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Abstract

In §1 we consider a generalized Randers-Kropina type (α, β)−Finslerian met-
ric F on a space-time manifold M and its associated Berwald-type nonlinear
connection N on TM . For TM endowed with an (h, v)-metric structure, we
build the canonic N -connection dependent on F only, its d-torsions, curva-
tures, Ricci tensor and scalars of curvature. In §2, a Finslerian perturbation
of (α, β)−type applied to the weak metric yields a pseudo-Riemann - Finslerian
(h, v)−metric structure on TM for which we derive the Einstein equations and
the corresponding conservation laws. In §3 are determined the equations of the
stationary curves and of their deviations, outlining the special cases of h− and
v−paths.
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sectionPreliminaries

The study of weak gravitational Finslerian and generalized Lagrange models was
initiated by P.C.Stavrinos [24] by introducing the concept of gravitational waves in
a Finsler space. The study was extended in [5] and [6] to the framework of vec-
tor bundles endowed with (h, v)−metrics (framework established by R.Miron and
M.Anastasiei [17], [19]) and to the one of osculator spaces Osck(M) of higher-order
geometries ([16], [18]) for the particular case when k = 1, leading to the B-FWDM,
FWDM and CWDM models for General Relativity ([5], [6]) on the tangent bundle
(TM, π,M) of a given space-time M .

In this work we study the geometrical structure of a (h, v)−metric produced by
a Minkowski metric nij defined on a real 4-dimensional differentiable manifold M ,
deformed by means of an (α, β)−Finslerian metric (denoted further as (a, b)−metric)
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of Kropina-Randers type. The metric γij of the gravitational field is decomposed into
the flat Minkowski metric nij = diag(−1, 1, 1, 1) and a small perturbation εij given
by a symmetric tensor field satisfying |εij(x)| << 1 ([5], [24], [25]),

g =
4∑

i=1

(δijεi + εij(x))dxi ⊗ dxj , (1)

where we denoted εi = εj = 1 − 2δi
1, i = 1, 4.

From physical point of view, in the linearized version of a given model of the Gen-
eral Relativity, the symmetric tensor field εij produces the weak pseudo-Riemannian
gravitational field γij . In our case, the considered deformations (the weak pertur-
bation and the Finslerian deformation) emerge from a (a, b)−fundamental function
defined on the tangent bundle [3] F (a, b), with F p−homogeneous in a and b, which
we assume of the generalized Randers-Kropina form (p = 1),

F = αa(x, y) + βb(x, y) + γ
a2(x, y)
b(x, y)

, (2)

where (xi, ya) are local coordinates in a chart Ũ ⊂ TM , and we denote:
a(x, y) =

√
aij(x)yiyj , with aij(x) Riemannian metric on M ;

b(x, y) = bi(x)yi, with bi(x) covector field on M .

Remarks.
1. The first two terms of F determine a Randers-type Finsler metric, while the

third is a Kropina one.
2. For α = β = 1 and γ = 0, the framework becomes the general Randers case

studied by R.Miron in [15];
3. For α = 1, γ = 0, and β = e

mc2 (with e - electrical charge, m - the mass and
c - the speed of light), we get the Randers-type metric used intensively in physical
applications [8].

4. For γ = 0 and α = β = 1, we have the case studied in [28].
5. For α = 1, β = γ = 0 and aij = nij + λcicj , with λ ∈ R and ci(x) being a

1-form, we get a special Riemannian subcase of the Beil metric case ([6]).
In the following we shall denote briefly a(x, y) and b(x, y) by a and b, respectively,

∂i = ∂
∂xi and ∂̇a = ∂

∂ya ; the indices ”, i” and ”; a” will represent, respectively, the
partial differentiation with respect to xi and ya. and the zero subscript will represent
the transvection with y. Throughout the paper, the Latin indices i, j, k, . . . , a, b, c, . . .
run implicitly in the range 1, 4, while the Greek ones α, β, γ, . . ., in the range 1, 8.

The indices will be raised in the linearized approach via the flat metric nij , e.g.,
εrs = nrinsjεij .

