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Abstract

In §1 we consider a generalized Randers-Kropina type («, 3)—Finslerian met-
ric F' on a space-time manifold M and its associated Berwald-type nonlinear
connection N on TM. For TM endowed with an (h,v)-metric structure, we
build the canonic N-connection dependent on F' only, its d-torsions, curva-
tures, Ricci tensor and scalars of curvature. In §2; a Finslerian perturbation
of («, B)—type applied to the weak metric yields a pseudo-Riemann - Finslerian
(h,v)—metric structure on TM for which we derive the Einstein equations and
the corresponding conservation laws. In §3 are determined the equations of the
stationary curves and of their deviations, outlining the special cases of h— and
v—paths.
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sectionPreliminaries

The study of weak gravitational Finslerian and generalized Lagrange models was
initiated by P.C.Stavrinos [24] by introducing the concept of gravitational waves in
a Finsler space. The study was extended in [5] and [6] to the framework of vec-
tor bundles endowed with (h,v)—metrics (framework established by R.Miron and
M. Anastasiei [17], [19]) and to the one of osculator spaces Osc®(M) of higher-order
geometries ([16], [18]) for the particular case when k = 1, leading to the B-FWDM,
FWDM and CWDM models for General Relativity ([5], [6]) on the tangent bundle
(TM, 7, M) of a given space-time M.

In this work we study the geometrical structure of a (h,v)—metric produced by
a Minkowski metric n;; defined on a real 4-dimensional differentiable manifold M,
deformed by means of an («, §)—Finslerian metric (denoted further as (a, b)—metric)
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of Kropina-Randers type. The metric +y;; of the gravitational field is decomposed into
the flat Minkowski metric n;; = diag(—1,1,1,1) and a small perturbation ¢;; given
by a symmetric tensor field satistying |e;;(z)| << 1 ([5], [24], [25]),

4

g= Z((S”El + €5 (l‘))dl‘l ® dl‘j, (1)

i=1

where we denoted ¢’ =¢; =1 — 241, i =1,4.

From physical point of view, in the linearized version of a given model of the Gen-
eral Relativity, the symmetric tensor field €;; produces the weak pseudo-Riemannian
gravitational field 7;;. In our case, the considered deformations (the weak pertur-
bation and the Finslerian deformation) emerge from a (a,b)—fundamental function
defined on the tangent bundle [3] F(a,b), with F' p—homogeneous in a and b, which
we assume of the generalized Randers-Kropina form (p = 1),

a?(z,y)
b(z,y) @)

where (z¢,y%) are local coordinates in a chart U c TM, and we denote:

a(z,y) = /aij(x)y'yl, with a;;(x) Riemannian metric on M;
b(z,y) = b;(x)y, with b;(x) covector field on M.

F = aa(z,y) + Bb(x,y) + v

Remarks.

1. The first two terms of F' determine a Randers-type Finsler metric, while the
third is a Kropina one.

2. For « = 8 =1 and v = 0, the framework becomes the general Randers case
studied by R.Miron in [15];

3. Fora =1, v =0, and 3 = -5 (with e - electrical charge, m - the mass and
¢ - the speed of light), we get the Randers-type metric used intensively in physical
applications [8].

4. For v =0 and a = § = 1, we have the case studied in [28].

5. For o« = 1,8 = v = 0 and a;; = n;; + Acicj, with A € R and ¢;(x) being a
1-form, we get a special Riemannian subcase of the Beil metric case ([6]).

In the following we shall denote briefly a(z,y) and b(z,y) by a and b, respectively,
0; = % and 9, = %; the indices ”,7” and ”;a” will represent, respectively, the
partial differentiation with respect to z* and y®. and the zero subscript will represent
the transvection with y. Throughout the paper, the Latin indices ¢, j, k,...,a,b,c, ...
run implicitly in the range 1,4, while the Greek ones a, 3,7, ..., in the range 1,8.

