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Abstract

In this work we study an anisotropic model of general relativity based on
the framework of Finsler geometry. The observed anisotropy of the microwave
background radiation [6] is incorporated in the Finslerian structure of space-
time.
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1 Introduction

A Finslerian geometrical structure of models which can correspond to aniso-tropic
structures of regions of spacetime (radius≤ 108 light years) can be introduced. Our
work was motivated by the observed anisotropy of the microwave cosmic radiation.
This anisotropy is of dipole type, i.e. the intensity of the radiation is maximum at
one direction and minimum at the opposite direction.

It is known that this anisotropy can be explained if we use Robertson-Walker
metric and take into account the movement of our galaxy with respect to distant
galaxies of the universe [7]. A small anisotropy is expected, however, due to the
anisotropic distribution of galaxies in space [6].

From the above mentioned results, it is reasonable to seek for a Lagrangian which
expresses this anisotropy. As such, we choose:

L =
√

aijyiyj + ϕ(x)k̂aya. (1)

The vector k̂a expresses the observed anisotropy of the microwave background radia-
tion.
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In §2 we give the necessary mathematical formalism, upon which we develop our
theory.

In §3 we develop the geometric anisotropic structure of space-time based on the
tangent bundle. Some physical interpretations are given.

2 Preliminaries

The framework in which we develop our present work is a Finsler tangent bundle. For
this we consider a smooth 4-dimensional pseudoriemannian manifold M, (TM, π,M)
its tangent bundle and ˜TM = TM \ {0}, where 0 means the image of the null cross-
section of the projection π : TM → M . We also consider a local system of coordinates
(xi), i = 0, 1, 2, 3 and U a chart of M . Then the couple (xi, ya) is a local system of
coordinates on π−1(U) in TM . A coordinate transformation on the total space TM
is given by

x̃i = x̃i(x0, . . . , x3), det
∥∥∥∥ ∂x̃i

∂xj

∥∥∥∥ 6= 0, ỹa =
∂x̃a

∂xb
yb, xa = δa

i xi. (2)

By definition [4] a Finsler metric on M is a function F : TM → R having the
properties:

1. The restriction of F to ˜TM is of the class C∞ and F is only continuous on the
image of the null cross section in the tangent bundle to M .

2. The restriction of F to ˜TM is positively homogeneous of degree 1 with respect
to (ya).

F (x, ky) = kF (x, y), k ∈ R∗
+

3. The quadratic form on Rn with the coefficients

fij =
1
2

∂2F 2

∂yi∂yj
, (3)

defined on ˜TM , is non degenerate (det(fij) 6= 0), with rank(fij) = 4.

As it is known a non linear connection N on TM is a distribution on TM , sup-
plementary to the vertical distribution V on TM :

T(x,y)(TM) = N(x,y) ⊕ V(x,y).

In our case a non linear connection can be defined by

Na
j =

∂Ga

∂yj
, (4)

where Ga are defined from

Ga =
1
4
faj

(
∂2L

∂yj∂xk
yk − ∂jL

)
(5)
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and the relation
dya

ds
+ 2Ga(x, y) = 0 (6)

yields from the Euler-Lagrange equations:

d

ds

(
∂L

∂ya

)
− ∂L

∂xa
= 0. (7)

The transformation rule of the non-linear connection coefficients is

Ña
i =

∂x̃a

∂xb

∂xj

∂x̃i
N b

j (x, y) +
∂x̃a

∂xh

∂2xh

∂x̃i∂x̃b
yb, (8)

also

δ

δx̃i
=

∂xj

∂x̃i

δ

δxj
,

∂

∂ỹa
=

∂xb

∂x̃a

∂

∂yb
,

dx̃i =
∂x̃i

∂xj
dxj , δỹa =

∂x̃a

∂xb
δyb.

