]f = lim
N→∞

∂N

∂x1 · · · ∂xN
f.

So :
∏∞,→

n=1 ]e]−(wn+γ) : is densely defined in F.

Since log Γ(1 + µs
n) = −γµs

n + O(µ2
ns), we have

−µs
n(wn − γ) − log Γ(1 + µs

n) = −µs
nwn + O(µ2

ns).

So we have
Γ(1 + µs

n)−1e]−µs
n(wn+γ) = e]−µs

nwn + O(µ2s
n ).

Therefore, we may consider

:
∂∞∏
∂xn

: f = e
ν(ν−1)

2 πie]−
∑

µs
nwn]f |s=0. (48)

We set

F1,− = {
∑

cnwn ∈ F1|<cn ≤ 0}, (49)

F1,+ = {
∑

cnwn ∈ F1|<cn ≥ 0}, (50)

and denote Exp(F1,−) and Exp(F1,+), the algebras generated by {e]u|u ∈ F1,±} and
1, respectively. The sub vector spaces of Exp(F1,±) generated by

e]u, u =
k∑

j=1

cnj wnj , cn1 6= 0, . . . , cnk
6= 0,

are denoted by Exp(F1,±)k. Then Exp(F)1,± = ∪∞
k=0Exp(F1,±) are the algebras

generated by Exp(F1,±) and 1.
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Let φ ∈ Exp(F1,−) and ψ ∈ Exp(F1,+). Then φ]ψ]1 is a function of x1, x2, . . .. xn

is expressed as rneiθn by polar coordinate. Then the constant part c0((υ) of υ = φ]ψ]1
is given by

lim
N→∞

( lim
n1→∞

1
2n1π

∫ 2n1π

0

dθ1 . . . lim
nN→∞

1
2nNπ

∫ 2nN π

0

dθNυ(θ1, . . .)).

Definition. We define the pairing (φ, ψ) of φ ∈ Exp(F1,−)k and ψ ∈ Exp(F1,+)k

by

(φ, ψ) = c0(ψ]φ]1). (51)

By this definition and Proposition 1, we have

(e]−a(wn+γ), e]b(wm+γ)) = 0, a 6= b, or n 6= m, (52)

(e]−a(wn+γ), e]a(wn+γ)) = −(−1)−(a−1)2 sin(πa)
πa

, a /∈ Z. (53)

Hence in Exp(F1,±)1, e]−a(wn+γ) and e]a(wn+γ) are dual basis each other.

In Exp(F1,+), the ideal generated by e]2(wn+γ), n = 1, 2, . . . is denoted by I+ = I.
For simple, Exp(F)1,+ ∩ I is also denoted by I. Similar ideal in Exp(F1,−) is also
denoted by I− = I.

Definition. We set

FrΛH = Exp(F)1,+/I, (54)

and say the algebra of fractional differential forms on H. The element of FrΛH is
said to be a fractional order differential form.

We also use notations

FrΛpH = Exp(F1,+)p/(I ∩ Exp(F1,+)p), (55)

FrΛ̃H = Exp(F1,+)/I. (56)

Let u[ be the class of u ∈ Exp(F1,+) in FrΛ̃H. Then we denote

u[ ∧ v[ = (u]v)[. (57)

Definition. We denote the class of e]a(wn+γ) in FrΛH by daxn, and say the a-th
order differential form.

By the definition of I, we may assume 0 ≤ <a < 2 in the expression of daxn. If
a = 1, we denote dxn instead of d1xn. By (42), we have

daxn ∧ dbxm = (−1)abdbxm ∧ daxn, n 6= m. (58)
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Here −1 = eπi if n < m and −1 = e−πi if n > m. Since dxn ∧ dxn is the class
of e]2(wn+γ) ∈ I, we have dxn ∧ dxn = 0. So together with (58), we recover usual
commutation law of differential forms.

Note. Similarly, we can define fractional vector fields. Then by (51), we obtain
the pairing of fractional differential forms and vector fields.