The indices will be raised in the linearized approach via the flat metric n;;, e.g.,
e’s = nrinsjgij_

We note that the space F™ = (M, L(z,y)) is a Finsler space, if the fundamental

2 2
tensor field h;; = %%Ziig/f’) is non-degenerate. Its generic form is [11]

hij = a " Fokij + a *Faayiy; + a”  Fayygibyy + Fupbibj, (3)
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where we denote F,, = %—5 and F,, = % the partials of F' as function of a(z,y) and

b(x,y), and k;; is the angular metric
kij = aij — a”*yiy;. (4)

More specific, we have the following

Theorem [3].
a) The fundamental tensor field h;; associated to the fundamental function F'(z, y)
has the form
hij = paij + Abibj + wbiyjy + pyiy;, (5)

where the coefficients are given by

= (a?ab® 4+ 272a® + afb® + 2Bvab® + 3aya?b)/(ab?)
(820" + 372a* + 2ava3b) / (b*)

(—47%a® + aBb® — 3aya?b)/(ab®)

(472a® — afb® + 3aya?b)/(a®b?),

7
A
7r
p

and where we denoted 7(;;1 = S7i; = 755 + 75 and y; = a;y".
i

b) The fundamental tensor h;;(z,y) in (5) is non-degenerate, provided that p # 0
and

A + Ab + 27b) + 722 #0
[A(p + pa?) — m2a?] [/\(u + \b + 27b) + 7r2a2} — (Ao —m2) (b + 7wa?)? #£ 0,
where a* is the reciprocal tensor field of the Riemannian metric a;j, b= a;;b°b’ and
b = a'ib;.
c¢) Provided that the conditions in b) are fulfilled, the reciprocal tensor h%(z,y)
has the coefficients N L o o
hi = fia + o'W + 7blyIt 4 pylyd, (7)

where,

A= (Np+02q), 7=—-(\mp+uvg), p=—(7p+u’q)

q=w-[w+ (ua? + 2rba?) + A(b? + a2b)] !,
p=(pw)™t, [ = X\2b+27\b +72a2, f=pt,

w= (4 Xo+7b)/p, v=(N+ma?)/q, w=p\+I

Remark. In (5), the coefficients o? and 72 with (6) multiply exactly the Rieman-
nian and the Kropina fundamental tensor fields, respectively; for v = 0, h;; becomes
the Randers metric tensor field.
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Proof. Indeed, the metric (5) admits the convenient form
hij = pag; + X" ily + 0yiy;

where l; = Ab; +7y;, 0 = p— ”72 To our aim, we apply repeatedly the following main
result which generalizes the one in [15].

Lemma 1. Let (a;;) € GL(n,R), o, € \R*; v; € R, ¢ = 1,n, and the matrix
(bij) € My (R), having as coefficients

bij = aa;j + Poivj,

such that «+ Bv? # 0, where v? = a“v;v;. Then we have
a) det (bi;) = " Ha + Bv?) - det(a;));
b) If (bi;) € GL(n,R), then the coefficients of its inverse (b*7) are

. 1 . vivd
o —— iy 7 ’
« (a ﬁa+ﬁv2)

where v* = a¥v; and (a") is the inverse matrix of (a;;).

As we have seen, the Finslerian metric & in (5) provides for the case a = 1,5 =
v = 0 a Beil-type perturbation of n;;,

Vij(2) = gij(x) = aij = nij + &5, (9)

where £;; = A¢;(z)c;(z), with A\ € R and ¢;dz’ € A'(M). Then, the canonic non-
linear connection N on T M provided by 7;;(z) is

N (z,y) = 5o, (10)

where _ ,
YVie =Y (Vghry — Vikn)/2 (11)

are the Christoffel symbols of the Riemannian metric g;;(z); this produces on X(U)
the local adapted basis

{6i = 0 — N}y, 80}1‘,(1:1,4 = {56}5:ﬁ7 (12)

as well as the dual local basis
{d' = dz', 6* = 6y* = dy" + Njda’}, .15 ={6"} 515 (13)

The Finslerian deformation of the weak metric +y;; considered in the next section
will provide a certain (h, v)—metric on TM. Generally, a (h,v)—metric on the tangent
bundle (T'M, 7, M)

