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Abstract

The geometrical properties of the space-time endowed with a metric depend-
ing on the energy E of the considered process are obtained using the generalized
Lagrange space methods. The tensor of the electromagnetic field is introduced
in order to include both electromagnetic and gravitational fields in the same
model. An example of energy-dependent metric is given and a comparison with
other results is presented.
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1 Introduction

In a recent paper [1], Cardone and Mignani starting from the Minkowski metric

ds* = 2dt* — { (da:l)2 + (dm2)2 + (dx3)2 )= nijdxidxj;

(1.1)
i,j=0,1,2,3; 20 = et,
have considered a “deformed” Minkowski metric of the form:
d5* = R(BE)cdt® — {03(E) (da')” + b3(E) (d2?)? + b3(E) (d2?)? } = 1)

Here, F is the energy of the considered process. The energy F is viewed as a ”phe-
nomenological variable”, i.e. FE is the energy measured by detectors via the electro-
magnetic interaction in the Minkowski space M, and b;(E) >0 (i = 0,1, 2, 3).
Recently, many authors have considered deformed Lorentz metrics in space-time
M, ds* = a;;da'da?, with the coefficients a;; depending on the coordinates (z%),
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the energy FE, the velocity and of other characteristics of the studied process. Such
metrics are, evidently, not Riemannian ones, but of Finsler type or, more generally,
they are generalized Lagrange metrics [2]. The generalized Lagrange metrics have
been introduced by R. Miron [2], and applied by G.S. Asanov, S. Ikeda, R. Tavakol,
J. Roxburgh, R. Miron, T. Kawaguchi, V. Balan, P. Stavrinos, G. Zet and many
others to the Relativistic Optics and also to the General Relativity [3], [7], [10 — 19].
In this paper we study the geometrical properties of the space-time M endowed
with the metric (1.2) depending of the energy E of the considered process. We adopt
the definition: ) )
_ dx* da?
=i ar
In addition, we introduce the tensor F; = g% F}.; of the electromagnetic field in order
to include in the same model both the gravitational and electromagnetic properties
based on the deformed metric (1.2).

(1.3)

2 Generalized Lagrange Space GL"

If M is a differentiable manifold and (T'M,w, M) is the tangent bundle, then the
coordinates of € M will be denoted by (xz), i,7=1,2,...,n=dim(M), and those
of u € TM, n(u) = z, by (2,y*). In the differentiable manifold TM we have the
following local transformations of coordinates:

=i i o'
' =3%(x), det (333j> #0,

(2.1)
. ox

"2

7 J

= 9w
The natural basis of the tangent space T, (TM) at a point u = (z,y) € TM is

o 0
{(‘%ci , ({)ZU]}’ 1,7 =1,2,...,n. Taking into account (2.1), we have:

0 _0a 0 05 0
oxt  Oxt 0z Oxt Oy’

(2.2)
o _or o
oyt Oyt o’
0 . e
Therefore, the vector fields 8741 ,1=1,2,...,n, generate locally a distribution

V. As it results from (2.2), the distribution V' is defined everywhere on the tangent
manifold TM and is integrable, too. V' is named the vertical distribution on T M.
Let N be a distribution on T'M supplementary to V, i.e.

T (TM)=N,&V,, YueTM. (2.3)
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Then, N is named a horizontal distribution, or a nonlinear connection on TM. An
addapted basis to the distributions N and V' (or addapted to the direct sum decom-

o
position (2.3)) is of the form {W} in N and {81} in V, where:

T y
) 9] 4
- = - — ]\/v,i7 5 —_—. 2.4
5 = B (2,9) oy (2.4)
Here, N/ (z,y) are the coefficients of the nonlinear connection N.
Because the vector fields S are contained in the distribution N, it follows then
x'L
6 9
that IV is an integrable distribution if and only if the brackets [5., M}’ i, =
' ow
1,2,...,n, determine vector fields included in N. But, we can write [3]:
6 9 0]
—, — | =R%; —, 2.5
[53:“ 5xj] T oys (2:5)
where ‘ ‘
; ON%  O6N%
L P 7 (26)

is a field of d-tensors (or distinguished tensors). This means that the components
Ry, transform like the components of a tensor of (1,2)-type on the base space M
under the coordinates transformation (2.1) on T'M:

~; 01" Ox" OxP
* = Do 07 9k
The tensor of torsion of the nonlinear connection is:
i _ ON';  ONY
Jk oy oyi
Remark. This will be considered the general rule of definition for distinguished
tensors (d-tensors) on the manifold T'M.
From (2.5) it follows:
Proposition 2.1. The horizontal distribution N (the nonlinear connection) is
integrable if and only if the d-tensor Rijk on TM is vanishing.
In that follows, we will consider the dual basis {da:i, &y } of the addapted basis

6 0 .
{(5{177;7 W} ‘We obtain:

Sy' = dy' + Nda?. (2.7)

) 0
It is important to remark that {5} is a d-field of covariant vectors and {6} has
xl yl

the same property. Analogous, {dxz} is a d-field of contravariant vectors and {(5y1}
has the same property.
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A generalized Lagrange space is a pair GL"™ = (M, g;;(z,y)), where g;;(z,y) is a d-
field of tensors on the manifold TM (or, sometimes, on the manifold TM = TM\{0}),
covariant, symmetric, non-degenerate and of constant signature. The d-field g;;(z,y)
is non-degenerate if

rank ||g;; (z, y)|| = n.

In the next section we will show that the space endowed with the metric d3? in
(1.2) is a generalized Lagrange space.

Clearly, if the d-tensor g;j(x,y) do not depend on the variables y’, then GL™ =
(M, gij(z,y)) is a pseudo-Riemannian space (or a Riemannian one). When g;;(z,y)
depends only of the variables 3 (in prefered charts), this space is a generalized La-
grange space, locally Minkowski.

A function

L:(z,y) e TM — L(z,y) €R, (2.8)

differentiable on TM and continuous on the null section of 7 is named a regqular
Lagrangian if the Hessian of L with respect to the variables 3’ is non-singular.

A generalized Lagrange space GL" = (M, g;;(x,y)) is named reducible to a La-
grange space if there is a regular Lagrangian L such that:

1 &L

= 3 555 (2.9)

9ij

on TM. A necessary condition that GL™ be reducible to a Lagrange space is that the
9gi;

d-tensor D0k is totally symmetric. If the previous condition is satisfied and g;; are
Y

0-homogeneous in the variables y?, then the function L = 9i(z, y)y'y’ is a solution of
the system of equations (2.9) (with partial derivatives). In this case the pair (M, L)
is a Finsler space (M, F), with F? = L. We say that GL" is reducible to a Finsler
space. -

A linear N-connection on T'M (or on T'M) is defined by a pair of geometrical
objects CT'(N) = (L%, C%)) on TM with the property that L% (z,y) transform
with respect to (2.1) like the coefficients of a linear connection on the base manifold
M, and C%j(z,y) transform under (2.1) like a d-tensor of (1,2)-type.

We can define then two types of covariant derivatives: a covariant h-derivative
denoted by “|” and a covariant v-derivative denoted by “|”. For example, in the case
of the field of d-tensors g;;(x,y), we have respectively:

0gi;
Gijlk = &Tl,z — 9si L%k — 9isLjk,
(2.10)
_ 995 o
gij‘k = 8yk Gsj

Ck — 9isC%k-

We remark that g, and gij’k are d-tensors of type (0, 3).
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Proposition 2.2. The following Ricci identities hold:

Gijlklh — Gijinlk = —9siRi*kn — gisRi%kn — Tkngijls — Rskhgij|sa
Tijie|n ~ Jislae = =95 Pk = 9is Pi"kn — Ck®nijls — Poeng ) s (2.11)
gij|k|h - Qij|h|k = —05;5:°kh — 9isS; kh — Sskhgij|8~
Here, R;'xpn, S;'kn and Pj'yy, are the d-tensors of curvature:
. SLby 0L, . . .
Ri'en =~ = —5oh T L0k Lion = Lijn Lo + Cjr Bk,
X OL* ;. : S
P;'kn :Tyi —C%p + C5 Pl (2.12)
S [ _6CZJ’€ acljh cr Cz cr Cz
ikh =g T gk T 050 — Clnlig s

and 1%y, Sk, R'k, C'jk, P are the d-tensors of torsion of the connection CT'(N):

ONi
Lk (2.13)

Tk = Lk — L%, Sk = C'%k — C'%jy Pljp = Eraml

and Ry, is given in (2.6). The quantities C%;, are the v-coefficients of the connection
CT(N).

Theorem 2.1. 1°. For every generalized Lagrange space

there is only one linear N-connection CT(N) = (L;k,C;k) which satisfies the fol-
lowing axioms

1°. N is a nonlinear connection a priori given;

20, gijik = 0, (CT(N) is a h-metric);

30. gij|k =0, (CT(N) is a v-metric);

40. 7%, =0, (CT(N) is h-symmetric);

50. St =0, (CT(N) is v-symmetric).
20, The coefficients of connection CT(N) in 1° are given by the generalized Christoffel
symbols:

i _ L s (09sj  O9ks _ Ogjk

=99\ Gk T S T oas ) (2.14)
i 1 e (99 n Ogks  Ogjk '
k=99 oyt Oyl Oys )

The tensors of deflection associated to the connection CT(N) are defined by:

{DZJ = yi|j = _NJZ + ysLisja

dij — yi‘j — 613 + yscfisj7 (215)
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where y* is the Liouville vector field on ﬁ\?, ie yt S
yl

We will use the connection CT(N), which is named the metrical canonical N-

connection of the generalized Lagrange space GL™, to study the deformed Minkowski

metric (1.2).

3 Energy-Dependent Metric of Minkowski
Space

Le us consider the deformed Minkowski metric (1.2)—(1.3):
ds® = n;;(E) da'*da?, (i,7,...=0,1,2,3; 20 = 1), (3.1)

where the d-tensor 7),;(E) is given by the matrix:

bR(E) 0 0 0
; 0 —bE(E) 0 0
B = 10( ) —b?(E) 0 (3:2)
0 0 0 —bA(E)

The functions b;(E) are positive and the variable E is the energy of the considered
process:

e

AP T

(0N [ (dtN Y ()] 33
dt dt dt dt

It is supposed that the metric (3.1) is locally defined in the region of the space-time

where the process occurs.

%

The derivative (dm
dt

E

) defines a contravariant vector tangent to the manifold M

in the point . We will denote this vector by y = (yl) Then, (x,y) is a point
of the tangent bundle T'M. Now, let us consider the generalized Lagrange space
GL" = (M, g;j(z,y)) where
E(z,y) =n;; 4"y’
Then, we can prove the following theorem:
Theorem 3.1. The pair GL" = (M, gi;(x,y)), with g;; given by (3.4) is a

generalized Lagrange space which is not reducibe to a Riemann space, or to a Finsler
space, or to a Lagrange space.
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To prove the theorem let us observe that g;; in (3.4) depend essentially of y® and
therefore GL" is not a Riemann space. In order to show that GL™ is not reducible to

9a;:
a Lagrange space, we must prove that the d-tensor field agllg is not totally symmetric,
Y
i.e. the equation
da::  Oa
B _ ok (3.5)
y oyt

does not holds. We assume, by absurdum, that the equality (3.5) is verified. Then,
for i = j # k we have
9gi;
Oy

Now, using (3.4), the equation (3.6) becomes:

=0, i#k (3.6)

9y OF o
O OgF 0, Vi, k; 1 # k. (3.7)

OF
This result implies the property PE 0 which is impossible. Therefore, the theorem
Y

is proved.
The following two particular cases are interesting:
1°. The space GL™ has spatial symmetry:

b1(E) = by(E) = b3(E).
20, The space is local conform with Minkowski spaces:
bo(E) = b1(E) = b2(E) = b3(E).