ω(s) does not belong to Exp(F)1,+, but belongs to Exp(F1,+). So ω(s)[ does
not belong to FrΛH but belongs to FrΛ̃H. Similar to

∏∞,→
n=1 ]e]−µs

n(wn+γ), we define
infinite wedge product

∏∞,→
n=1 ∧dµs

nxn, thought to be dµs
1 ∧ dµs

2x2 ∧ . . . by

∞,→∏
n=1

∧dµs
nxn = e

ζ(G,s)(ζ(G,s)−1)
2 πi(e]ω(s))[. (59)

Let ψ ∈ Exp(F)1,+ be e]u, u =
∑

cnwn. Then as the representative of ψ[, we take
e]u\

, where
u\ =

∑
c̃nwn, c̃ ∼= c, mod.2, 0 ≤ <c̃ < 2,

and define the action ψ[ ∗ f of ψ[ to f ∈ F by

ψ[ ∗ f = e]u\

]f. (60)

Similar to (47), we define regularized infinite wedge product : Λ∞,→
n=1 dxn : by

: Λ∞,→
n=1 dxn : ∗f = e

ζ(G,s)(ζ(G,s)−1)
2 πi(e]ω(s))[ ∗ f |s=0. (61)

: Λ∞,→
n=1 dxn : can not act on F, but acts on C[w1, w2, . . .]. So it is densely defined in

F.

6 Coordinate transformation of F
Let T be a linear operator acting on F. We assume T can be written as T = eS , for
some linear operator S acting on F. If u]u, u ∈ F belongs to F, then we can consider
T · e]u, or e]u · T . Let t ∈ C be a parameter. Then by Campbell-Haussdorff formula,
we can set

etS · e]tu = et(S+]u)+t2CH(S,]u;t), (62)

where CH(S, ]u; t) is a Taylor series of t with the convergence radius r > 0. r may
be smaller than 1. But since t · e]u exists, there is a path β = β(s) in C such that
β(0) =, β(1) = 1 and CH(S, ]u; t) allows analytic continuation along β. We denote
CH(S, ]u; β; 1) the value of the analytic continuation of along β of CH(S, ]u; t) at 1
(cf. [3]). Then we have

T · e]u = e]u+S+CH(S,]u;β;1). (63)
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Definition. We define the action of S to u ∈ F with respect to β by

S +β u = u + S + CH(S, ]u; β; 1). (64)

Note. The action of S to u does not determined absolutely. It depends on the
choice of β. Later, we need to get logarithm of the action of T to e]u. In this case,
the action also depends on the choice of S, the logarithm of T .

Definition. We denote S+β the action of a linear operator S of F and a path β
of C joining 0 and 1 defined by S +β u, u ∈ F.

Note. S+β may not defined on F. But densely defined in F.

If T1 = eS1 , T2 = ES2 , then we can set

etS1 · etS2 = et(S1+S2)+t2CH(S1,S2;t).

Let CH(S1, S2;β; 1) be same as above. Then we may assume β satisfies

T1 · T2 = eS1+S2+CH(S1,S2;β;1). (65)

The notation S1 +β S2 is also used in this case. Precisely, we use the following
notations;

S1 +β S2 = S1 + S2 + cβ(S1, S2), (66)
cβ(S1, S2) = CH(S1, S2;β; 1). (67)

By definition, if S1S2 = S2S1, then cβ(S1, S2) = 0 for any β. Especially,we have

cβ(S,−S) = 0, (68)

for any S and β. Similarly, we obtain

(eS1)cβ(S1+αS2,−S2) = eS1 ,

for any S1, S2 and α, β. Since eS1+αS2 = eS1+βS2 = T1T2 holds and S1 +α S2 =
(S1 +β S2) + cα(S1, S2) − cβ(S1, S2), we get

(T1T2)cα(S1,S2)−cβ(S1,S2) = T1T2. (69)

We also have

S1 +α (S2 +β S3) = S1 + S2 + S3 + cβ(S2, S3) + cα(S1, S2 +β S3),
(S1 +α S2) +β S3 = S1 + S2 + S3 + cβ(S1 +α S2, S3) + cα(S1, S2).