G = Gij (.’E, y)dxz & dxj + hab(m7 y)aya & 5yba (14)
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defines a canonical N—connection D, dependent only on G and N, having in the
adapted basis (12) the coefficients {I'}, } = {ij,Lbk, C’;a, C¢.} given by ([17])

Lty = 390495y — 0sgin), Ly = OuNE + 3h9(6khve — hegaOpy Ni) (15)
Ci, = 39"0ugjn, Cy. = $hN(Ophaey — Oahue),

C

which preserves the h — v splitting produced by N, is metrical and h— and v— sym-
metrical.
Its torsion tensor field T € T, (T M) has the coefficients

7(5047 6ﬁ) = 778&(15'17 %Ha = F([)Z'}n] + Bfén]? (]‘6)

where we denoted Tja3) = Tap — T and where the non-holonomy coefficients B, ; are
uniquely defined by the relations [0, 5] = B(]Bév. The h,v—splitting of 7 provides
the torsion N—tensor fields [17]

T}, = diT(é.k,éj) = ijk], R}, = 5“’]’(51,5.16) = 5.[1N ~

Pi, =d'T(0,,0;) = Cly,  Pgh =0T (8, 0y) = O Nf — L., (17)

Sg, = 6°T (D, &) = Cfy»

Similarly, the curvature tensor field R € T;H(T'M) of the N—connection D has the
coefficients given by

R(0ar05)0y = R galn,  REe =00—5y + _gh_ge] T _gd,sje, (18)

and its h, v—splitting of R provides the curvature N —tensor fields

Ry = d'R(61,0))8) = oL}, + L] Ly, +69 R”I (19)

Ry = 6°R(31,6))9| = 51%] +%)H“§? +Cu I

)

Pje = AR08 = 8 £}y — (318, + £ &) - £3,& — £],8) + & 7
)
)

Pb ke = 5aR(gJ,§|| gL g ?_{ - (6HCU + gjﬁuc E)ch g)JHC (,PHJ
Sibe = d'R(Y),8))8 = & gfu G
Sbacd = 5(17{(3[7 8j )gL 8 + C]L[JC]_'[]

Based on these N —tensor fields, we shall derive the Einstein equations of the linearized
deformed model defined in the following section.

1 The (a,b) - Finslerian deformed weak model

The (a,b)—type deformation of the weak metric 7;; is produced by a Finslerian per-
turbation €;;(x,y) = hi;(x,y) as in (5) of the pseudo-Riemannian gravitational field
7ij, which leads to the generalized Finslerian metric [24]

fij(x,y) = vij (@) + &i5(2, y), (20)
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with ~;; given in (9). Here the (a,b)—type Finslerian perturbation &;;(z,y) is pos-
tulated to satisfy the condition |&;;(z,y)] < 1 in order that f;; be non-degenerate.
Moreover, the tensor

e%ij(x,y) = €ij(x) + &ij(2,y) = Aei(w)c;(x) + hij(,y) (21)

provides a weak Finslerian perturbation of the Minkowski metric n;;, and vanishes
iff ~y;; is flat. This point of view permits us to consider (h,v)—metric v—Finslerian
approaches.

Physically significant perturbations é;; considered in (20) may belong to the geo-
metrical framework developed by R.G.Beil [10], to the Kaluza-Klein ansatz or the one
of the Randers-type Yang-Mills theory [8], [9]; in all cases, the Finslerian perturbation
of the pseudo-Riemannian metric is given by the electromagnetic field, or by a gauge
or spinor extension of the pseudo-Riemannian gravitational field. In each of these
models, the original pseudo-Riemannian model appears as a limiting case.

We note that the deformed metric f;;(z,y) is of Finsler type itself, providing on
TM a particular case of a generalized Lagrange structure GL™ = (M, f;;) in the sense
of R.Miron [17]. For N being the Cartan non-linear connection attached to F, this
canonically gives the almost Hermitian model on T'M, given by the N—lift of f;; to
TM and by the canonic adapted complex structure J € End(X (T M)) of associated

0 —I4

matrix in local frames (12) [J] :( ) , which is in fact a Kahler structure.

