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Abstract

In this work we study an anisotropic model of general relativity based on
the framework of Finsler geometry. The observed anisotropy of the microwave
background radiation [6] is incorporated in the Finslerian structure of space-
time.
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1 Introduction

A Finslerian geometrical structure of models which can correspond to aniso-tropic
structures of regions of spacetime (radius< 108 light years) can be introduced. Our
work was motivated by the observed anisotropy of the microwave cosmic radiation.
This anisotropy is of dipole type, i.e. the intensity of the radiation is maximum at
one direction and minimum at the opposite direction.

It is known that this anisotropy can be explained if we use Robertson-Walker
metric and take into account the movement of our galaxy with respect to distant
galaxies of the universe [7]. A small anisotropy is expected, however, due to the
anisotropic distribution of galaxies in space [6].

From the above mentioned results, it is reasonable to seek for a Lagrangian which
expresses this anisotropy. As such, we choose:

L= /ayy'yl + p(a)k.y". (1)

The vector kg expresses the observed anisotropy of the microwave background radia-
tion.
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In §2 we give the necessary mathematical formalism, upon which we develop our
theory.

In §3 we develop the geometric anisotropic structure of space-time based on the
tangent bundle. Some physical interpretations are given.

2 Preliminaries

The framework in which we develop our present work is a Finsler tangent bundle. For
this we consider a smooth 4-dimensional pseudoriemannian manifold M, (T'M, 7, M)
its tangent bundle and TM = TM \ {0}, where 0 means the image of the null cross-
section of the projection 7 : TM — M. We also consider a local system of coordinates
(x%),4 =0,1,2,3 and U a chart of M. Then the couple (z%,y*) is a local system of
coordinates on 7~ *(U) in TM. A coordinate transformation on the total space T M
is given by

S a
oz
)

=3 ..., 2%), det £0, ¢*= 55 % = '’ (2)

07"
oxJ

By definition [4] a Finsler metric on M is a function F' : TM — R having the
properties:

1. The restriction of F to TM is of the class C* and F is only continuous on the
image of the null cross section in the tangent bundle to M.

2. The restriction of F to TM is positively homogeneous of degree 1 with respect

to (y*).
F(x,ky) = kF(x,y), keRY

3. The quadratic form on R™ with the coefficients

1 92F?

defined on T'M, is non degenerate (det(f;;) # 0), with rank(f;;) = 4.

As it is known a non linear connection N on T'M is a distribution on T'M, sup-
plementary to the vertical distribution V on TM :

T(%y)(TM) = Nez,y) © Viay)-

In our case a non linear connection can be defined by

. aGe

where G are defined from

1. . ([ &L
a = — aj —_— k — .
Gt =1/ ( Sy @L) (5)
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and the relation
dy®

ds
yields from the Euler-Lagrange equations:

d (oL oL
ds <8y“> C oz 0 @

+2G%(z,y) =0 (6)

The transformation rule of the non-linear connection coefficients is

Vo = 200 by 4 O8O, ®
also
5w o oo
ozt 0t dad’ oy 9z oyb’
it = gz; dad 55 = ‘ZZ sy,
A local basis of T, (T'M), (d;, 8a) adapted to the horizontal distribution N is
0 : 0

i = 0y — N&(x,y)da, where 8; = Oa 9)

Oxt’ - oy’

where N?(z,y) are the coefficients of the non-linear Cartan connection N as we men-
tioned above.
The dual local basis is

{d = da', 8" = 8y" = dyf + Ny o}, ooy = {07} oy

A d-connection on tangent bundle T'M is a linear connection on T'M which pre-
serves by parallelism the horizontal distribution N and the vertical distribution V' on
TM.

