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Abstract

The geometrical properties of the space-time endowed with a metric depend-
ing on the energy E of the considered process are obtained using the generalized
Lagrange space methods. The tensor of the electromagnetic field is introduced
in order to include both electromagnetic and gravitational fields in the same
model. An example of energy-dependent metric is given and a comparison with
other results is presented.
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1 Introduction

In a recent paper [1], Cardone and Mignani starting from the Minkowski metric

ds2 = c2dt2 −
{ (

dx1
)2

+
(
dx2

)2
+

(
dx3

)2 }
= ηijdxidxj ;

i, j = 0, 1, 2, 3; x0 = ct,
(1.1)

have considered a “deformed” Minkowski metric of the form:

dš2 = b̃2
0(E)c2dt2 −

{
b2
1(E)

(
dx1

)2
+ b2

2(E)
(
dx2

)2
+ b2

3(E)
(
dx3

)2 }
=

= η̌ijdxidxj .
(1.2)

Here, E is the energy of the considered process. The energy E is viewed as a ”phe-
nomenological variable”, i.e. E is the energy measured by detectors via the electro-
magnetic interaction in the Minkowski space M , and bi(E) > 0 (i = 0, 1, 2, 3).

Recently, many authors have considered deformed Lorentz metrics in space-time
M , ds2 = aijdxidxj , with the coefficients aij depending on the coordinates

(
xi

)
,
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the energy E, the velocity and of other characteristics of the studied process. Such
metrics are, evidently, not Riemannian ones, but of Finsler type or, more generally,
they are generalized Lagrange metrics [2]. The generalized Lagrange metrics have
been introduced by R. Miron [2], and applied by G.S. Asanov, S. Ikeda, R. Tavakol,
J. Roxburgh, R. Miron, T. Kawaguchi, V. Balan, P. Stavrinos, G. Zet and many
others to the Relativistic Optics and also to the General Relativity [3], [7], [10 − 19].

In this paper we study the geometrical properties of the space-time M endowed
with the metric (1.2) depending of the energy E of the considered process. We adopt
the definition:

E = ηij

dxi

dt

dxj

dt
. (1.3)

In addition, we introduce the tensor F̌ i
j = gikFkj of the electromagnetic field in order

to include in the same model both the gravitational and electromagnetic properties
based on the deformed metric (1.2).

2 Generalized Lagrange Space GLn

If M is a differentiable manifold and (TM, π,M) is the tangent bundle, then the
coordinates of x ∈ M will be denoted by

(
xi

)
, i, j = 1, 2, . . . , n = dim(M), and those

of u ∈ TM , π(u) = x, by
(
xi, yi

)
. In the differentiable manifold TM we have the

following local transformations of coordinates:
x̃i = x̃i(x), det

(
∂x̃i

∂xj

)
6= 0,

ỹi =
∂x̃i

∂xj
yj .

(2.1)

The natural basis of the tangent space Tu(TM) at a point u = (x, y) ∈ TM is{
∂

∂xi
,

∂

∂yj

}
, i, j = 1, 2, . . . , n. Taking into account (2.1), we have:

∂

∂xi
=

∂x̃s

∂xi

∂

∂x̃s
+

∂ỹs

∂xi

∂

∂ỹs
,

∂

∂yi
=

∂ỹs

∂yi

∂

∂ỹs
.

(2.2)

Therefore, the vector fields
{

∂

∂yi

}
, i = 1, 2, . . . , n, generate locally a distribution

V . As it results from (2.2), the distribution V is defined everywhere on the tangent
manifold TM and is integrable, too. V is named the vertical distribution on TM .

Let N be a distribution on TM supplementary to V , i.e.

Tu(TM) = Nu ⊕ Vu, ∀u ∈ TM. (2.3)
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Then, N is named a horizontal distribution, or a nonlinear connection on TM . An
addapted basis to the distributions N and V (or addapted to the direct sum decom-

position (2.3)) is of the form
{

δ

δxi

}
in N and

{
∂

∂yi

}
in V , where:

δ

δxi
=

∂

∂xi
− Ni

j(x, y)
∂

∂yj
. (2.4)

Here, Ni
j(x, y) are the coefficients of the nonlinear connection N .