Iy 0

As an alternative approach which we shall follow hereafter, we build on T'M the
(h,v)—metric provided by the two adjusted components of the Finslerian metric f;;
in (9),g=n+e® and & = hij - F~2 of the weak Finslerian metric, given by

G = (nyj + Aei(2)c;()) da’ @ da? + Eap(, )0y ® dy°, (22)

gij ()

with &;(z,y) = hi;j(z,y)F~%(x,y), where in view of preserving the 0-homogeneity of
G in y, the metric h;;(z,y) is scaled by the conformal factor F~2(z,y). We call the
metric structure (T'M, G), the (a,b)— deformed weak model (AB-DWM).

We note that though the corresponding associated deformation of type

fz‘j (2,y) = nij + ij(x) + hij(z, y) F2(z,y)

gij(z,y) €ij(z,y)

is nolonger proper Finslerian (due to the lack of 0-homogeneity in the last term coeffi-
cients, which are -2 homogeneous), the metric G € 7>(T' M) in (22) is 0-homogeneous,
hence dependent on direction, and living on the projectivized space PT M.

In particular, if € depends on y only, then G is a pseudo-Riemann - locally
Minkowski (h,v)—metric, and the gravitational field of this space is called weak
Riemannian-locally Minkowski gravitational field. In the linear approach, the Christof-
fel symbols 7%, in (11) are approximated by the linearized Christoffel symbols %, of



Linearized Gravitational Models 45

the weak metric v;; ([24], [5])

1 s )‘ s 7
in (8{jssk} — 8s€jk) = 571 (C{j,k}cs + Cls,k]Cj + C[s,j]ck) Yk (23)

The nonlinear connection is also approximated by the weak nonlinear connection

—i
Yik =

. A
Nit = 5?byb = §nas(c{i,o}cs + ¢ls,01Ci + C[s,i)0) = N (24)

K2

In particular, if exists ¢ € F(M) such that ¢; = c; , i.e., if ¢;(z)dx’ = dc is a potential
1-form, then
ﬁ;k = EiCj,k Nf = ecj 0. (25)
For obtaining the Einstein equations of the linearized deformed model, we determine
first the canonic linear connection, provided generally by
Lemma 2. a) The coefficients of the Berwald canonic linear N—connection D
of the linearized AB-DWM are

Liy =Lk =7 =i, Ci,=0; Cy, = %é“dCdbc, (26)
where Cape = Dafie/2 is the Cartan tensor field associated to &y ([11], [6]); this is
given by

Cijk = [%(k{ijpk} + kiipj) + Fonspivipr) /2 — Oijie + Kijk, (27)
where
Oij. = (hignFijy — hjrF) [ F
Kij = —2F3(hjFey — haoFy),

p; = b; — by;a~2 and kij is the angular metric in (4). Explicitly, we have
O;k = ﬂ(aoé%bk} + aléijyk})—l-

+  Aobajr + Mylajr + pob'bibr + p1bbyyey + (28)

1"

+ Hab'yiyn + 1y bibe + vay'biyey + vsy'yiyn — B Osk + Ky,
where ") = —Ffl(éijF;k} — hjxh"Fs) and

o = ficg + ANug + Tuy, M = iy + Tug 4 pus

o = fiffo + Mo + Fwo, 1 = i1 + vy + 7wy, pa = fifs + Mg + Tws,
vy = iffy + g + pwo,  vo = (P + Tuy + pwy, v3 = [iffs + Tvg + pws,
ug = a1 b + onINJ, w1 = aqa® + agb,

vo = 200 + fob + ib,  wo = fob + Gra?

v1 =1 + Bib+ Bab,  wi = ag + Bib+ faa?

vy = f2b + fsb, wy = Pab + [3a®.
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b) The N—fields of torsion of the linearized AB-DWM are