Generally an h-v metric on the tangent bundle (T'M, 7, M) is given by

G = fij(x,y)dz’ @ da? + hapdy® @ 6y°. 10
J

We consider a metrical d-connection CT = (N]‘.l, Lé k> C;k) with the property

figie = 0xfij — Ly g — Ll fin =0, (11)
fisle = Onfij = Chifng — Clifin = 0, (12)
where
R
ik =351" (0 fri + Ok fir — 6rfin), (13)
1 ) .
= if"(ajfrk + Ok fir — O fir)- (14)
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The coordinate transformation of the objects L;k and C;k is:

=i 9ol Gor =i 927
Ly = o O o () + o T (15)
= 9808 0 b ). (16)
The Cartan torsion coeflicients Cj;j, are given by
Cijr = %&cfij, (17)

while the Christoffel symbols of the first and second kind for the metric f;; are re-
spectively:

(18)

1(0fk | Ofa Ofi
2 \ Ozt Oxi  Oxk )’

oy =i (G + S - 2. (19)

Yijk =

dzt  Oxd  Oxk
The torsions and curvatures which we use are given by [4, 3]:
Ty, =0, Si; =0, R\ = 0pNj — 6;N}, (20)
e = Ok — Lij, e = " Pk Piji, = Cijen ' (21)

i _ s1i i hori hori i pe
Ry = 61 L5 0 Ly + LYy Ly — LY Ly, + C Ry,

(22)

Sjikn = CixsCjp, — CinsCiy, (23)
Pinkj = Cijiin — Chjiti + ChiCrirn ¥ — CliCrknn ' (24)
Sikn = 7 Sjikn, (25)
(26)

I plj
P, *fJPjikb

3 The Geometrical Structure of the anisotropic model
(based on T'M)

In the following, the lowering and raising of the indices of the objects ko, y® and all
related Riemannian tensors will be performed with the metric a;;. For the related
Finslerian tensors we shall use the Finsler metric f;;.

The Lagrangian which gives the equation of geodesics in the case of (pseudo)-
Riemannian space-time is given by:

/ — . dat
L = aijyly], yz = s R (27)
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or, equivalently, we may write for the line element:

dsg = \/a;jdzidzt, (28)

where a;; is the Riemannian metric with signature (—,+,+,+). Because of the ob-
served anisotropy, we must insert an additional term to the Riemannian line element
(28). This term must fulfill the following requirements:

(a) It must give absolute maximum contribution for direction of movement parallel
to the anisotropy axis.

(b) Tt must give zero contribution for movement in direction perpendicular to the
anisotropy axis, i.e. the new line element must coincide with the Riemannian one
for direction vertical to the anisotropy axis.

(¢) It must not be symmetric with respect to replacement y* — —y® This re-
quirement is necessary in order to express the anisotropy of dipole type of the
Microwave Background Radiation (MBR). We need to have maximum (positive)
contribution for direction that coincides with the direction of the anisotropy axis,
and minimum (negative) contribution for the opposite direction.

We see that a term which satisfies the above conditions is k,(z)y®, where k,(x)
expresses this anisotropy axis. For constant direction of k,(z) we may consider
ka(z) = @(2)k,, where k, is the unit vector in the direction kq(z). Then @(z) plays
the role of “length” of the vector k,(x), p(z) € R. Hence, we have the Lagrangian

L= \Jayy'yl + p(a)kay". (29)

From (29) we define the Finsler metric function F(z,y) = L. Setting y* = dz® we

have
dsp = \/WJr o(2)kadz®; (30)

dsg is the Finslerian line element and dsg is the Riemannian one. We see that the
Finslerian line element is generated by an additional increment to the Riemannian
one due to the anisotropy axis. Now

ds? = agda'da? + 2p(x)kadr®\/aijdridei + ©*(x)kadakyda®. (31)

In order for the Finslerian metric to be physically consistent with General Relativity
theory, it must have the same signature with the Riemannian metric (—, +, +,+). We
have

dsp = cdr = cydt = yd(ct) = vda?, (32)

where v = /1 — (v/c¢)? and v: 3-velocity in Riemannian space-time. From relations
(32),(31) we obtain:

ds% = agodz’dz® + 2agndx’dx® + aa,gdgc"‘dncﬁ + 2@(.%‘)]%0(1,@0(18}3
+ 20(2) kodz®ds g + ©*(2)kokodx'da® + 2% () kokadx®da®
+ ©* () kodzkyda®,
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or
ds% = (00 + 27p(x)ko + @?hoko ) dada®+
+ (aaﬁ + @Q(x)l%al%g) dzr®dz® + 2'yg0(9c)l;:ada:ada:0
+ 2a0adz’dz® + 207 (z)kokodz®da®, (33)
where a, = 1,2,3. From relation (33) it is evident that we must have