A local basis of T(x,y)(TM), (δi, ∂̇a) adapted to the horizontal distribution N is

δi = ∂i − Na
i (x, y)∂̇a, where ∂i =

∂

∂xi
, ∂̇a =

∂

∂ya
, (9)

where Na
i (x, y) are the coefficients of the non-linear Cartan connection N as we men-

tioned above.
The dual local basis is

{di = dxi, δa = δya = dya + Na
j dxj}i,a=0,3 ≡ {δβ}β=0,7.

A d-connection on tangent bundle TM is a linear connection on TM which pre-
serves by parallelism the horizontal distribution N and the vertical distribution V on
TM .

Generally an h-v metric on the tangent bundle (TM, π,M) is given by

G = fij(x, y)dxi ⊗ dxj + habδy
a ⊗ δyb. (10)

We consider a metrical d-connection CΓ = (Na
j , Li

jk, Ci
jk) with the property

fij|k = δkfij − Lh
ikfhj − Lh

jkfih = 0, (11)

fij |k = ∂̇kfij − Ch
ikfhj − Ch

jkfih = 0, (12)

where

Li
jk =

1
2
f ir (δjfrk + δkfjr − δrfjk) , (13)

Ci
jk =

1
2
f ir(∂̇jfrk + ∂̇kfjr − ∂̇rfjk). (14)
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The coordinate transformation of the objects Li
jk and Ci

jk is:

L̃i
jk =

∂x̃i

∂xh

∂xl

∂x̃j

∂xr

∂x̃k
Lh

lr(x, y) +
∂x̃i

∂xr

∂2xr

∂x̃j∂x̃k
, (15)

C̃i
jk =

∂x̃i

∂xh

∂xl

∂x̃j

∂xr

∂x̃k
Ch

lr(x, y). (16)

The Cartan torsion coefficients Cijk are given by

Cijk =
1
2
∂̇kfij , (17)

while the Christoffel symbols of the first and second kind for the metric fij are re-
spectively:

γijk =
1
2

(
∂fkj

∂xi
+

∂fik

∂xj
− ∂fij

∂xk

)
, (18)

γl
ij =

1
2
f lk

(
∂fkj

∂xi
+

∂fik

∂xj
− ∂fij

∂xk

)
. (19)

The torsions and curvatures which we use are given by [4, 3]:

T i
kj = 0, Si

kj = 0, Ri
jk = δkN i

j − δjN
i
k, (20)

P i
jk = ∂̇kN i

j − Li
kj , P i

jk = f imPmjk, Pijk = Cijk|l y
l, (21)

Ri
jkl = δlL

i
jkδkLi

jl + Lh
jkLi

hl − Lh
jlL

i
hk + Ci

jcR
c
kl, (22)

Sjikh = CiksC
s
jh − CihsC

s
jk, (23)

Pihkj = Cijk|h − Chjk|i + Cr
hjCrik|l y

l − Cr
ijCrkh|l y

l, (24)

Sl
ikh = f ljSjikh, (25)

P l
ikh = f ljPjikh. (26)

3 The Geometrical Structure of the anisotropic model
(based on TM)

In the following, the lowering and raising of the indices of the objects k̂a, ya and all
related Riemannian tensors will be performed with the metric aij . For the related
Finslerian tensors we shall use the Finsler metric fij .

The Lagrangian which gives the equation of geodesics in the case of (pseudo)-
Riemannian space-time is given by:

L =
√

aijyiyj , yi =
dxi

ds
, (27)
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or, equivalently, we may write for the line element:

dsR =
√

aijdxidxj , (28)

where aij is the Riemannian metric with signature (−, +, +, +). Because of the ob-
served anisotropy, we must insert an additional term to the Riemannian line element
(28). This term must fulfill the following requirements:

(a) It must give absolute maximum contribution for direction of movement parallel
to the anisotropy axis.

(b) It must give zero contribution for movement in direction perpendicular to the
anisotropy axis, i.e. the new line element must coincide with the Riemannian one
for direction vertical to the anisotropy axis.