We note that the space Fn = (M,L(x, y)) is a Finsler space, if the fundamental
tensor field hij = 1

2
∂2F 2(x,y)

∂yi∂yj is non-degenerate. Its generic form is [11]

hij = a−1Fakij + a−2Faayiyj + a−1Faby{ibj} + Fbbbibj , (3)
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where we denote Fa = ∂F
∂a and Fab = ∂2F

∂a∂b the partials of F as function of a(x, y) and
b(x, y), and kij is the angular metric

kij = aij − a−2yiyj . (4)

More specific, we have the following
Theorem [3].
a) The fundamental tensor field hij associated to the fundamental function F (x, y)

has the form
hij = µaij + λbibj + πb{iyj} + ρyiyj , (5)

where the coefficients are given by

µ = (α2ab2 + 2γ2a3 + αβb3 + 2βγab2 + 3αγa2b)/(ab2)

λ = (β2b4 + 3γ2a4 + 2αγa3b)/(b4)

π = (−4γ2a3 + αβb3 − 3αγa2b)/(ab3)

ρ = (4γ2a3 − αβb3 + 3αγa2b)/(a3b2),

(6)

and where we denoted τ{ij} ≡ S
ij

τij = τij + τji and yi = aijy
i.

b) The fundamental tensor hij(x, y) in (5) is non-degenerate, provided that µ 6= 0
and

λ(µ + λb̃ + 2πb) + π2a2 6= 0[
λ(µ + ρa2) − π2a2

] [
λ(µ + λb̃ + 2πb) + π2a2

]
− (λρ − π2)(λb + πa2)2 6= 0,

where aij is the reciprocal tensor field of the Riemannian metric aij , b̃ = aijb
ibj and

bi = aijbj .
c) Provided that the conditions in b) are fulfilled, the reciprocal tensor hij(x, y)

has the coefficients
hij = µ̃aij + λ̃bibj + π̃b{iyj} + ρ̃yiyj , (7)

where, 

λ̃ = (λ2p + v2q), π̃ = −(λπp + uvq), ρ̃ = −(π2p + u2q),

q = w · [w + (µa2 + 2πba2) + λ(b2 + a2b̃)]−1,

p = (µw)−1, l̃ = λ2b̃ + 2πλb + π2a2, µ̃ = µ−1,

u = (µ + λb̃ + πb)/p, v = (λb + πa2)/q, w = µλ + l̃.

(8)

Remark. In (5), the coefficients α2 and γ2 with (6) multiply exactly the Rieman-
nian and the Kropina fundamental tensor fields, respectively; for γ = 0, hij becomes
the Randers metric tensor field.



42 V. Balan and P.C. Stavrinos

Proof. Indeed, the metric (5) admits the convenient form

hij = µaij + λ−1lilj + θyiyj

where li = λbi +πyi, θ = ρ− π2

λ . To our aim, we apply repeatedly the following main
result which generalizes the one in [15].

Lemma 1. Let (aij) ∈ GL(n, R), α, β ∈ R
∗
; vi ∈ R , i = 1, n, and the matrix

(bij) ∈ Mn(R), having as coefficients

bij = αaij + βvivj ,

such that α + βv2 6= 0, where v2 = aijvivj . Then we have
a) det (bij) = αn−1(α + βv2) · det(aij);
b) If (bij) ∈ GL(n,R), then the coefficients of its inverse (bij) are

bij =
1
α

(
aij − β

vivj

α + βv2

)
,

where vi = aijvj and (aij) is the inverse matrix of (aij).