(ko(2))? + 2vko () + ago < 0, (34)
6% (aap + ka(x)ks(z)) > 0, (35)

for the signature to be preserved, where we have written o(x)k; = k;(z). Relation
(34) admits negative values for

—y — /7% —agy < ko(x) < =7+ V72 — agpo, (36)

while from (35) yields:
(ka(2))? > —aaa, (37)

which is true for any k,(x) since aqq > 0.

Then for any physically acceptable vector, its 0 component ko(z) must lie in the
interval (36). Relation (36) is a restriction upon the anisotropy of space-time, i.e. the
anisotropy vector can not take arbitrary values.

The equation of geodesics is given by:

d*zt @, Im ; PN

ds? + Lijy'y’ + 00 (0jpkm — Ompk;)y’ = 0. (38)
We observe that in the equation of geodesics we have an additional term, namely
oal™ (@(gpl%m) - 8m(<plzzj))yj which expresses rotation of the aniso-tropy axis.

One possible explanation of the anisotropy axis could be that it expresses the
resultant of the spin densities of the angular momenta of galaxies in a restricted region
of space (k,(x) spacelike). It is known that the mass is anisotropically distributed
for regions of space with radius< 10® light years [5]. Then an important kind of
anisotropy might result from the ordering of the angular momenta of galaxies. As
we move to greater distances (radius> 10® ly.) the resultant of the spin densities is
approximately zero, as it is expected for an isotropic universe.

(i)
ko(z) = Z ko(z) ~ 0, (39)

(@)
where k() is the spin density tensor of each rotating mass distribution.
The spin is defined through the spin density tensor [2] from the relation

_ V9 c
Sop = = €abck (ac) (40)
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In the case that ap(x)/%a expresses spin density, the function ¢(x) is related to mass
density (angular momenta depends upon angular velocity and mass distribution).
From equation (38) we see that for small variation of the resultant of the spin
densities vector, the deviation from the Riemannian geodesics is very small, if not
negligible.
From the equation of geodesics (38) we obtain for movement y* perpendicular to
k'
et @ N
752 + I'y'y? +o0a™0;0kny’ = 0. (41)
From (41) it is evident that although the contribution to the dsg line element is zero
for 3* vertical to k!, the equation of geodesics is different from the Riemannian case.
In the case, however, where 0;p(x)is parallel to IA@-, i.e. the increment of anisotropy
takes place only along the anisotropy axis, then the equation of geodesics is identical
with the geodesics of the Riemannian space-time.
Using the notation 8 = kqy®, 0 = /a;;y'y?, we calculate the metric tensor from

(3): . @)
P
Fis aa”+ 20 zSJ

(y P ) _ By(z)

iKj o3 YiYi + % (2)kikj, (42)

where § is an operator and denotes symmetrization of the indices i, j, e.g.
ij

1
8 (Aikjt) = 5 (Aikjt + Ajwir).
Accordingly we define the antisymmetric operator

1
‘ZL(Mikjl) = E(Mikjl — Mgar).

The inverse metric is

Fii = gaij oy 8 (y%j) n @(ﬁ‘i‘ma‘ﬁ) Yy (43)

F 2F ij F3 ’

as it may be verified by direct calculation, where m = kot = 0, +1 according whether
ko is null, spacelike or timelike (in order to not loose generality, we do not identify
ko as spacelike). It must be noted, however, that if y* represents the velocity of a
particle (' timelike) then k% is bound to be spacelike. This follows from the fact that
one possible value of y“l;a is zero.