R =1 2y° = An'® [(cseps) ok + (cocpi) 1] /25

(29)
T, =0, C';,=0, P% =0, S5 =0
¢) The curvature of the linearized AB-DWM has the components
Rjikl = rjikl’ Rbakl =Tp'%l> Pjikc =0,
Pbakc - 7(5]60;;10 + ’?((ilkcgc - f_)/?bkc:ilc})
Sjlbc = 0, Sfu= sz[d g]s’
where rji w1 15 the linearized weak curvature,
rin = a[ﬁ;‘k] = "is(a[%jgsk] + a[%csgjl])ﬂ = (30)

= An'® [CsClio,ji] + Cs,[1Ck],j T Cs.5Ck1] T CliCs 51 T (C5C0),58)]/ 25

which in the potential case becomes rjikl =’ (Cs,11Ck,5)/2-
Generally, the hh—Ricci N—tensor field and the h—scalar of curvature are [25],
[5]
— A s
Rij =Rl = ﬁkjkf rik = 5(Deyy + 0fe — 07,65), (31)
R=r=0e— 0%,

where € = nijsij, and ”0O” denotes the d’Alambertian
0 = —8G + 05y + 03, + 033 = =0y, + 03, + 0, + 02

In the considered model (21), we have

Lemma 3. a) The Ricci N—tensor fields of the linearized AB-DWM are

Rij = 5e*{csljis) + CasCili + Co,iCljs) + CiCssis] + (Ci€Ls) 551}
Py = Py, =0, Py = Byfjy = —(0xCf,, — €5,C40), (32)
Sab = 8tg = Cs[dcz%w

In the linearized gravitational potential case we have rj, = Asi(ciﬂ-ck’j — CikCij)/2.

b) The Ricci scalars of curvature of the linearized AB-DWM are

R = 3e'el (cicyj i) + ¢iicig) + Cijeta + cycigi + (€5¢q) i), (33)
S = Cj,C4.8"

cle
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S plays the role of parameter of anisotropy of the weak gravitational field. In the
linearized potential case we have r = sisj(ci,j[jcj] + ¢pi,5¢i,5)/2-

Theorem 1. The Einstein equations of the linearized AB-DWM are given by,
in virtue of (32), (33):

Rij — 3(R+ S)ni; e%{CsCljis)  Co[sCil i+ Cs,iCljs) F CiCais]

+ (Cic[s),sj]} — nij(R + S) = HTij

Sab — %(R +8)Ew = Cs[dcgie - %gab(R +5) = wTu (34)
Py, = 0= —rTj,
Py = —(6xCy, — el C3,) = KTy,

where k € R and Tij, Typ, Tjp, Tpr, are the energy-momentum N —tensor fields.

Theorem 2. The conservation laws for the Finstein equations of the linearized
AB-DWM are

E;Iz = (R; - 3(R+ S)E;)‘i = /@eiT;‘i,
Efla = (8¢ —18¢¢) =0 (35)
Plg|a = HTI?laa

where R;-,S{f and P are given by (52), and |;, | are respectively the h— and the
a
v—covariant derivations induced by the N—connection NV ([17]).

2 The stationary curves of the linearized AB-DWM

Assume that c: I = [a,b] CR — T'M is a smooth curve, such that its image lies in a
chart U C TM, _

c(t) = (2" (1), y" () = (y* (1)), Vt € I,
and let D be a linear N—connection on T'M given in the adapted basis (12) by
Ds, 0y =15, 0q-

Definitions. a) The covariant velocity field V and the covariant force F on the
curve c are the fields defined on ¢ by

6 «

V= Vas,, Ve ==
(36)

DV sve

=L Fos,, Fo=2 419V a=T1,8
7 F o, F dt+ VIVE o , 8,
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b) The curve ¢ is said to be stationary with respect to D iff 7 = 0 along the curve.
¢) The curve c is called h—-curve, if

Sy . -
(V) =0 & %zo o §P 4 NS =0, a=1,4,

dy(:v o d2ya

where we denote y* = =7, % = S5, a = 1,8, and is called v—curve, if

m(V)=0 & i'=0 & z'=ux, i=14,

where by 7, and m, we denote respectively the h— and v—projectors of the canonic
splitting induced by N. If a h-/v-curve satisfies also the extra condition F = 0, then
it is called h-/v-path, respectively.