We set eSi = Ti, i = 1, 2, 3. Then by definition, we have

eS1+α(S2+βS3) = T1(T2T3), e(S1+αS2)+βS3 = (T1T2)T3.
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We define δα,βc(S1, S2, S3) by

cβ(S2, S3) − cβ(S1 +α S2, S3) + cα(S1, S2 +β S3) − cα(S1, S2). (70)

Then, since T1(T2T3) = (T1T2)T3, we have

eS+δα,βc(S1,S2,S3) = eS , eS = eS1eS2eS3 . (71)

Since Taylor expansion of [f, wn]] in wn begins at least order 2-term. So the ideal
I is invariant by the action f+β . Hence we can transfer the action f + β of F to the
action of FrΛH or FrΛ̃H.

Definition. We define the action T ◦S,β daxn = eS ◦β daxn by

T ◦S,β daxn = eS+β]awn . (72)

The action T ◦S,β ψ of T = eS and β for an element ψ of FrΛH is similarly defined.

Note. We also use the notation eS◦β , which means T◦S,β , when T = eS .

Since we have

eS1 ◦α (eS2 ◦β daxn) = eS1+S2+]awn+cβ(S2,]awn)+cα(S1,S2+β]awn),

(eS1eS2) ◦β daxn = eS1+S2+]awn+cα(S1,S2)+cβ(S1+αS2,]awn),

the obstruction to the associativity of the action of linear operators Ti = eSi , i = 1, 2
on F to daxn is given by δα,βc(S1, S2, ]awn).

Definition. We denote T◦S,β or eS◦β the action of T and a path β to FrΛH
defined by T ◦S,β ψ, ψ ∈ FrΛH.

By this notation, we can define δα,β(S1, S2, ψ), which can be regarded as a function
of ψ. Regarding δα,β(S1, S2, ψ) to be a function, we denote δα,β(S1, S2) instead of
δα,β(S1, S2, ψ).

7 Fractional differential forms on mapping spaces

Let Map(X,M) be the space of maps from a compact Riemannian manifold X to a
smooth almost complex manifold M of complex dimension d. We fix a non-degenerate
selfadjoint elliptic (pseudo) differential operator D on X (acting on scalar fields). The
operator D⊗ I, I the identity matrix in GL(d,C), is also denoted by D. By assump-
tion, D determines the Sobolev metric in L2(X)⊗Cd. Denoting W k(X) the Sobolev
k-space constructed by D and L2(X)⊗Cd, Map(X,M) becomes a Sobolev manifold
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modeled by W k(X) and we may consider W k(X) is equipped with D. L2(X) ⊗ Cd

is H and the Green operator of D is G in the formalism of section 2.
Let τ = τ(Map(X,M)) and τ∗ = τ ∗ (Map(X,M)) be the tangent bundle and

cotangent bundle of Map(X,M), respectively. Then the fibre of τ is W k(X) ⊗ Cd

and the fibre of τ∗ is W−k(X) ⊗ Cd. We may assume the structure groups of τ and
τ∗ are the loop group ΩU(N). In general, we can not equip D to the fibres of τ and
τ∗. But to add connection term AU to D, we have

gUV (D + AV ) = (D + AU )gUV ,

where {gUV } is the transition function of τ . Since we can take AU to be an Hermitian
operator, {AU} also becomes a connection of D with respect to τ∗. Since gUV (x),
x ∈ U ∩ V is a unitary operator, spectres of D + AU (x) does not depend on U .
Moreover, if D is positive, we can take AU such that D + AU (x) is positive for any U
and x ∈ U .