This is a particular case of the Miron-Tavakol metric [4] which satisfy the Ehlers-
Pirani-Schild axiomatics of Special Relativity.

Another important result is:

Theorem 3.2. The generalized Lagrange space GL™ endowed with the fundamen-
tal metric tensor (3.4) is a local Minkowski space.

Indeed [5], the fundamental tensor g;;(z,y) do not depend on the variables z* (in

the existent chart) because Frri 0, g.e.d.
x

Therefore, we have
agij OF
=0 — =0. 3.8
Oxk ’ Oxk (3.8)
Let us consider then the Minkowski space M endowed with the fundamental tensor
n;; and denote by Fj;(x) its electromagnetic tensor. We will put

Fij(x,y) =i Fy(z), Vo e M, (3.9)
where oA oA
¥ _ J _ i

Fz] (l‘) 3:10’ &rj 9 (310)
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with A;(z)-the potentials of the electromagnetic field. Therefore F'%;(x,y) from (3.9) is
a d-tensor of type (1, 1), called the electromagnetic tensor of the generalized Lagrange
space GL™.

Consequently, in GL™, we can a priori give the nonlinear connection N with local
coeflicients:

i i i
v =t - P, (3.11)

where {jzk:} are the Christoffel symbols of the Riemannian metric tensor 7,;. That

7
means {]k} =0.

Therefore, we have to consider the non-linear connection N in the generalized
Lagrange space GL" = (M, 1;;) having the local coefficients:

The addapted basis of the distribution N, { 6(; }, 1=0,1,2,3, has the form:
) 0 - 0
5§U2 al’l + J (x? y) ayj (3 3)

o o 0
The basis (dxl, §yl), which is dual to the basis (6"’ 8,>, has the local covector
xl yl
fields dy* given by: ' o ‘
0y =dy' — F'(x,y) da’. (3.14)
The integrability tensor Rijk of the non-linear connection N, defined by the equa-
tion (2.6), is determined by the following proposition:
Proposition 3.1. The tensor R%y of the non-linear connection (3.12) has the
expression: » 5
i OF%  OFY
kT sad T sak

(3.15)

4 The Canonical Metric N-Connection of the Space
GL"

The generalized Lagrange space GL™ = (M, g;;) studied in this paper has the funda-
mental tensor g;;(z,y) = ¢i; (y):

9i;(W) =0, (E(w)).  EQy) =n,y'y (4.1)
We consider then the contravariant components:

9" (y) =" (E(y)), (4.2)
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where the matrix 7% is of the form:

by 2(E)/c? 0 0 0
i 0 —b1_2(E) 0 0
©j .
0 0 0 —b32(E)
o 0 0 . iy )
The derivation operators 5o and v applied to the components ¢g* (y) give the
x Y
results: 5 5 5
09ij Mij = Oij - 00 OF
e FT f FT. 4.4
ek~ oak T R oy TR OE oy (44)
iy on.. OF
8%; _ Nij 67 (45)
oy* OE 0Oy*

Then, the coefficients of the canonical metric connection CT'(N), defined by (2.14),
can be written under the form:

. 1 OE (Ong - Oig = Oy -
j’f‘i”a <8EF+8EF_8EF>
(4.6)
i lv 6E anS] r 8779k T 677]k T
w =1 A <8E5 8E5_8E5)

As we can see, the vanishing of the electromagnetic field tensor, i.e. F; = 0, implies
ik = 0. In addition, we used the expression

oF
-9 4.
g~ 2 v, (4.7)

in order to obtain the last equalities in (4.4) and (4.5). Of course, we have g, =
0, gij|k =0,T5, =0, 5}, =0.
Now, we can calculate the deflection tensors D’ and d’; defined by the equations
(2.15):
DYy =y = gy; +y Ll =Fl +y° L,
dy = y”j = 5; +y°CL;.