Because the vector fields
δ

δxi
are contained in the distribution N , it follows then

that N is an integrable distribution if and only if the brackets
[

δ

δxi
,

δ

δxj

]
, i, j =

1, 2, . . . , n, determine vector fields included in N . But, we can write [3]:[
δ

δxi
,

δ

δxj

]
= Rs

ij
∂

∂ys
, (2.5)

where

Ri
jk =

δN i
j

δxk
− δN i

k

δxj
(2.6)

is a field of d-tensors (or distinguished tensors). This means that the components
Ri

jk transform like the components of a tensor of (1, 2)-type on the base space M
under the coordinates transformation (2.1) on TM :

R̃i
jk =

∂x̃i

∂xs

∂xr

∂x̃j

∂xp

∂x̃k
Rs

rp.

The tensor of torsion of the nonlinear connection is:

tijk =
∂N i

j

∂yk
− ∂N i

k

∂y j
.

Remark. This will be considered the general rule of definition for distinguished
tensors (d-tensors) on the manifold TM .

From (2.5) it follows:
Proposition 2.1. The horizontal distribution N (the nonlinear connection) is

integrable if and only if the d-tensor Ri
jk on TM is vanishing.

In that follows, we will consider the dual basis
{
dxi, δyj

}
of the addapted basis{

δ

δxi
,

∂

∂yj

}
. We obtain:

δyi = dyi + N i
jdxj . (2.7)

It is important to remark that
{

δ

δxi

}
is a d-field of covariant vectors and

{
∂

∂yi

}
has

the same property. Analogous,
{
dxi

}
is a d-field of contravariant vectors and

{
δyi

}
has the same property.
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A generalized Lagrange space is a pair GLn = (M, gij(x, y)), where gij(x, y) is a d-
field of tensors on the manifold TM (or, sometimes, on the manifold T̃M = TM \{0}),
covariant, symmetric, non-degenerate and of constant signature. The d-field gij(x, y)
is non-degenerate if

rank ‖gij(x, y)‖ = n.

In the next section we will show that the space endowed with the metric dš2 in
(1.2) is a generalized Lagrange space.

Clearly, if the d-tensor gij(x, y) do not depend on the variables yi, then GLn =
(M, gij(x, y)) is a pseudo-Riemannian space (or a Riemannian one). When gij(x, y)
depends only of the variables yi (in prefered charts), this space is a generalized La-
grange space, locally Minkowski.

A function
L : (x, y) ∈ TM −→ L(x, y) ∈ R, (2.8)

differentiable on T̃M and continuous on the null section of π is named a regular
Lagrangian if the Hessian of L with respect to the variables yi is non-singular.

A generalized Lagrange space GLn = (M, gij(x, y)) is named reducible to a La-
grange space if there is a regular Lagrangian L such that:

gij =
1
2

∂2L

∂yi∂yj
. (2.9)

on T̃M . A necessary condition that GLn be reducible to a Lagrange space is that the

d-tensor
∂gij

∂yk
is totally symmetric. If the previous condition is satisfied and gij are

0-homogeneous in the variables yi, then the function L = gij(x, y)yiyj is a solution of
the system of equations (2.9) (with partial derivatives). In this case the pair (M,L)
is a Finsler space (M,F ), with F 2 = L. We say that GLn is reducible to a Finsler
space.

A linear N -connection on TM (or on T̃M) is defined by a pair of geometrical
objects CΓ(N) =

(
Li

jk, Ci
jk

)
on TM with the property that Li

jk(x, y) transform
with respect to (2.1) like the coefficients of a linear connection on the base manifold
M , and Ci

jk(x, y) transform under (2.1) like a d-tensor of (1, 2)-type.
We can define then two types of covariant derivatives: a covariant h-derivative

denoted by “|” and a covariant v-derivative denoted by “
∣∣”. For example, in the case

of the field of d-tensors gij(x, y), we have respectively:
gij|k =

δgij

δxk
− gsjL

s
ik − gisL

s
jk,

g
ij
∣∣k =

∂gij

∂yk
− gsjC

s
ik − gisC

s
jk.