The Cartan torsion coefficients which are given by (17), take the form:

3pp 3p Py 3 3pe
Ciji = 255 Vil t - gl(aijkl) 3 gl(yiyjyl) =y glaijyb (44)
We observe from (44) that an increment of the anisotropy, i.e. increment of ¢, results
in a change in the values of the components of the Cartan coefficients. This is expected
since the condition

Cijk =0 (45)
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is the condition for the Finsler metric to be Riemannian.
The finslerian Christoffel symbols of the first kind are given by (18)

F(a)
Yijl = — 1][ + Az]l + Mz]h (46)
where
(a) 1
L= 5(@‘&1]‘ + 0jai — Oragj) (47)
are the Christoffel symbols corresponding to the metric a;;.
3B ® soﬁ
Ai' = i S 4 0 a 4
il U%} [( 55 Y% T 3 ijy — 153 % ) Daary” Y (48)
and 3 5
My = ; Szk——i'2l%i%8 ) 49
A (e e e ) LU B

The operator G denotes an interchange of the indices in the form this interchange
ij{l}
appears in the definition of the Christoffel symbols of a metric, e.g.
G Aiji = Ayji + Auj — Aij,
ij{l}
G Oy =21
Qiv = .
i 1Uij ijl
The Christoffel symbols of the second kind are found from (19):

@, <¢(6+mw) al
"y -

)
90 a
7” F i+ o 8( k:)) ija+ = (Al

p(B+moyp) , 20p 0l
+ Mj;) + (Agja + Mija) ((Fs)y v - 23 Sy kl)) , (50)

where A% = Ajpa™ and M}, = Mjya™. In relation (50) it is seen that, besides

a .
the T 5 = 0 terms, the rest express the anisotropic deviation from the Riemannian
Christoffel symbols. When ¢ = 0, i.e. absence of anisotropy, the Finsler Christoffel

(a).
symbols coincide with the Riemannian ones. From the above relation, for I'%, =0

we have 7%, # 0. This shows the dependence of ~}; from the anisotropy terms.
From Euler-Lagrange equations we find for G! (relation (5)):

1), .
G'= l“my 'yl + Uamlyjﬂ(aaso( ) km).- (51)

Using relation (4) we calculate the nonlinear connection coefficients:

(a) - 1 R
Nip = Ty’ +oa™ A (Okp(x) km)+;a Y A(a () k)Y, (52)
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or

(a) ~ 1 , .
Ni= N +0a™ A (Op(w) fm) + —a™'y’ A (D0() i) -

173

(53)

Relation (53) clearly shows that the deviation from the Riemann non-linear con-
nection is due to anisotropic terms. In the case of an irrotational anisotropic field,
];A (Orp(x) k) = 0, the non-linear connection is identical with the Riemannian one.
m

The connection coefficients C’fj are given by (14):

L P, Porisly P Ly p(Btmoy)
CZ] - 2FCL”k' + Fg(k 5_]) Fo_zg((sly]) 2F2CT aijy
p o oo =B9) 1o (sﬁ)QA »
— ik — ——— kivi) — | =) kik;
2F0'2y yj F20'2 Y ?7( yj) F jy +
©(38 4+ moyp) !
g, Yy

Correspondingly, using (13) we get:

, (a) ~ (a)
; . PB+mop) 1 20 o 4 T (AL
jk:rij+(a}7’2yy_F(§l(yk) Fija"'f(Aij""
o(B+mop 20¢ 2
+ M) + (Aija + Mija) <(Fs>yayl T i(yakl)> -

— (N'Cj, + NLCI, — f"NICjm)

(54)

(55)

where N Jl and C}, are given explicitly by relations (52), (54). The curvature of the

non linear connection is (21):



174 P.C. Stavrinos and F.I. Diakogiannis

i (a)i a 1 7. 7. m, n bi
Ry = Roy® + %((%amnﬁ(aj%b) = OjamnA(Ok ks ))y™y a’+

+ 0(3kabiﬂb3j<ﬂ]%b - 3jabiﬁ)(3ks0’5b)) - O'abi%‘}g(abj@ifk)‘i'
J J
1, A R
+ Ly (AOuapbslus — Ascphm ) +