(c) It must not be symmetric with respect to replacement ya → −ya. This re-
quirement is necessary in order to express the anisotropy of dipole type of the
Microwave Background Radiation (MBR). We need to have maximum (positive)
contribution for direction that coincides with the direction of the anisotropy axis,
and minimum (negative) contribution for the opposite direction.

We see that a term which satisfies the above conditions is ka(x)ya, where ka(x)
expresses this anisotropy axis. For constant direction of ka(x) we may consider
ka(x) = ϕ(x)k̂a, where k̂a is the unit vector in the direction ka(x). Then ϕ(x) plays
the role of “length” of the vector ka(x), ϕ(x) ∈ R. Hence, we have the Lagrangian

L =
√

aijyiyj + ϕ(x)k̂aya. (29)

From (29) we define the Finsler metric function F (x, y) = L. Setting ya = dxa we
have

dsF =
√

aijdxidxj + ϕ(x)k̂adxa; (30)

dsF is the Finslerian line element and dsR is the Riemannian one. We see that the
Finslerian line element is generated by an additional increment to the Riemannian
one due to the anisotropy axis. Now

ds2
F = aijdxidxj + 2ϕ(x)k̂adxa

√
aijdxidxj + ϕ2(x)k̂adxak̂bdxb. (31)

In order for the Finslerian metric to be physically consistent with General Relativity
theory, it must have the same signature with the Riemannian metric (−,+, +, +). We
have

dsR = c dτ = c γdt = γd(ct) = γdx0, (32)

where γ =
√

1 − (v/c)2 and v: 3-velocity in Riemannian space-time. From relations
(32),(31) we obtain:

ds2
F = a00dx0dx0 + 2a0αdx0dxα + aαβdxαdxβ + 2ϕ(x)k̂0dx0dsR

+ 2ϕ(x)k̂αdxαdsR + ϕ2(x)k̂0k̂0dx0dx0 + 2ϕ2(x)k̂0k̂αdx0dxα

+ ϕ2(x)k̂αdxαk̂βdxβ ,
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or

ds2
F =

(
a00 + 2γϕ(x)k̂0 + ϕ2k̂0k̂0

)
dx0dx0+

+
(
aαβ + ϕ2(x)k̂αk̂β

)
dxαdxβ + 2γϕ(x)k̂αdxαdx0

+ 2a0αdx0dxα + 2ϕ2(x)k̂0k̂αdx0dxα, (33)

where α, β = 1, 2, 3. From relation (33) it is evident that we must have

(k0(x))2 + 2γk0(x) + a00 < 0, (34)

δαβ (aαβ + kα(x)kβ(x)) > 0, (35)

for the signature to be preserved, where we have written ϕ(x)k̂i = ki(x). Relation
(34) admits negative values for

−γ −
√

γ2 − a00 < k0(x) < −γ +
√

γ2 − a00, (36)

while from (35) yields:
(kα(x))2 > −aαα, (37)

which is true for any ka(x) since aαα > 0.
Then for any physically acceptable vector, its 0 component k0(x) must lie in the

interval (36). Relation (36) is a restriction upon the anisotropy of space-time, i.e. the
anisotropy vector can not take arbitrary values.

The equation of geodesics is given by:

d2xl

ds2
+

(a)

Γ l
ijy

iyj + σalm(∂jϕk̂m − ∂mϕk̂j)yj = 0. (38)

We observe that in the equation of geodesics we have an additional term, namely
σalm(∂j(ϕk̂m) − ∂m(ϕk̂j))yj which expresses rotation of the aniso-tropy axis.