(4.8)

The covariant components of these tensors are:
Dij = gir D'y = iy, (F] +y° L) =
1 ,0F [0n, on; ONgi -
— Fz =8 2 18 Fp ij Fp _ 5] Fpi
@)Y 5 ( OF OF oE © ')

_ 1 oF 87713 p 8771] D ansg D
g = g d'y =+ 5 yap(8E5 oE %~ o ")
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Let Fij be the covariant components of the electromagnetic tensor with respect to
the energy-dependent metric 7;,.:

Fi' = ﬁir F;’ = ’Fhr ,)77’5 E€j7 (410)
where
b 0 0 0
o2 0 0] g
0 0 0 b2

Therefore, we have
FOj = b02F0j7 Flj = b12F1j, ng = b22F2j, Fg,j = b32F3j7

or, equivalently

Fyj=b7Fy,  i=0,1,2,3. (4.12)
As a consequence, the tensor Fij is not antisymmetric, that is
Fij # —Fji. (4.13)

We define now the h-electromagnetic internal tensor on the space GL™ by the
relation:

1 1 [ 0F (00, = 0N -

ij = 5 (Dij — Dji) = Fy Sy o | e F) - 2 ). 4.14
fJ 2( J J) ($)+2y 8y1’<8E g 8E 2 ( )
Analogous, the v-electromagnetic internal tensor on the space GL™ has the compo-

nents 1 1 ,0F [0 o]
77' Mjs

ij =5 (dij —dji) = Sy 5— = — 260 ) 4.1

f] 2(] J) 2y 8yp(aE] OFE 7,) ( 5)

If we use (4.12), then the components of the tensor F (horizontal) and f (vertical)
defined in the equations (4.14) and (4.15) become:

oOE "7 OE

_ (9N I ;i ok
fzg—(aE nrj_ OF Nri |Y Y™

1 on. a7, _
Fij =35 (b2 + %) Fij + (nm Fy - S F’ri) y'y*,
(4.16)

Having these components, we can write the corresponding Maxwell equations.
First of all, let us observe that applying the Ricci identities to the Liouville vector
field y* and taking into account the expressions of the deflection tensors D} = y*|;,

dy =y’ o we obtain [7]:

D'jjx — D'; = y" Rk — dp, Rk,

i m Q % m % m
D Y ijki m jkidm k>

j|k 7di’“|j

i

_dzk‘] — ymsmzjk.
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If we multiply these equations by gp; and take the sum over ¢ (contraction), then

we have:
Dijik — Diky = Y™ Rinjre — dim Rk,

Dij‘k

dij|k N dik|j = Y Sk

—dikj = Y" Prijk — Dim C"jk — dim P, (4.17)

Considering the cyclic permutations of the first equation (4.17) and adding the results,
we deduce:

2 (Fijin + Finli + Frils) = Y™ Bomigh + Rmjri + Rkis) —

g Rm m m (4.18)
— (dimR™k + djm R"ki + dem R™35) .

Analogous, from the second and third equations (4.17), we obtain
2<¢m|k + ]:jk’i + ]:m|j) = 2(Figpe + Sigri + fjaw) =
=qy™ (Pmijk - ijik + C.p.) — (.DZmC'Jn]IC — DijZZ + C.p.) - (419)
- (d’b’m g"rlrcl - dJmP;lycL + C'p~) )

and, respectively:

Q(fij|k + fjk|i + fki|j) =y (Smijk + Smjki + Smkij) - (4.20)

The equations (4.18), (4.19) and (4.20) are the generalized Mazwell equations satisfied
by the internal electromagnetic fields F;; and f;;.