2 bi ) 7i bi, m, n ) 7 a
+ <Ua é(aky]) 30 Yy é(akamny])) A(Daspkn)y

(a). . (a). A . .
—U< ;cbabcé(ac@kj) + F}w’”ﬁ@wh)) —53190;‘}6(5%@%)—

B +mo? B, @,
— g2z 9 @ﬁ(agwyk) -9 %L(Fakyg)—
1 (@) 7 a by, ai.i
— —A(T gaj) (ﬂa oy — (Opy”)y*k ) -
o kj

1 L N 1 S
= 50hr") [0l + G| — Ot R A )~
J kj 2 jk

a\ 7.0 7. 7& a i T 7. AN
— Qo R AOE) ~ 5 Our®) | e Alhua) + F AGrp)

LAt - Lhoea T -
oo ik bj Yk o ay gojk biYk

1 YN 1 Ty D
- ;&Lsoy k QL( L owyi) — ﬁ(aasoy )k ;‘}c(yjkk),

a
where R} ik is the Riemannian curvature of the metric a;.

The torsion Pj’k is given by (21):

i (a)i 1 mi 7. 7. r i
Pjp =T+ —a Lﬂn(az@km)yj + @i A (Orp km)y } — L,

then

F@&  BF

F + moy?
Piji = — L jki — ﬁajkaiw + [

202 dipy’ — Uaisﬂl%i} ajkifi
L (@) . (@), . F .
+ %k Tk + (07ky + gyl) Ik — ﬁyjkkai@"i_

N (a +2B¢ + mop?

202

> YO ki

(57)
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) FA . (a)
(2 (Do k') + 22(5’1'@?}1)) yikiki + (fkl - ifyl) Tyt

(mo? — %)

551 YOk yit

+ (2 SO0y’ — ’&p@zwkl) ajkyi +

By i ¥ 7 7 l h
+ (2 100y — ﬁaﬂﬂk Yikryi — Vji — jk%}(ciji) — finLy;.  (58)

The h-covariant derivative of the Cjj;, coefficients is
Cijip = 6:Cijk — LiChje — LI Cine — Ly Cijn- (59)

From relations (21), (24), (44), (54), (55), (57), and (59) we can calculate the P;jx;
curvature.
Taking into account relations:

LYy = 0 f" (%‘kr - k? }(CjkhN,’?)> + [ (5wjkr - {(51N3h)0rkh+
jk{r
N (8:Crn) + (N])Cjrn + NE(6:Cjrn) — (6:N])Clin—
- Nf(&@kh)} )7 (60)

(@)

1 F - F (G)T
5Z’ijr = ;51F — ?510 ij + ;5[ ij + §lAjkr + 51Mj1m~, (61)
(a)

.ort, 1 danm, 9al
0pNj = ”yr+( Syt o >A(3;<th)

oxk 20 Ozk oxk

+oa™ Lm ((ak‘j ) )] + éami |:T ((@w‘ﬂ) m)} Y Y+

1 da™ L apn 4 n i - r
+<cr arF 208 guk 7Y vﬂ@(aﬂ@km)yy]_
_8

. ~ (a) . ~ m .
7 . hl 2 g .
28 gojfllc (@cpkk) —oa F]h.}ﬁ <8kapkl)+ 48¢8kapy]

4

CANN s
_<2U) 64)08]90.%—%

54 a
- 7&1%‘1(8 Ok Yk + ——

1 N A 1 ~. N ~
— 2 (Bap k)0 kyy; — 58h<pkz [ahlﬁ(&gtp k)y; + yhé(ak@ kj)] -

(a) (a)
amj Ty 00 — 9% F]ayk] -

g i
gy 5 (Oatpy™)0" 0 kjyr—

1, L. 2@
Y I kbay; A0 ek — 25 Y (3as0k L lpye+

Moy’ -r)l i) + D (oo,
+ Oy )an Uitk ) + =5 (O )K" 050 yut
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m by Ai (a) (@)
+ —5 (O y") 0 yyr — T iy Ty~

4o

1 N -

= 553 (00 ") 0ap K yi S (kuy;), (62)
g lj

8,8 = —kn NP, (63)