As we have seen, the Finslerian metric h in (5) provides for the case α = 1, β =
γ = 0 a Beil-type perturbation of nij ,

γij(x) = gij(x) = aij = nij + εij , (9)

where εij = λci(x)cj(x), with λ ∈ R and cidxi ∈ Λ1(M). Then, the canonic non-
linear connection N on TM provided by γij(x) is

Na
i (x, y) = γa

j0, (10)

where
γi

jk = γih(γ{jh,k} − γjk,h)/2 (11)

are the Christoffel symbols of the Riemannian metric gij(x); this produces on X (Ũ)
the local adapted basis

{δi = ∂i − N b
i ∂b, ∂̇a}i,a=1,4 ≡ {δβ}β=1,8, (12)

as well as the dual local basis

{di = dxi, δa = δya = dya + Na
j dxj}i,a=1,4 ≡ {δβ}β=1,8. (13)

The Finslerian deformation of the weak metric γij considered in the next section
will provide a certain (h, v)−metric on TM . Generally, a (h, v)−metric on the tangent
bundle (TM, π,M)

G = gij(x, y)dxi ⊗ dxj + hab(x, y)δya ⊗ δyb, (14)
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defines a canonical N−connection D, dependent only on G and N , having in the
adapted basis (12) the coefficients {Γα

βγ} ≡ {Li
jk, L̃a

bk, C̃i
ja, Ca

bc} given by ([17])

Li
jk = 1

2gis(δ{jgsk} − δsgjk), L̃a
bk = ∂̇bN

a
k + 1

2hac(δkhbc − hc{d∂̇b}N
d
k )

C̃i
ja = 1

2gih∂̇agjh, Ca
bc = 1

2had(∂̇{bhdc} − ∂̇dhbc),
(15)

which preserves the h − v splitting produced by N , is metrical and h− and v− sym-
metrical.

Its torsion tensor field T ∈ T 1
2 (TM) has the coefficients

T (δα, δβ) = T κ
β αδκ, T κ

β α = Γα
[βκ] + Bα

[βκ], (16)

where we denoted τ[αβ] = ταβ −τβα and where the non-holonomy coefficients B γ
α β are

uniquely defined by the relations [δα, δβ ] = B γ
α βδγ . The h, v−splitting of T provides

the torsion N−tensor fields [17]
T i

jk = diT (δk, δj) = Li
[jk], Ra

kl = δaT (δl, δk) = δ[lN
a
k],

P i
ja = diT (∂̇a, δj) = C̃i

ja, P a
bk = δaT (δk, ∂̇b) = ∂̇bN

a
k − L̃a

bk,

Sa
bc = δaT (∂̇c, ∂̇b) = Ca

[bc],

(17)

Similarly, the curvature tensor field R ∈ T 1
3 (TM) of the N−connection D has the

coefficients given by

R(δα, δβ)δγ = R λ
γ βαδλ, R α

β γθ = δ[θ−α
βγ] + −φ

β[γ−
α
φθ] + −α

βφB
φ
γθ, (18)

and its h, v−splitting of R provides the curvature N−tensor fields

R i
j kl = diR(δl, δ‖)δ| = δ[lL

〉
|‖] + L〈

|[‖L
〉
〈l] + ♥C〉

|aR
a
‖l (19)

R̃ a
b kl = δaR(δl, δ‖)∨∂b = δ[l

♥La
b‖] + ♥Lc

b[‖
♥La
cl] + Ca

bcR
c
‖l

P i
j kc = diR(∨∂c, δ‖)δ| = ∨∂cL

〉
|‖ − (δ‖♥C

〉
|c + L〉

〈‖
♥C〈
|c − L〈

|‖
♥C〉
〈c −

♥Lb
c‖
♥C〉
|b) + ♥C〉

|bP
b
‖c

P̃ a
b kc = δaR(∨∂c, δ‖)∨∂b = ∨∂c

♥La
b‖ − (δ‖Ca

bc + ♥La
d‖C

d
bc −

♥Ld
b‖C

a
dc − ♥Ld

c‖C
a
db) + Ca

bdP
d
‖c

S̃ i
j bc = diR(∨∂c, ∨∂b)δ| = ∨∂[c

♥C〉
|b] + ♥C〈

|[b
♥C〉
〈c]

S a
b cd = δaR(∨∂d, ∨∂c)∨∂b = ∨∂[dCa

bc] + Ce
b[cC

a
ed].

Based on these N−tensor fields, we shall derive the Einstein equations of the linearized
deformed model defined in the following section.