We can write these equations in a more usual form if we consider the Bianchi iden-
tities satisfied by the canonical metric connection and take into account the vanishing
of the tensors Tijk and Sij 1. The relevant Bianchi identities are:

Rjikh + c.p. — (ijkC}nh + Cp) = 07
St ep. =0, (4.21)
Ci'ope = Cilyjj + PRChy,y = PaCiy = = (Piiis — Pilys)

ks~ im

But, the propreties g;;x = 0, gij‘k = 0 and Ricci identities give the following relations:
Rijkn + Rjikn =0, Pijen + Pjin =0, Sijrn + Sjien = 0.
Then, we can transform the first equation in (4.21) as follows:
Rjikn + Riing + Rnijk = R™kCmin + R7enCrmij + R0 Crnike-
Contracting this equation by y* we obtain:

—y"™ (Rmjkh + Rinknj + Rmnjk) = Y (R™kCrmin + R"n.Crmij + R"iConi) -
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Finally, using this result, the first generalized Maxwell equation (4.18) becomes:
2 (Fijie + Fikpi + Frilj) =" (R%Comi + R%1Comi + R%iComj) , (4.22)
, . OFjy . . . .
where R, = n"° Drs The third generalized Maxwell equation (4.20) can be written
under the form [using (4.21)]:

fij|k+fjk’i+fki}j =0. (4.23)

Finally, we transform the second generalized Maxwell equation (4.19) as follows. First,
we write the last identity in (4.21) in the form:

Cjislk — Crisj + P"ksClim = Pijks — Pikjs- (4.24)
Then, contracting (4.24) with y* we have:
yi (Ojis|k - Ckis\j) + yi (P;chzm - P];n;cjzm) = ym (ijk,s - Pmkjs) 5 (425)

or, equivalently (changing ¢ with m and s with ¢):

J k:mz’j J J (426)
=y" (Pmjki — Pmkij) -
Therefore, we obtain:
y™ (Pmijk — Pk + c.p.)=y" (iji\k - Oimj\k + C.P~) + (4.27)

+ ™ (P5,Chms — PiiCims + .1.) -
Now, introducing (4.27) in (4.19) we have:
o)~ 2 it Fiis + fiag) =

_ ym (C]mz\k _ sz]|k + C.p.) + ym (P;ickms — P{Z‘Ckms + C.p-) — (428)
— (Dim ]T?C - Dij{Z + C-p-) - (dim f'é - dijﬁ; + C'p'> :

2(‘7:ij|k +‘7.—jk|i Jr]:k

On the other hand, using the expressions:

Pi _ aNJZ _Li _ _Li _ —L‘i
v = g~ L = ~hig = ~ it (4.29)
Cimj = iji» Cjzk = C}gj’
we obtain:
diijTZ — dijZ]? +cp. =0, (430)

Cimilk — Cimjp +cp- =0,
PjiCkms — Pijkms +c.p. =0,
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Introducing (4.30) in (4.28) we can write the second generalized Maxwell equation in
the form:

= fijik + Firli + frils- (4.31)

Different authors [8,9] provided a geometric description of the interactions be-
tween particles or fields, in the sense that each interaction “produces” its own metric.
In particular, using the geometrical propreties of the generalized Lagrange spaces
endowed with energy-dependent metrics, we can study the electromagnetic interac-
tion and, possible, other types of interactions. We can also obtain solutions for the
generalized Maxwell equations and establish a geometrical significance of the energy.

j:ij|k + j:jk‘i + j:ki’j

5 An example of energy-dependent metric

We consider, as a simple example, the metric
ds* = a(E)dt* — [(dz")? + (dz?)? + (dz®)?], (5.1)

where a(F) is an arbitrary function of the energy E, and the units ¢ = 1 are under-
stood. Then, the non-vanishing coefficients C]?k of the canonical metric connection
CT(N) defined in (4.6) are:

a’ a’ a' a’
CO _ 07 CO - _ 17 CO _ _ 2) CO _ _ 37 5.2
00 ay 01 ay 02 ay 03 al/ (5.2)