1 oo 1 .
00 = —@aijylyj — Nlh(;aihyz) (64)
OF = 31%3/ "y + O B— N/ (O_amy +o(@)kn), (65)
Siyi = —ai NI, (66)

3

0,Cijr = 3 ( ’ 03 + b —0p — 5ﬂ510> YilYiYk—

90 (athl YiYk + a]th YiYr + akth yiy]) +
( O~ S0 ) 8 (ahe) + 32013 (o)}~

( ap — 3510) .]S.k(yiyjfﬂk)—g&(,s(yiyjffk))—

~3(Go+ Son - 32000 8 (e - 80 (8 ) o0

O hijr = 3 ( 25, +2 B —0p — 5&'0510) ”{Sk}(yiyjakaab)yayb"‘

)

3B¢p
+ 205

0y [ g (yiyjﬁkaab)yaybl -
ij{k}
1 @
- (038“? B 3045!0) ij{gk} <(y’k +yk )aka“b> vy~
- &1 9 ki + k) Opaa ) y2yb | —
le{k} ((y i+ yski)Oa b)y y}

4 6 ﬁ<p a, b
_ (W(Slﬁ—‘r Wal@_?)w(le') 39 (aijakaab)y y—

ij{k}
@ﬂ . a, b
40_ [ij?k} (azjakaab) yy ] ) (68)
1/1
OMijp =5 | =B — %510 S (aiokp) + ﬁ& S (aijokp)| —
2\o o ij{k} 20 |k}

" - 1
— E&U 9 ((yikj + yjki)aw) + ;51 [

S ) ((yi]%j + yj]%i)ak@>‘| -

ij{k
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((w 35&0) g (yiyjak@)_i5l[ S (yiyiokp)
ij{k} g ij{k}

-+ 25130 g (/%J%@MO) -+ 2@81
ij{k}

)

S (kikjakgo)] (69)
and (22), (55), (54) we may calculate the R;kl curvature explicitly from (56).

The S-curvature (23) is

2 2 2 2
¢*(mo* — 3%) p . o
Sjikh = 5 o3 -J/,}(ahjaik) 5Fo ((ﬂ(amk )kn +-ﬁ(ahjki)kk)> +
ﬂ(pZ o o 2
+ g ((ansfom + Alabnn) ) + 55 (b )+

5 5 By > 5
+ kkyh'ﬁ(kjyz)) t 9Fgs Alainky)y +fjl(amka)yk +

| £ilmo? —27)
4F o5

h‘i(aihyk)yj + I-ﬁl(ajkyh)yi>, (70)

(m0'2 _ /62) 2
’erh = W}‘f]&;( Za/ki) + — 2F2 k A(éhkk) + k A(aklk/‘h)

Bp?

T Q (1. ﬁ‘P
+ s (008 (hon) — 01 ) ) +

(ma - 2ﬁ2)<)02 r 2 r 7 r7 7

+ 572y yz’ﬁ(ékyh) 2F2 By A(keyn) +y ]fzﬁc(k'hyk) +

©*(Bo = e + 2ma°p)
2F302

23%0? — mo?p? + fmop?

2F3¢03
(mo? — 5?)p*
304

+ y ﬁ(aihkk)""

T .
+ Y ﬁl(azkyh)JF

+ yryiﬁl(]%kyh)v (71)

3 2.2 _ 322 2
S = (mo®p® — 37p?) Y it

- 1F252 @ih = g2
ﬂ@Q R 3m02@2 _ 462§02
—— (ks Yk 2
+ g o kiyn) + AFzgt i (72)
5(6% — mo?)p?
20 F3

From a physical point of view the S-curvature can be considered as a curvature
parameter of anisotropy as it is evident from relation (73). In the absence of anisotropy

@ = 0, we have S = 0. In other words, S represents the measure of anisotropy of
matter [6].

S = (73)
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4 Conclusion

The observed anisotropy of the microwave cosmic rediation, represented by a vector
kq(z), can be incorporated in the framework of Finsler geometry. The equations of
geodesics are generalized in a Finsler anisotropic space-time. The calculation of a
curvature parameter of anisotropy is performed explicitly by the contraction of the

i
S 1 curvature.
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