The complete ortho-normal basis of L2(X) ⊗ Cd thought to be the (co)tangent
space of Map(X,M) should be the proper functions {eU,n}; eU,n = eU,x,n of D +
AU (x), we need to take wU,n = log xU,n, (xU,1, xU.2, . . .) is the coordinate of L 2(X)⊗
Cd determined by {eU,n}, as the basis of F instead of {en}. We note since gUV (D +
AV ) = (D + AU )gUV , we have

eU,n = gUV eV,n.

To develop global analysis on Map(X,M), we need to assume integrity of the
regularized dimension ν(x) = ζ(D +AU (x), 0). Let k be the order of D and l = [j/k],
where [ ] is the Gauss notation and j = dimX, then take the mass term m = m(x)
to be a solution of

Ress=lζ(D+AU (x),s)
l ml − Ress=l−1ζ(D+AU (x),s)

l−1 ml−1 + · · ·
· · · + (−1)l−1Ress=1ζ(D + AU (x), s)m + (−1)lν(x) = n,

we have ζ(D +AU (x)+m, 0) = n([5], cf. [8]). Since ζ(D +AU (x), s) does not depend
on U , the residue r(x, k) of ζ(D+AU (x), s) at s = k is a smooth function of x. Hence
the equation

r(x, l)
l

ml − r(x, l − 1)
l − 1

ml−1 + · · · + ν(x) = n,

is globally defined on Map(X,M). If the discriminant of this equation does not
vanish on Map(X,M) e.g. l = 1, we can choose m = m(x) to be a globally defined
function on Map(X,M). So we can choose n as the virtual dimension of Map(X,M).
Otherwise, we can not choose n uniformly on Map(X,M).

Since τ is a loopgroup bundle, its transition function gUV can be set ehUV if∮
tr(g−1

UV dgUV ) = 0. In general, the 1-dimensional cohomology class s1(τ) in
H1(Map(X,M),Z) represented by { 1

2πi

∮
tr(g−1

UV dgUV )} gives the complete obstruc-
tion to the expression {gUV } = {ehUV }. In the rest, we assume s1(τ) = 0. We note
in this case, we have

hUV +β hV W = hUW ,
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for any β. So we denote hUV +b hV W instead of hUV +β hV W .The operation +b may
not be commutative, but associative.

Note. If X = S3, assuming s2(τ) = 0, we can set gUV = ehUV directly. So
we proceed same discussion below, without reducing the structure group of τ to the
loopgroup ΩU(N).

The associate F-bundle of τ can be constructed if and only if

hUV +α (hV W +β u) = (hUV +b hV W ) +β u (= hUW +β u), u ∈ F. (73)

Since β-dependence of +β comes from the many valuedness of u, the difference

δhUV W (β)u = (−hUW +β (hUV +β (hV W +β u))).

takes the value in π1({
∑

xnen ∈ H−(finite)|xn 6= 0}) = Z∞. Let βn be the class of
{znen ∈ H−(finite)||zn| = 1}. We define n(τ)UV W ;βn

∈ Z and the map n(τ)UV W :
Z∞ → Z by

n(τ)UV W ;βn =
1

2πi
δhUV W (βn)ww,n. (74)

n(τ)UV W (βn) = n(τ)UV W ;βn . (75)

By definition, {n(τ)UV W } is a 2-cocycle taking the values in (Z∞)∗, the dual of Z∞.
Since Z∞ is the fundamental group π1(U∗

x) of U∗
x ,where U∗

x means {
∑

cneU,x,n|cn 6=
0},

(Z∞)∗ = ∪x∈Map(X,M)π1(U∗
x ,

becomes a local system if the spectres of D + AU (x) has no crossing. Here we regard
{eU,x,n} to be the local coordinate of Map(X,M) at x. Under this assumption, we
obtain

Proposition 2. (i ). The cohomology class o(τ ; F) of {n(τ)UV W } in
H2(Map(X,M), (Z∞)∗) is determined by τ .

(ii). We can construct associate F-bundle of τ if and only if o(τ ; F) = 0.

Note 1. If ξ is a loopgroup bundle over Map(X,M) such that s1(ξ) = 0. Then
we can define o(ξ; F) by the same way and the associate F-bundle of ξ exists if and
only if o(ξ; F) = 0.