(2.10)

We remark that gij|k and g
ij
∣∣k are d-tensors of type (0, 3).
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Proposition 2.2. The following Ricci identities hold:
gij|k|h − gij|h|k = −gsjRi

s
kh − gisRj

s
kh − T s

khgij|s − Rs
khg

ij
∣∣s,

g
ij|k

∣∣h − g
ij
∣∣h|k = −gsjPi

s
kh − gisPj

s
kh − Ck

s
hgij|s − P s

khg
ij
∣∣s,

g
ij
∣∣k∣∣h − g

ij
∣∣h∣∣k = −gsjSi

s
kh − gisSj

s
kh − Ss

khg
ij
∣∣s.

(2.11)

Here, Rj
i
kh, Sj

i
kh and Pj

i
kh are the d-tensors of curvature:

Rj
i
kh =

δLi
jk

δxh
−

δLi
jh

δxk
+ Lr

jk Li
rh − Lr

jh Li
rk + Ci

jrR
r
kh,

Pj
i
kh =

∂Li
jk

∂yh
− Ci

jh|k + Ci
jrP

r
kh ,

Sj
i
kh =

∂Ci
jk

∂yh
−

∂Ci
jh

∂yk
+ Cr

jkCi
rh − Cr

jhCi
rk ,

(2.12)

and T i
jk, Si

jk, Ri
jk, Ci

jk, P i
jk are the d-tensors of torsion of the connection CΓ(N):

T i
jk = Li

jk − Li
kj , Si

jk = Ci
jk − Ci

kj , P i
jk =

∂N i
j

∂yk
− Li

kj , (2.13)

and Ri
jk is given in (2.6). The quantities Ci

jk are the v-coefficients of the connection
CΓ(N).

Theorem 2.1. 10. For every generalized Lagrange space

GLn = (M, gij(x, y))

there is only one linear N -connection CΓ(N) =
(
Li

jk, Ci
jk

)
which satisfies the fol-

lowing axioms
10. N is a nonlinear connection a priori given;
20. gij|k = 0, (CΓ(N) is a h-metric);
30. g

ij
∣∣k = 0, (CΓ(N) is a v-metric);

40. Th
ij = 0, (CΓ(N) is h-symmetric);

50. Sh
ij = 0, (CΓ(N) is v-symmetric).

20. The coefficients of connection CΓ(N) in 10 are given by the generalized Christoffel
symbols:

Li
jk =

1
2

gis

(
δgsj

δxk
+

δgks

δxj
− δgjk

δxs

)
,

Ci
jk =

1
2

gis

(
∂gsj

∂yk
+

∂gks

∂yj
− ∂gjk

∂ys

)
.

(2.14)

The tensors of deflection associated to the connection CΓ(N) are defined by:{
Di

j = yi
|j = −N i

j + ysLi
sj ,

di
j = yi∣∣j = δi

j + ysCi
sj ,

(2.15)
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where yi is the Liouville vector field on T̃M , i.e. yi ∂

∂yi
.

We will use the connection CΓ(N), which is named the metrical canonical N -
connection of the generalized Lagrange space GLn, to study the deformed Minkowski
metric (1.2).

3 Energy-Dependent Metric of Minkowski
Space

Le us consider the deformed Minkowski metric (1.2)–(1.3):

dš2 = η̌ij(E) dxidxj , (i, j, . . . = 0, 1, 2, 3; x0 = t), (3.1)

where the d-tensor η̌ij(E) is given by the matrix:

η̌ij(E) =


b0

2(E) c2 0 0 0
0 −b1

2(E) 0 0
0 0 −b2

2(E) 0
0 0 0 −b3

2(E)

 . (3.2)

The functions bi(E) are positive and the variable E is the energy of the considered
process:

E = ηij

dxi

dt

dxj

dt
=

= c2

(
dx0

dt

)2

−

{(
dx1

dt

)2

+
(

dx2

dt

)2

+
(

dx3

dt

)2
}

.

(3.3)

It is supposed that the metric (3.1) is locally defined in the region of the space-time
where the process occurs.