1 The (a, b) - Finslerian deformed weak model

The (a, b)−type deformation of the weak metric γij is produced by a Finslerian per-
turbation ε̃ij(x, y) = hij(x, y) as in (5) of the pseudo-Riemannian gravitational field
γij , which leads to the generalized Finslerian metric [24]

fij(x, y) = γij(x) + ε̃ij(x, y), (20)
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with γij given in (9). Here the (a, b)−type Finslerian perturbation ε̃ij(x, y) is pos-
tulated to satisfy the condition |ε̃ij(x, y)| ¿ 1 in order that fij be non-degenerate.
Moreover, the tensor

ε∗ij(x, y) = εij(x) + ε̃ij(x, y) = λci(x)cj(x) + hij(x, y) (21)

provides a weak Finslerian perturbation of the Minkowski metric nij , and vanishes
iff γij is flat. This point of view permits us to consider (h, v)−metric v−Finslerian
approaches.

Physically significant perturbations ε̃ij considered in (20) may belong to the geo-
metrical framework developed by R.G.Beil [10], to the Kaluza-Klein ansatz or the one
of the Randers-type Yang-Mills theory [8], [9]; in all cases, the Finslerian perturbation
of the pseudo-Riemannian metric is given by the electromagnetic field, or by a gauge
or spinor extension of the pseudo-Riemannian gravitational field. In each of these
models, the original pseudo-Riemannian model appears as a limiting case.

We note that the deformed metric fij(x, y) is of Finsler type itself, providing on
TM a particular case of a generalized Lagrange structure GLn = (M,fij) in the sense
of R.Miron [17]. For N being the Cartan non-linear connection attached to F , this
canonically gives the almost Hermitian model on TM , given by the N−lift of fij to
TM and by the canonic adapted complex structure J ∈ End(X (TM)) of associated

matrix in local frames (12) [J ] =

(
0 −I4

I4 0

)
, which is in fact a Kahler structure.

As an alternative approach which we shall follow hereafter, we build on TM the
(h, v)−metric provided by the two adjusted components of the Finslerian metric fij

in (9), g = n + ε(1) and ε̃ = hij · F−2 of the weak Finslerian metric, given by

G = (nij + λci(x)cj(x))︸ ︷︷ ︸
gij(x)

dxi ⊗ dxj + ε̃ab(x, y)δya ⊗ δyb, (22)

with ε̃ij(x, y) = hij(x, y)F−2(x, y), where in view of preserving the 0-homogeneity of
G in y, the metric hij(x, y) is scaled by the conformal factor F−2(x, y). We call the
metric structure (TM,G), the (a, b)− deformed weak model (AB-DWM).

We note that though the corresponding associated deformation of type

f̃ij(x, y) = nij + εij(x)︸ ︷︷ ︸
gij(x,y)

+hij(x, y)F−2(x, y)︸ ︷︷ ︸
ε̃ij(x,y)

is nolonger proper Finslerian (due to the lack of 0-homogeneity in the last term coeffi-
cients, which are -2 homogeneous), the metric G ∈ T 0

2 (TM) in (22) is 0-homogeneous,
hence dependent on direction, and living on the projectivized space PTM .

In particular, if ε̃ depends on y only, then G is a pseudo-Riemann - locally
Minkowski (h, v)−metric, and the gravitational field of this space is called weak
Riemannian-locally Minkowski gravitational field. In the linear approach, the Christof-
fel symbols γi

jk in (11) are approximated by the linearized Christoffel symbols γ̄i
jk of
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the weak metric γij ([24], [5])

γ̄i
jk =

1
2
nis(∂{jεsk} − ∂sεjk) =

λ

2
nis(c{j,k}cs + c[s,k]cj + c[s,j]ck) ≈ γi

jk. (23)

The nonlinear connection is also approximated by the weak nonlinear connection

N̄a
i = εa

iby
b =

λ

2
nas(c{i,0}cs + c[s,0]ci + c[s,i]c0) ≈ Na

i . (24)

In particular, if exists c ∈ F(M) such that ci = c,i , i.e., if ci(x)dxi = dc is a potential
1-form, then

γ̄i
jk = εicj,k N̄a

i = εacj,0. (25)
For obtaining the Einstein equations of the linearized deformed model, we determine
first the canonic linear connection, provided generally by