One possible explanation of the anisotropy axis could be that it expresses the
resultant of the spin densities of the angular momenta of galaxies in a restricted region
of space (ka(x) spacelike). It is known that the mass is anisotropically distributed
for regions of space with radius≤ 108 light years [5]. Then an important kind of
anisotropy might result from the ordering of the angular momenta of galaxies. As
we move to greater distances (radius≥ 108 l.y.) the resultant of the spin densities is
approximately zero, as it is expected for an isotropic universe.

ka(x) =
∑

i

(i)

k a(x) ≈ 0, (39)

where
(i)

k a(x) is the spin density tensor of each rotating mass distribution.
The spin is defined through the spin density tensor [2] from the relation

Sab =
√
−g

4π
εabck

c(x). (40)
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In the case that ϕ(x)k̂a expresses spin density, the function ϕ(x) is related to mass
density (angular momenta depends upon angular velocity and mass distribution).

From equation (38) we see that for small variation of the resultant of the spin
densities vector, the deviation from the Riemannian geodesics is very small, if not
negligible.

From the equation of geodesics (38) we obtain for movement yi perpendicular to
ki:

d2xa

ds2
+

(a)

Γ l
ijy

iyj + σalm∂jϕk̂myj = 0. (41)

From (41) it is evident that although the contribution to the dsR line element is zero
for yi vertical to ki, the equation of geodesics is different from the Riemannian case.
In the case, however, where ∂iϕ(x)is parallel to k̂i, i.e. the increment of anisotropy
takes place only along the anisotropy axis, then the equation of geodesics is identical
with the geodesics of the Riemannian space-time.

Using the notation β = k̂aya, σ =
√

aijyiyj , we calculate the metric tensor from
(3):

fij =
F

σ
aij +

ϕ(x)
2σ

S
ij

(
yik̂j

)
− βϕ(x)

σ3
yiyj + ϕ2(x)k̂ik̂j , (42)

where S
ij

is an operator and denotes symmetrization of the indices i, j, e.g.

S
ij
(Aikjl) =

1
2
(Aikjl + Ajkil).

Accordingly we define the antisymmetric operator

A
ij

(Mikjl) =
1
2
(Mikjl − Mjkil).

The inverse metric is

f ij =
σ

F
aij − σϕ

2F
S
ij

(
yik̂j

)
+

ϕ(β + mσϕ)
F 3

yiyj , (43)

as it may be verified by direct calculation, where m = k̂ak̂a = 0,±1 according whether
k̂a is null, spacelike or timelike (in order to not loose generality, we do not identify
k̂a as spacelike). It must be noted, however, that if ya represents the velocity of a
particle (yi timelike) then k̂a is bound to be spacelike. This follows from the fact that
one possible value of yak̂a is zero.

The Cartan torsion coefficients which are given by (17), take the form:

Cijl =
3βϕ

2σ5
yiyjyl +

3ϕ

σ
S
ijl

(aij k̂l) −
3ϕ

σ3
S
ijl

(yiyjyl) −
3βϕ

σ3
S
ijl

aijyl. (44)

We observe from (44) that an increment of the anisotropy, i.e. increment of ϕ, results
in a change in the values of the components of the Cartan coefficients. This is expected
since the condition

Cijk = 0 (45)
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is the condition for the Finsler metric to be Riemannian.
The finslerian Christoffel symbols of the first kind are given by (18)

γijl =
F

σ

(a)

Γ ijl + Λijl + Mijl, (46)

where
(a)

Γ ijl =
1
2
(∂ialj + ∂jail − ∂laij) (47)

are the Christoffel symbols corresponding to the metric aij .

Λijl = G
ij{l}

[(
3βϕ

2σ5
yiyj −

ϕ

σ3
S
ij
yik̂j −

ϕβ

4σ3
aij

)
∂laaby

ayb

]
(48)

and

Mijl = G
ij{l}

[(
β

2σ
aij +

1
σ

S
ij
yik̂j −

β

σ3
yiyj + 2ϕk̂ik̂j

)
∂lϕ

]
. (49)

The operator G
ij{l}

denotes an interchange of the indices in the form this interchange

appears in the definition of the Christoffel symbols of a metric, e.g.