The derivative
(

dxi

dt

)
defines a contravariant vector tangent to the manifold M

in the point x. We will denote this vector by y =
(
yi

)
. Then, (x, y) is a point

of the tangent bundle TM . Now, let us consider the generalized Lagrange space
GLn = (M, gij(x, y)) where {

gij(x, y) = η̌ij

(
E(x, y)

)
,

E(x, y) = ηij yiyj .
(3.4)

Then, we can prove the following theorem:
Theorem 3.1. The pair GLn = (M, gij(x, y)), with gij given by (3.4) is a

generalized Lagrange space which is not reducibe to a Riemann space, or to a Finsler
space, or to a Lagrange space.
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To prove the theorem let us observe that gij in (3.4) depend essentially of yi and
therefore GLn is not a Riemann space. In order to show that GLn is not reducible to

a Lagrange space, we must prove that the d-tensor field
∂gij

∂yk
is not totally symmetric,

i.e. the equation
∂gij

∂yk
=

∂gik

∂yi
, (3.5)

does not holds. We assume, by absurdum, that the equality (3.5) is verified. Then,
for i = j 6= k we have

∂gij

∂yk
= 0, i 6= k. (3.6)

Now, using (3.4), the equation (3.6) becomes:

∂η̌ii

∂E

∂E

∂yk
= 0, ∀i, k; i 6= k. (3.7)

This result implies the property
∂E

∂yk
= 0 which is impossible. Therefore, the theorem

is proved.
The following two particular cases are interesting:

10. The space GLn has spatial symmetry:

b1(E) = b2(E) = b3(E).

20. The space is local conform with Minkowski spaces:

b0(E) = b1(E) = b2(E) = b3(E).

This is a particular case of the Miron-Tavakol metric [4] which satisfy the Ehlers-
Pirani-Schild axiomatics of Special Relativity.

Another important result is:
Theorem 3.2. The generalized Lagrange space GLn endowed with the fundamen-

tal metric tensor (3.4) is a local Minkowski space.
Indeed [5], the fundamental tensor gij(x, y) do not depend on the variables xi (in

the existent chart) because
∂E

∂xi
= 0, q.e.d.

Therefore, we have
∂gij

∂xk
= 0,

∂E

∂xk
= 0. (3.8)

Let us consider then the Minkowski space M endowed with the fundamental tensor
ηij and denote by Fij(x) its electromagnetic tensor. We will put

F̌ i
j(x, y) = η̌is Fsj(x), ∀x ∈ M, (3.9)

where
Fij(x) =

∂Aj

∂xi
− ∂Ai

∂xj
, (3.10)



116 R. Miron, A. Jannussis, G. Zet

with Ai(x)–the potentials of the electromagnetic field. Therefore F̌ i
j(x, y) from (3.9) is

a d-tensor of type (1, 1), called the electromagnetic tensor of the generalized Lagrange
space GLn.

Consequently, in GLn, we can a priori give the nonlinear connection N with local
coefficients:

N i
j =

{
i

jk

}
yk − F̌ i

j(x, y), (3.11)

where
{

i
jk

}
are the Christoffel symbols of the Riemannian metric tensor ηij . That

means
{

i
jk

}
= 0.

Therefore, we have to consider the non-linear connection N in the generalized
Lagrange space GLn = (M, η̌ij) having the local coefficients:

N i
j(x, y) = −F̌ i

j(x, y). (3.12)

The addapted basis of the distribution N ,
{

δ

δxi

}
, i = 0, 1, 2, 3, has the form:

δ

δxi
=

∂

∂xi
+ F̌ i

j(x, y)
∂

∂yj
. (3.13)

The basis
(
dxi, δyi

)
, which is dual to the basis

(
δ

δxi
,

∂

∂yi

)
, has the local covector

fields δyi given by:
δyi = dyi − F̌ i

j(x, y) dxj . (3.14)

The integrability tensor Ri
jk of the non-linear connection N , defined by the equa-

tion (2.6), is determined by the following proposition:
Proposition 3.1. The tensor Ri

jk of the non-linear connection (3.12) has the
expression:

Ri
jk =

δF̌ i
k

δxj
− δF̌ i

j

δxk
. (3.15)