Lemma 2. a) The coefficients of the Berwald canonic linear N−connection D
of the linearized AB-DWM are

Li
jk = L̃i

jk = γ̄i
jk ≈ γi

jk, C̃i
ja = 0; Ca

bc =
1
2
ε̃adCdbc, (26)

where Cabc = ∂̇aε̃bc/2 is the Cartan tensor field associated to ε̃ij ([11], [6]); this is
given by

Cijk = [
Fab

a
(k{ijpk} + kkipj) + Fbbbpipjpk]/2 − θijk + κ′

ijk, (27)

where

θijk = (hi{kF;j} − hjkF;i)/F

κ′
ijk = −2F−3(hj{kF;i} − hikF;j),

pi = bi − byia
−2 and kij is the angular metric in (4). Explicitly, we have

Ci
jk = µ̃(α0δ

i
{jbk} + α1δ

i
{jyk})+

+ λ0b
iajk + λ1y

iajk + µ0b
ibjbk + µ1b

ib{jyk}+

+ µ2b
iyjyk + ν1y

ibjbk + ν2y
ib{jyk} + ν3y

iyjyk − hisθsjk + κ′′i
jk,

(28)

where κ′′i
jk = −F−1(δi

{jF;k} − hjkhisF;s) and

λ0 = µ̃α0 + λ̃u0 + π̃u1, λ1 = µ̃α1 + π̃u0 + ρ̃u1

µ0 = µ̃β0 + λ̃v0 + π̃w0, µ1 = µ̃β1 + λ̃v1 + π̃w1, µ2 = µ̃β2 + λ̃v2 + π̃w2,

ν1 = µ̃β0 + π̃v0 + ρ̃w0, ν2 = µ̃β1 + π̃v1 + ρ̃w1, ν3 = µ̃β2 + π̃v2 + ρ̃w2,

u0 = α1b + α0b̃, u1 = α1a
2 + α0b,

v0 = 2α0 + β0b̃ + β1b, w0 = β0b + β1a
2

v1 = α1 + β1b̃ + β2b, w1 = α0 + β1b + β2a
2

v2 = β2b̃ + β3b, w2 = β2b + β3a
2.
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b) The N−fields of torsion of the linearized AB-DWM are

Ra
jk = r a

c jkyc = λnis
[
(csc[j),ok] + (c0c[k),sj]

]
/2,

T i
jk = 0, C̃i

ja = 0, P a
kb = 0, Sa

bc = 0.

(29)

c) The curvature of the linearized AB-DWM has the components

R i
j kl = r i

j kl, R̃ a
b kl = r a

b kl, P i
j kc = 0,

P̃ a
b kc = −(δkCa

bc + γ̄a
dkCd

bc − γ̄d
{bkCa

dc})

S i
j bc = 0, S̃ a

b cd = Cs
b[dC

a
c]s,

where r i
j kl is the linearized weak curvature,

r i
j kl = ∂[lγ̄

i
jk] = nis(∂2

[ljεsk] + ∂2
[ksεjl])/2 =

= λnis [csc[k,jl] + cs,[lck],j + cs,jc[k,l] + c[kcs,jl] + (cjc[l),sk]]/2,

(30)

which in the potential case becomes r i
j kl = λnis(cs,[lck,j])/2.

Generally, the hh−Ricci N−tensor field and the h−scalar of curvature are [25],
[5]

Rij ≡ R k
i jk = r k

i jk = rjk = λ
2 (2εij + ∂2

ijε − ∂2
{jsε

s
i}),

R = r = 2ε − ∂2
ijε

ij ,
(31)

where ε = nijεij , and ”2” denotes the d’Alambertian

2 = −∂2
00 + ∂2

11 + ∂2
22 + ∂2

33 ≡ −∂2
tt + ∂2

xx + ∂2
yy + ∂2

zz.