G
ij{l}

Aijl = Alji + Ailj − Aijl,

G
ij{l}

∂laij = 2
(a)

Γ ijl.

The Christoffel symbols of the second kind are found from (19):

γl
ij =

(a)

Γ l
ij +

(
ϕ(β + mσϕ)

σF 2
yayl − 2ϕ

F
S
al

(yak̂l)
)

(a)

Γ ija +
σ

F

(
Λl

ij+

+ M l
ij

)
+ (Λija + Mija)

(
ϕ(β + mσϕ)

F 3
yayl − 2σϕ

F 2
S
al

(yak̂l)
)

, (50)

where Λi
jl = Λjlkaik and M i

jl = Mjlkaik. In relation (50) it is seen that, besides

the
(a)

Γ i
jk = 0 terms, the rest express the anisotropic deviation from the Riemannian

Christoffel symbols. When ϕ = 0, i.e. absence of anisotropy, the Finsler Christoffel

symbols coincide with the Riemannian ones. From the above relation, for
(a)

Γ i
jk = 0

we have γi
jk 6= 0. This shows the dependence of γi

jk from the anisotropy terms.
From Euler-Lagrange equations we find for Gl (relation (5)):

Gl =
1
2

(a)

Γ l
ijy

iyj + σamlyj A
jm

(∂jϕ(x) k̂m). (51)

Using relation (4) we calculate the nonlinear connection coefficients:

N l
k =

(a)

Γ l
ikyi + σaml A

km
(∂kϕ(x) k̂m) +

1
σ

amlyj A
jm

(∂jϕ(x) k̂m)yk, (52)
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or

N l
k =

(a)

N l
j + σaml A

km
(∂kϕ(x) k̂m) +

1
σ

amlyj A
jm

(∂jϕ(x) k̂m)yk. (53)

Relation (53) clearly shows that the deviation from the Riemann non-linear con-
nection is due to anisotropic terms. In the case of an irrotational anisotropic field,
A
km

(∂kϕ(x) k̂m) = 0, the non-linear connection is identical with the Riemannian one.

The connection coefficients Cl
ij are given by (14):

Cl
ij =

ϕ

2F
aij k̂

l +
ϕ

F
S
ij
(k̂iδl

j) −
βϕ

Fσ2
S
ij
(δl

iyj) −
ϕ(β + mσϕ)

2F 2σ
aijy

l−

− ϕ

2Fσ2
yiyj k̂

l − ϕ(σ − βϕ)
F 2σ2

ylS
ij
(k̂iyj) −

( ϕ

F

)2

k̂ik̂jy
l+

+
ϕ(3β + mσϕ)

2F 2σ3
yiyjy

l. (54)

Correspondingly, using (13) we get:

Li
jk =

(a)

Γ l
ij +

(
ϕ(β + mσϕ)

σF 2
yayl − 2ϕ

F
S
al

(yak̂l)
)

(a)

Γ ija +
σ

F

(
Λl

ij+

+ M l
ij

)
+ (Λija + Mija)

(
ϕ(β + mσϕ)

F 3
yayl − 2σϕ

F 2
S
al

(yak̂l)
)
−

−
(
N l

jC
i
kl + N l

kCi
jl − f irN l

rCjkl

)
, (55)

where N l
j and Ci

kl are given explicitly by relations (52), (54). The curvature of the
non linear connection is (21):
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Ri
jk =

(a)

R i
ajkya +

1
2σ

(∂kamnA
jb

(∂jϕk̂b) − ∂jamnA
kb

(∂kϕk̂b))ymynabi+

+ σ(∂kabiA
jb

∂jϕk̂b − ∂ja
biA

kb
(∂kϕk̂b)) − σabiA

jk
(∂bjϕk̂k)+

+
1
σ

abiyc

(
A
cb

(∂kcϕk̂b)yj − A
cb

(∂jcϕk̂b)yk

)
+

+
(

2
σ

abiA
kj

(∂kyj) −
1
σ3

abiymynA
kj

(∂kamnyj)
)