4 The Canonical Metric N-Connection of the Space
GLn

The generalized Lagrange space GLn = (M, gij) studied in this paper has the funda-
mental tensor gij(x, y) = gij(y):

gij(y) = η̌ij

(
E(y)

)
, E(y) = ηij yiyj . (4.1)

We consider then the contravariant components:

gij(y) = η̌ij
(
E(y)

)
, (4.2)
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where the matrix η̌ij is of the form:

η̌ij
(
E(y)

)
=


b0

−2(E)/c2 0 0 0
0 −b1

−2(E) 0 0
0 0 −b2

−2(E) 0
0 0 0 −b3

−2(E)

 . (4.3)

The derivation operators
δ

δxi
and

∂

∂yi
applied to the components gij(y) give the

results:
δgij

δxk
=

∂η̌ij

∂xk
+ F̌ r

k

∂η̌ij

∂yr
= F̌ r

k

∂η̌ij

∂E

∂E

∂yr
, (4.4)

∂gij

∂yk
=

∂η̌ij

∂E

∂E

∂yk
. (4.5)

Then, the coefficients of the canonical metric connection CΓ(N), defined by (2.14),
can be written under the form:

Li
jk =

1
2

η̌is ∂E

∂yr

(
∂η̌sj

∂E
F̌ r

k +
∂η̌sk

∂E
F̌ r

j −
∂η̌jk

∂E
F̌ r

s

)
,

Ci
jk =

1
2

η̌is ∂E

∂yr

(
∂η̌sj

∂E
δr

k +
∂η̌sk

∂E
δr

j −
∂η̌jk

∂E
δr

s

)
,

(4.6)

As we can see, the vanishing of the electromagnetic field tensor, i.e. F i
j = 0, implies

Li
jk = 0. In addition, we used the expression

∂E

∂ys
= 2ηsj yj , (4.7)

in order to obtain the last equalities in (4.4) and (4.5). Of course, we have gij|k =
0, g

ij
∣∣k = 0, T i

jk = 0, Si
jk = 0.

Now, we can calculate the deflection tensors Di
j and di

j defined by the equations
(2.15): Di

j = yi
|j =

δyi

δxj
+ ys Li

sj = F̌ i
j + ys Li

sj ,

di
j = yi∣∣j = δi

j + ys Ci
sj .

(4.8)

The covariant components of these tensors are:

Dij = gir Dr
j = η̌ir

(
F̌ r

j + ys Lr
sj

)
=

= Fij(x) +
1
2

ys ∂E

∂yp

(
∂η̌is

∂E
F̌ p

j +
∂η̌ij

∂E
F̌ p

s −
∂η̌sj

∂E
F̌ p

i

)
,

dij = gir dr
j = η̌ij +

1
2

ys ∂E

∂yp

(
∂η̌is

∂E
δp

j +
∂η̌ij

∂E
δp

s −
∂η̌sj

∂E
δp

i

)
.

(4.9)
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Let F̌ij be the covariant components of the electromagnetic tensor with respect to
the energy-dependent metric η̌ir:

F̌ij = η̌ir F r
j = η̌ir ηrs Fsj , (4.10)

where

(η̌ir ηrs) =


b0

2 0 0 0
0 b1

2 0 0
0 0 b2

2 0
0 0 0 b3

2

 =
(
bi

2δi
s

)
. (4.11)

Therefore, we have

F̌0j = b0
2F0j , F̌1j = b1

2F1j , F̌2j = b2
2F2j , F̌3j = b3

2F3j ,

or, equivalently
F̌ij = bi

2Fij , i = 0, 1, 2, 3. (4.12)

As a consequence, the tensor F̌ij is not antisymmetric, that is

F̌ij 6= −F̌ji. (4.13)

We define now the h-electromagnetic internal tensor on the space GLn by the
relation:

Fij =
1
2

(Dij − Dji) = Fij(x) +
1
2

ys ∂E

∂yp

(
∂η̌is

∂E
F̌ p

j −
∂η̌js

∂E
F̌ p

i

)
. (4.14)

Analogous, the v-electromagnetic internal tensor on the space GLn has the compo-
nents

fij =
1
2

(dij − dji) =
1
2

ys ∂E

∂yp

(
∂η̌is

∂E
δp

j −
∂η̌js

∂E
δp

i

)
. (4.15)

If we use (4.12), then the components of the tensor F (horizontal) and f (vertical)
defined in the equations (4.14) and (4.15) become:

Fij =
1
2

(
bi

2 + bj
2
)
Fij +

(
∂η̌ik

∂E
Frj −

∂η̌jk

∂E
Fri

)
yryk,

fij =
(

∂η̌ik

∂E
ηrj −

∂η̌jk

∂E
ηri

)
yryk.