Especially, since τ and τ∗ have same transition function, o(τ ; F) = o(τ∗; F). Hence
associate F-bundle of τ exists if and only if associate F-bundle of τ∗ exists.

Note 2. If X = S1, taking D = 1
i

d
dt + c, t is the loopvariable, the spectres of

D + AU (x) are {2nπ + c(x)|n ∈ Z}. Since c(x) is a smooth function on ΩX, spectres
of D + AU (x) do not cross. Hence we can use Proposition 2 in this case.

Definition. We denote the analytic continuation of etf ·etg along β to t = s, s <
1, by ef+β,sg.
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Symbolically, we may consider ef+β,sg = esf ◦sβ esg. Here sβ means the path
defined by sβ(t) = β(st). So, if ef = φ and eg = ψ, we may consider

ef+β,sg = φs ◦sβ ψs.

Definition. We define the action gUV ;βdaxn of gUV to daxn with respect to β
by

gUV ;βdaxn = ehUV +β,aawn . (76)

Note. This definition of the action of gUV to daxn needs to assume a ≤ 1.
When 1 < a < 2, we define the action of gUV to daxn by using the relation daxn =
dxn ∧ da−1xn.

By using the action gUV ;β , we can construct associate FrΛH-bundle of τ∗, if
o(τ ; F) = 0. So we can consider fractional differential forms on Map(X,M) if s1(τ) =
o(τ, F) = 0. In this case, associate FrΛ̃H-bundle of τ∗ is also defined.

If the associate F-bundle of τ∗ exists,

ωU (s) =
∑

µs
n(wU,n + γ), (D + AU )eU,n = µ−1

n eU,n,

is a cross-section of this bundle. e]ωU (s) induces a cross-section of the associate FrΛ̃H-
bundle of τ∗. But it is not a cross-section of the associate FrΛH-bundle of τ∗. Hence
it defines a line bundle over the associate FrΛH-bundle of τ∗.

If each D +AU is taken to be positive, and if we can choose the virtual dimension
ν(x) = ζ(D + AU (x), 0) to be an integer n, uniformly,then this bundle is trivial.
Therefore to define Λ∞,→dxU,n similar to Λ∞,→dxn, we get the regularized volume
form of Map(X,M) as a cross-section of the trivial line bundle over the associate
FrΛH-bundle of τ∗.

If we can not chose ν(x) to be a constant integer, the sign (−1)ν(ν−1)/2 in the
definition of : Λ∞,→dxU,n : causes many valuedness of : Λ∞,→dxU,n :. Hence the
line bundle determined by : Λ∞,→dxU,n : may be non-trivial if π1(Map(X.M)) is
non-trivial.

If D is not positive e,g., D is the Dirac operator, then the situation is more
complicated. But as for a loopspace ΩM , we have the following Theorem (cf. [11]).

Theorem 2. Regularized volume form exists on ΩM if the first and second string
classes of ΩM vanishes.

Proof. Let g : ΩM → U(N) be the characteristic map of τ , and

S(g) = {x ∈ ΩM |det(g(x) − I) = 0}, (77)
Sr(g) = {x ∈ ΩM |rank(g(x) − I) = N − r} (78)
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Then τ |(ΩM \ S(g)) is trivial and the dual classes

〈S2r−1(g)〉 ∈ H2r−1(ΩM,Z),

of S2r−1(g) represent string classes sr(τ) of τ ([4]). Hence, if s1(τ) = s2(τ) = 0, we
may assume codim(S(g)) > 3, and there exists a neighborhood U(x) of x ∈ S(g) such
that H2(U(x) \ S(g),Z) = 0. Since τ |(ΩM \S(g)) is trivial, regularized volume form
exists on ΩM \ S(g) and it defines a line bundle E. Since E|p−1(U(x) \ S(g)), p
the projection of τ . is trivial, we can extend E to p−1(U(x) \ S(g)). This shows
Theorem.
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