A
ab

(∂aϕk̂b)ya

− σ

(
(a)

Γ i
kba

bcA
cj

(∂cϕk̂j) +
(a)

Γ i
jba

bcA
kc

(∂kϕk̂c)

)
− β∂iϕA

jk
(∂jϕk̂k)−

− β2 + mσ2

2σ2
∂iϕ A

jk
(∂jϕyk) − β

σ
∂aϕA

kj
(
(a)

Γ i
akyj)−

− 1
σ

A
kj

(
(a)

Γ kaj)
(
β∂iϕya − (∂bϕyb)yak̂i

)
−

− 1
2
(∂bϕyb)

[
∂iϕA

kj
(k̂kyj) + k̂iA

kj
(∂kϕyj)

]
− 1

2
(∂aϕ∂aϕ)k̂iA

jk
(k̂jyk)−

− (∂aϕya)k̂iA
kj

(∂kϕk̂j) −
β

2σ2
(∂aϕya)

[
∂iϕA

kj
(k̂kyj) + k̂iA

kj
(∂kϕyj)

]
−

− 1
σ

(∂aϕya)k̂bA
jk

(
(a)

Γ i
bjyk) − 1

σ
k̂ayb∂iϕA

jk
(
(a)

Γ a
bjyk)−

− 1
σ

∂aϕybk̂iA
kj

(
(a)

Γ a
bkyj) −

1
2σ2

(∂aϕya)2k̂iA
jk

(yj k̂k), (56)

where
(a)

R i
ajk is the Riemannian curvature of the metric aij .

The torsion P i
jk is given by (21):

P i
jk =

(a)

Γ i
jk +

1
σ

ami

[
A
lm

(∂lϕ k̂m)yj + ajl A
rm

(∂rϕ k̂m)yr

]
− Li

kj , (57)

then

Pijk =
F

σ

(a)

Γ jki −
βF

2σ2
ajk∂iϕ +

[
F + mσϕ2

2σ2
∂iϕyi − βϕ2

2σ
∂iϕk̂i

]
ajkk̂i

+ ϕ2k̂l

(a)

Γ l
jkk̂i + (ϕ2k̂l +

ϕ

σ
yl)

(a)

Γ l
jkk̂i −

F

2σ2
yj k̂k∂iϕ+

+
(

σ + 2βϕ + mσϕ2

2σ2

)
yj∂kϕ k̂i
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−
(

ϕ2

2σ
(∂iϕ k̂i) +

ϕ

2σ2
(∂iϕyi)

)
yj k̂kk̂i +

(
ϕ

σ
k̂l −

βϕ

σ3
yl

)
(a)

Γ l
jkyi+

+
(

mϕ

2σ2
∂iϕ yi − βϕ

2σ2
∂iϕ k̂i

)
ajkyi +

(mσ2 − β2)ϕ
2σ4

yj∂kϕyi+

+
(

βϕ

2σ4
∂iϕ yi − ϕ

2σ2
∂iϕ k̂i

)
yj k̂kyi − γkji − G

jk{i}
(CjklN

l
i ) − fihLh

kj . (58)

The h-covariant derivative of the Cijk coefficients is

Cijk|l = δlCijk − Lh
ilChjk − Lh

jlCihk − Lh
klCijh. (59)

From relations (21), (24), (44), (54), (55), (57), and (59) we can calculate the Pijkl

curvature.
Taking into account relations:

δlL
i
jk = δlf

ir

(
γjkr − G

jk{r}
(CjkhNh

r )

)
+ f ir

(
δlγjkr −

[
(δlN

h
j )Crkh+

+ Nh
j (δlCrkh) + (δlN

h
k )Cjrh + Nh

k (δlCjrh) − (δlN
h
r )Cjkh−

− Nh
r (δlCjkh)