(4.16)

Having these components, we can write the corresponding Maxwell equations.
First of all, let us observe that applying the Ricci identities to the Liouville vector
field yi and taking into account the expressions of the deflection tensors Di

j = yi
|j ,

di
j = yi∣∣j , we obtain [7]:

Di
j|k − Di

k|j = ymRm
i
jk − di

mRm
jk,

Di

j
∣∣k − di

k|j = ymPm
i
jk − Di

mCm
jk − di

mPm
jk,

di

j
∣∣k − di

k
∣∣j = ymSm

i
jk.
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If we multiply these equations by ghi and take the sum over i (contraction), then
we have: 

Dij|k − Dik|j = ymRmijk − dimRm
jk,

D
ij
∣∣k − dik|j = ymPmijk − Dim Cm

jk − dim Pm
jk,

d
ij
∣∣k − d

ik
∣∣j = ymSmijk.

(4.17)

Considering the cyclic permutations of the first equation (4.17) and adding the results,
we deduce:

2
(
Fij|k + Fjk|i + Fki|j

)
= ym (Rmijk + Rmjki + Rmkij)−
− (dimRm

jk + djmRm
ki + dkmRm

ij) .
(4.18)

Analogous, from the second and third equations (4.17), we obtain

2
(
F

ij
∣∣k + F

jk
∣∣i + F

ki
∣∣j) − 2

(
fij|k + fkj|i + fji|k

)
=

= ym (Pmijk − Pmjik + c.p.) −
(
DimCm

jk − DjmCm
ik + c.p.

)
−

−
(
dimPm

jk − djmPm
ik + c.p.

)
,

(4.19)

and, respectively:

2
(
f

ij
∣∣k + f

jk
∣∣i + f

ki
∣∣j) = ym (Smijk + Smjki + Smkij) . (4.20)

The equations (4.18), (4.19) and (4.20) are the generalized Maxwell equations satisfied
by the internal electromagnetic fields Fij and fij .

We can write these equations in a more usual form if we consider the Bianchi iden-
tities satisfied by the canonical metric connection and take into account the vanishing
of the tensors T i

jk and Si
jk. The relevant Bianchi identities are:

Rj
i
kh + c.p. −

(
Rm

jkCi
mh + c.p.

)
= 0,

Sj
i
kh + c.p. = 0,

Cj
i
s|k − Ck

i
s|j + Pm

js Ci
km − Pm

ksC
i
jm = −

(
Pj

i
ks − Pk

i
js

)
.

(4.21)

But, the propreties gij|k = 0, g
ij
∣∣k = 0 and Ricci identities give the following relations:

Rijkh + Rjikh = 0, Pijkh + Pjikh = 0, Sijkh + Sjikh = 0.

Then, we can transform the first equation in (4.21) as follows:

Rjikh + Rkihj + Rhijk = Rm
jkCmih + Rm

khCmij + Rm
hjCmik.

Contracting this equation by yi we obtain:

−ym (Rmjkh + Rmkhj + Rmhjk) = yi (Rm
jkCmih + Rm

khCmij + Rm
hjCmik) .
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Finally, using this result, the first generalized Maxwell equation (4.18) becomes:

2
(
Fij|k + Fjk|i + Fki|j

)
= ym (Rs

ijCsmk + Rs
jkCsmi + Rs

kiCsmj) , (4.22)

where Ri
jk = ηis ∂Fjk

∂xs
. The third generalized Maxwell equation (4.20) can be written

under the form [using (4.21)]:

f
ij
∣∣k + f

jk
∣∣i + f

ki
∣∣j = 0. (4.23)