In the considered model (21), we have

Lemma 3. a) The Ricci N−tensor fields of the linearized AB-DWM are

Rij = λ
2 εs{csc[j,is] + cs,[scj],i + cs,ic[j,s] + c[jcs,is] + (cic[s),sj]},

Pjb ≡ P k
j kb = 0, P̃bk ≡ P̃ d

b kd = −(δkCa
ba − εd

bkCa
da),

Sab ≡ S d
a bd = Ce

a[dC
d
b]e,

(32)

In the linearized gravitational potential case we have rjk = λεi(ci,ick,j − ci,kci,j)/2.

b) The Ricci scalars of curvature of the linearized AB-DWM are

R = λ
2 εiεj(cic[j,ji] + ci,[icj,j] + ci,jc[j,i] + c[jci,ji] + (cjc[i),ij]),

S = Ce
b[dC

d
c]eε̃

bc.

(33)
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S plays the role of parameter of anisotropy of the weak gravitational field. In the
linearized potential case we have r = εiεj(ci,j[jcj] + c[i,jci,j])/2.

Theorem 1. The Einstein equations of the linearized AB-DWM are given by,
in virtue of (32), (33):

Rij − 1
2 (R + S)nij ≡ εs{csc[j,is] + cs,[scj],i + cs,ic[j,s] + c[jcs,is]

+ (cic[s),sj]} − nij(R + S) = κTij

Sab − 1
2 (R + S)ε̃ab ≡ Ce

a[dC
d
b]e −

1
2 ε̃ab(R + S) = κTab

P̃jb ≡ 0 = −κTjb,

Pbk ≡ −(δkCa
ba − εd

bkCa
da) = κTbk,

(34)

where κ ∈ R and Tij , Tab, Tjb, Tbk are the energy-momentum N−tensor fields.

Theorem 2. The conservation laws for the Einstein equations of the linearized
AB-DWM are

Ei
j|i ≡

(
Ri

j − 1
2 (R + S)εi

j

)
|i = κεiT i

j|i,

Ea
b |a ≡

(
Sa

b − 1
2Sεa

b

)
|a= 0

P a
k |a = κT a

k |a,

(35)

where Ri
j , S

a
b and P a

k are given by (32), and |i, |a are respectively the h− and the
v−covariant derivations induced by the N−connection ∇ ([17]).

2 The stationary curves of the linearized AB-DWM

Assume that c : I = [a, b] ⊂ R → TM is a smooth curve, such that its image lies in a
chart Ũ ⊂ TM ,

c(t) = (xi(t), ya(t)) ≡ (yα(t)),∀t ∈ I,

and let D be a linear N−connection on TM given in the adapted basis (12) by
Dδβ

δγ = Γα
βγδα.

Definitions. a) The covariant velocity field V and the covariant force F on the
curve c are the fields defined on c by

V = Vαδα, Vα =
δyα

dt

F =
DV
dt

= Fαδα, Fα =
δVα

dt
+ Γα

βκVβVκ, α = 1, 8,

(36)
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b) The curve c is said to be stationary with respect to D iff F = 0 along the curve.
c) The curve c is called h−curve, if

πv(V) = 0 ⇔ δya

dt
= 0 ⇔ ẏa + Na

i ẋi = 0, a = 1, 4,

where we denote ẏα = dyα

dt , ÿα = d2yα

dt2 , α = 1, 8, and is called v−curve, if

πh(V) = 0 ⇔ ẋi = 0 ⇔ xi = xi
0, i = 1, 4,

where by πh and πv we denote respectively the h− and v−projectors of the canonic
splitting induced by N . If a h-/v-curve satisfies also the extra condition F = 0, then
it is called h-/v-path, respectively.

In physical applications, the covariant force determines the non-linear connection.

I. In the linearized approach, the h−paths project onto geodesics of M ; they are
solutions of the Volterra-Hamilton-type second-order differential system

ẏa + Na
j (x(t), y(t))ẋj = 0

ẍi + Li
jk(x(t), y(t))ẋj ẋk = 0, a, i = 1, 4,

(37)

which in the linearized AB-DWM rewrites as the first-order differential system
ẏi = −γ̄i

jk(x(t)) yj(t)zk(t), ẋi = zi(t)

żi = −γ̄i
jk(x(t)) zj(t)zk(t), i = 1, 4,

(38)

which describes via (23) the gravitational interaction caused by electromagnetic fields
provided by the potentials ci(x). The Cauchy problem associated to (37) is numeri-
cally solvable. In the particular case ẋi = yi, i.e., when the fibre variable describes the
velocity of the h−path, then these become the geodesics of the Riemannian deformed
h−metric, satisfying

ẍ + γ̄i
00 = 0, (y = ẋ).