1 _ /1 2 _ /2 3 _ !
Coo = —a'y, Coo=—ay”, Cy = —a'y’,

d
with o/ = ﬁ. We suppose also that there is no electromagnetic field in the model we
considered.
The independent Einstein’s equations corresponding to the metric (5.1) have the
form:
a =0, (5.3)
2aa” — a’* = 0. (5.4)
The equation (5.3) has the solution a = const. which reproduces the Minkows-ki
metric, without energy-dependence. The equation (5.4) has the solution

o(E) = % <a0 + 5))2 (5.5)

where oy and Fj are two constants of integration.
It is important to remark that for oy = 0 this solution coincides with those given

1/ E\
in Ref. 5 for the strong interactions: a(E) = 1 (E) . On the other hand, if we
0
choose oy = 1, then we obtain
1 E\?
E)=-(1+— .
o) =1 (1+5) | (5.6

which is the solution given in Ref. 5 for the gravitational interaction.



122 R. Miron, A. Jannussis, G. Zet
References
[1] Cardone F. and Mignani R., Broken Lorentz invariance and metric description

of interactions in a deformed Minkowski space, Found. Phys. (in press).

Miron R., Introduction to theory of Finsler spaces, Proc. of the Nat. Seminar on
Finsler soaces, Univ. Brasov (1980)131-183.

Miron R. and Anastasiei M., The geometry of Lagrange spaces. Theory and ap-
plications, Kluwer Acad. Publ., FTPH No.59,1994.

Miron R., Tavakol R., Balan V. and Roxbourgh 1., Geometry of space-time and
generalized Lagrange gauge theory, Publ.Math. Debreceen, Vol. 42/3-4 (1993)
215-224.

Cardone F., Francaviglia M. and Mignani R., Five-dimensional relativity with
energy as extra dimension, Gen.Rel. and Gravitation. Vol. 31, No. 7 (1999) 1049-
1070.

Miron R., Lagrange geometry, Mathl. and Comput. Modelling Vol.20, No. 4/5
(1994) 25-40.

Miron R. and Zet G., Post-Newtonian approximation in relativistic optics, Tensor

N.S. Vol. 53 (1993) 92-95.

Cardone F. and Mignani R., Energy-dependent metric for gravitation from clock-
rate experiments, Int. J. Modern Physics A, Vol. 14, No.24 (1999) 3799-3811.

Enders A. and Nimtz G. J.Phys.I (France) Vol.2 (1992) 1693-1698.
Jannussis A., J. Phys. A26 (1993) 1233-1241.

Miron R. and Zet G., Relativistic optics of nondispersive media, Found. Physics
Vol. 25, No. 9 (1995) 1371-1382.

Zet G., Lagrange geometrical models in physics, Mathl. and Comput. Modelling
Vol.20, No. 4/5 (1994) 83-91.

Zet G. and Manta V., Post-Newtonian estimation in relativistic optics, Int. J.
Theor.Phys. Vol. 32 (1993) p.1011-1018.

Tavakol R.K. and Van der Berg N., Viability criteria for the theories of gravity
and Finsler spaces, G.R.G. 18 (1986), p.849-958.

Beil R.G., Electrodynamics from metric, Int. J. Theor. Physics 26 (1987) 189-197.
Ikeda S., Found. of Phys. 10 (1980) 281-287.

Miron R. and Kawaguchi T., Relativistic geometrical optics, Int. J. Theor. Physics
30, No.11 (1991) 1521-1549.

Miron R., Rosca R., Anastasiei M. and Buchner K., Aspects of Lagrangian Rel-
ativity, Found. Physics Lett. Vol. 5, No. 2 (1992) p.141-171.

Miron R. and Tavakol R., Geometry of space-time and generalized Lagrange
spaces, Publ. Math. Debreceen, No. 4 (1994).

Authors’ addresses:



Energy-dependent Minkowski metric in space-time 123

Radu Miron A. Jannussis G. Zet
"AlIL Cuza” University, Department of Physics  7AlLIL Cuza” University,
Iasi, 6600, ROMANIA  University of Patras Tasi, 6600, ROMANIA

E-mail: rmiron@uaic.ro 26500, Patras, GREECE