Finally, we transform the second generalized Maxwell equation (4.19) as follows. First,
we write the last identity in (4.21) in the form:

Cjis|k − Ckis|j + Pm
ksCjim = Pijks − Pikjs. (4.24)

Then, contracting (4.24) with yi we have:

yi
(
Cjis|k − Ckis|j

)
+ yi

(
Pm

js Ckim − Pm
ksCjim

)
= ym (Pmjks − Pmkjs) , (4.25)

or, equivalently (changing i with m and s with i):

ym
(
Cjmi|k − C

kmi
∣∣j) + ym

(
P s

jiCkms − P s
kiCjms

)
=

= ym (Pmjki − Pmkij) .
(4.26)

Therefore, we obtain:

ym (Pmijk − Pmjik + c.p.) = ym
(
Cjmi|k − Cimj|k + c.p.

)
+

+ ym
(
P s

jiCkms − P s
kiCjms + c.p.

)
.

(4.27)

Now, introducing (4.27) in (4.19) we have:

2
(
F

ij
∣∣k + F

jk
∣∣i + F

ki
∣∣j) − 2

(
fij|k + fjk|i + fki|j

)
=

= ym
(
Cjmi|k − Cimj|k + c.p.

)
+ ym

(
P s

jiCkms − P s
ijCkms + c.p.

)
−

−
(
DimCm

jk − DjmCm
ik + c.p.

)
−

(
dimPm

jk − djmPm
ik + c.p.

)
.

(4.28)

On the other hand, using the expressions:P i
jk =

∂N i
j

∂yk
− Li

kj = −Li
kj = −Lj

i
k,

Cimj = Cjmi, Cj
i
k = Ci

kj ,

(4.29)

we obtain: 
DimCm

jk − DjmCm
ik + c.p. = 0,

dimPm
jk − djmPm

ik + c.p. = 0,

Cjmi|k − Cimj|k + c.p. = 0,

P s
jiCkms − P s

ijCkms + c.p. = 0,

(4.30)
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Introducing (4.30) in (4.28) we can write the second generalized Maxwell equation in
the form:

F
ij
∣∣k + F

jk
∣∣i + F

ki
∣∣j = fij|k + fjk|i + fki|j . (4.31)

Different authors [8, 9] provided a geometric description of the interactions be-
tween particles or fields, in the sense that each interaction “produces” its own metric.
In particular, using the geometrical propreties of the generalized Lagrange spaces
endowed with energy-dependent metrics, we can study the electromagnetic interac-
tion and, possible, other types of interactions. We can also obtain solutions for the
generalized Maxwell equations and establish a geometrical significance of the energy.

5 An example of energy-dependent metric

We consider, as a simple example, the metric

ds2 = a(E)dt2 − [(dx1)2 + (dx2)2 + (dx3)2], (5.1)

where a(E) is an arbitrary function of the energy E, and the units c = 1 are under-
stood. Then, the non-vanishing coefficients Ci

jk of the canonical metric connection
CΓ(N) defined in (4.6) are:

C0
00 =

a′

a
y0, C0

01 = −a′

a
y1, C0

02 = −a′

a
y2, C0

03 = −a′

a
y3, (5.2)

C1
00 = −a′y1, C2

00 = −a′y2, C3
00 = −a′y3,

with a′ =
da

dE
. We suppose also that there is no electromagnetic field in the model we

considered.
The independent Einstein’s equations corresponding to the metric (5.1) have the

form:
a′ = 0, (5.3)

2aa′′ − a′2 = 0. (5.4)

The equation (5.3) has the solution a = const. which reproduces the Minkows-ki
metric, without energy-dependence. The equation (5.4) has the solution

a(E) =
1
4

(
α0 +

E

E0

)2

, (5.5)

where α0 and E0 are two constants of integration.
It is important to remark that for α0 = 0 this solution coincides with those given

in Ref. 5 for the strong interactions: a(E) =
1
4

(
E

E0

)2

. On the other hand, if we

choose α0 = 1, then we obtain

a(E) =
1
4

(
1 +

E

E0

)2

, (5.6)

which is the solution given in Ref. 5 for the gravitational interaction.
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