II. The v−paths of the linearized AB-DWMcoincide with the v−paths of the
Finsler space (M,F (x, y)), with F 2 = ε(2)

ab(x, y)yayb. A v−path c : I ⊂ R → Ũ ⊂
TM, c(t) = (xi

0, y
a(t)) is a solution of the second-order differential system

ÿa + Ca
bc(x0, y(t))ẏbẏc = 0. (39)

III. Let be a family of stationary curves c : I1 × I2 ⊂ R
2
→ Ũ ⊂ TM , having the

arc-length parameter t, and the deviation parameter u ([22], [12]),

c(t, u) = (xi(t, u), ya(t, u)) = (yα(t, u)) ∈ Ũ , ∀(t, u) ∈ I1 × I2.
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Consider the deviation vector field

Z = Zαδα, Zi = ∂uxi, Za = ∂uya + Na
i ∂uxi,

and velocity vector field

V = Vαδα, Vi = ∂tx
i, Va = ∂ty

a + Na
i ∂tx

i.

For any vector field W = Wαδα, defined on the family of curves having the same
image-patch Im(c), we consider the partial covariant derivatives along the patch

δtWα = ∂tWα + Γα
βγWβVγ , δuWα = ∂uWα + Γα

βγWβZγ . (40)

The equations of deviations of the family with respect to the connection D characterize
the tidal force Z, and have the form ([1], [5], [7])

δ2
t Zα + δtT α = ρα + δuFα, α = 1, 8, (41)

for T α = T α
β γVβZγ and ρ α = R α

β γλVβZγVλ. These equations rewrite

∂2
t Zα + Xα

γ ∂tZγ + Y α
γ Zγ + Lα = 0, α = 1, 8, (42)

where we denoted
Xα

γ = (T α
βγ + 2Γα

γβ)Vβ , Lα = −δuFα, α, γ = 1, 8,

Y α
γ = δt[(T α

βγ + Γα
γβ)Vβ ] + (T α

σβ + Γα
βσ)Γβ

γµVσVµ −−R α
β γλVβVλ.

Then, denoting {ξA}A=1,16 = {Zα, ∂tZβ} and {LA}A=1,16 = {0, ∂uFα} as 16−column
vectors, and considering the 8 × 8−matrices X = (Xα

γ ), Y = (Y α
γ ) and P = 0 −I2n

Y X

, the system (42) rewrites in matrix form

∂tξ + Pξ + L = 0 ⇔ ∂tξ
A + PA

B ξB + LA = 0, A = 1, 16. (43)

The equations of deviations of paths presented above are particular cases of the
ones in ([4], [1], [5], [7]), of the extended Finslerian case developed in [2]. Alterna-
tively, the study of deviation of geodesics for the Finslerian case n + ε(1) + ε(2) was
performed in [24], [26].

Conclusions. We study an extension of the weak pseudo-Riemannian gravita-
tional model by imposing an (a, b)−type deformation of the weak pseudo-Riemann-
ian metric γij of the 4-dimensional space M , which provides an (h, v)− metric on
TM . The obtained Finslerian-type model fits in the general theory of (h, v)−metric
structures on vector bundles developed in [17], [19], [20], [5], [4]. In the linearized
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framework, the explicit Einstein equations, the associated conservation laws and the
equations of stationary curves and of their deviations are determined for the canonic
linear N−connection, where N is the Berwald-type nonlinear connection considered
in linearized approach. The study of the modelled weak gravitational field provides
further information on the gravitational waves in these spaces, the wave vectors of
the weak field theory being intrinsically incorporated in such spaces as the considered
ones, in which the elements depend on both position and direction.
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