In physical applications, the covariant force determines the non-linear connection.

I. In the linearized approach, the h—paths project onto geodesics of M; they are
solutions of the Volterra-Hamilton-type second-order differential system

g+ Ni(x(t),y(t)a? =0

(37)
B4 Ly (), y(t)i7 i =0, a,i=T/4,
which in the linearized AB-DWM rewrites as the first-order differential system
' = k() v (0)F (), @' =2()
(38)

which describes via (23) the gravitational interaction caused by electromagnetic fields
provided by the potentials ¢;(z). The Cauchy problem associated to (37) is numeri-
cally solvable. In the particular case & = %7, i.e., when the fibre variable describes the
velocity of the h—path, then these become the geodesics of the Riemannian deformed
h—metric, satisfying
I+ =0, (y=2a)

II. The v—paths of the linearized AB-DWMcoincide with the v—paths of the
Finsler space (M, F(z,y)), with F? = ¢®) (z,9)y*y’. A v—pathc: I CR — U C
TM, c(t) = (z§,y%(t)) is a solution of the second-order differential system

§* + CiL (o, y()yPy° = 0. (39)

2 ~
III. Let be a family of stationary curves ¢: Iy x Is CR — U C T'M, having the
arc-length parameter ¢, and the deviation parameter u ([22], [12]),

c(t,u) = (2 (t,u),y°(t,u) = (y*(t,u)) €U, Y(t,u) €I, x L.
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Consider the deviation vector field
Z=Z%q, Z' = 0yz', 2% = 0yy* + NIy,
and velocity vector field
Y = V%,, Vi = 0a’, V* = 0wy + Nf o'

For any vector field W = W*%4,,, defined on the family of curves having the same
image-patch I'm(c), we consider the partial covariant derivatives along the patch

W = g +T5 WAVT, 5V = W + TG W27, (40)

The equations of deviations of the family with respect to the connection D characterize
the tidal force Z, and have the form ([1], [5], [7])

2Z 4 6, = p* 4 6,F%, a=T,8, (41)

for 7% = ’]’B‘{/Vﬁ}_,”7 and p @ = Rﬁaw\V’BZVV)‘. These equations rewrite

RE+XJOZT+YPZ'+ L% =0, a=138, (42)

where we denoted

X0 = (Tg +2M)VP, L7 = —§,F*, a,y =138,
Vo = 6((Tg, + TV + (T + 05,05 VoV — =R g\ VIV,
Then, denoting {gA}A=ﬁ ={Z*,0,2°} and {LA}A=ﬁ = {0, 0,F“} as 16—column
vectors, and considering the 8 x 8—matrices X = (XJ), Y = (¥;¥) and P =
0 —I2n

, the system (42) rewrites in matrix form
Y X

HE+PEHL=0 & 9+ PREB+LA=0, A=T,16. (43)

The equations of deviations of paths presented above are particular cases of the
ones in ([4], [1], [5], [7]), of the extended Finslerian case developed in [2]. Alterna-
tively, the study of deviation of geodesics for the Finslerian case n 4 ¢ + () was
performed in [24], [26].

Conclusions. We study an extension of the weak pseudo-Riemannian gravita-
tional model by imposing an (a,b)—type deformation of the weak pseudo-Riemann-
ian metric ;; of the 4-dimensional space M, which provides an (h,v)— metric on
TM. The obtained Finslerian-type model fits in the general theory of (h,v)—metric
structures on vector bundles developed in [17], [19], [20], [5], [4]. In the linearized
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framework, the explicit Einstein equations, the associated conservation laws and the
equations of stationary curves and of their deviations are determined for the canonic
linear N —connection, where N is the Berwald-type nonlinear connection considered
in linearized approach. The study of the modelled weak gravitational field provides
further information on the gravitational waves in these spaces, the wave vectors of
the weak field theory being intrinsically incorporated in such spaces as the considered
ones, in which the elements depend on both position and direction.
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