])
, (60)

δlγjkr =
(

1
σ

δlF − F

σ2
δlσ

)
(a)

Γ r
jk +

F

σ
δl

(a)

Γ r
jk + δlΛjkr + δlMjkr, (61)

δkN i
j =

∂
(a)

Γ i
jr

∂xk
yr +

(
1
2σ

∂amn

∂xk
ymynahi + σ

∂ahi

∂xk

)
A
jh

(∂jϕ k̂h)+

+ σami

[
A
jm

(
(∂2

kjϕ) k̂m

)]
+

1
σ

ami
[
A
rm

(
(∂2

krϕ) k̂m

)]
yryj+

+
(

1
σ

∂ami

∂xk
− 1

2σ3

∂apn

∂xk
ypynami

)
A
rm

(
∂rϕ k̂m

)
yryj−

− β

2
∂iϕ A

jk

(
∂jϕ k̂k

)
− σahl

(a)

Γ i
jhA

kl

(
∂kϕ k̂l

)
+

m

4
∂iϕ∂kϕyj−

− 1
4
(∂aϕ k̂a)∂iϕ k̂kyj −

1
2
∂hϕk̂i

[
ahlA

kl
(∂kϕ k̂l)yj + yhA

kj
(∂kϕ k̂j)

]
−

−
(

β

2σ

)2

∂iϕ∂jϕyk − β

2σ

[
amj

(a)

Γ m
kaya∂iϕ − ∂aϕ

(a)

Γ i
jayk

]
−

− β

2σ2
∂aϕA

ia
(∂iϕ k̂a)yjyk +

β

4σ2
(∂aϕya)∂iϕ k̂jyk−

− 1
σ

yb
(a)

Γ kbayjA
ai

(∂aϕ k̂i) − 1
2σ

ya
(
∂aϕ k̂b

(a)

Γ i
jbyk+

+ (∂bϕyb)ajl

(a)

Γ l
kayak̂i

)
+

β

4σ2
(∂bϕyb)k̂i∂jϕyk+
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+
m

4σ2
(∂bϕyb)∂iϕ yjyk −

(a)

Γ l
kb

(a)

Γ i
jly

b−

− 1
2σ2

(∂bϕyb)∂aϕ aalk̂iykS
lj
(k̂lyj), (62)

δlβ = −k̂hNh
l , (63)

δlσ =
1
2σ

∂laijy
iyj − Nh

l (
1
σ

aihyi), (64)

δlF =
1
2σ

∂laijy
iyj + ∂lϕ β − Nh

l (
1
σ

aihyi + ϕ(x)k̂h), (65)

δlyi = −aihNh
l , (66)

δlCijk =
3
2

(
ϕ

σ5
δlβ +

β

σ5
∂lϕ − 5

βϕ

σ6
δlσ

)
yiyjyk−

− 3βϕ

2σ5

(
aihNh

l yjyk + ajhNh
l yiyk + akhNh

l yiyj

)
+

+ 3
(

1
σ

∂lϕ − ϕ

σ2
δlσ

)
S

ijk
(aij k̂k) + 3

ϕ

σ
∂l[ S

ijk
(aij k̂k)]−

− 3
(

1
σ3

∂lϕ − 3
ϕ

σ4
δlσ

)
S

ijk
(yiyj k̂k) − 3ϕ

σ3
δl( S

ijk
(yiyj k̂k))−

− 3
(

ϕ

σ3
δlβ +

β

σ3
∂lϕ − 3

βϕ

σ4
δlσ

)
S

ijk
(aijyk) − 3βϕ

σ3
δl

(
S

ijk
(aijyk)

)
, (67)

δlΛijk =
3
2

(
ϕ

σ5
δlβ +

β

σ5
∂lϕ − 5

βϕ

σ6
δlσ

)
G

ij{k}
(yiyj∂kaab)yayb+

+
3βϕ

2σ5
δl

[
G

ij{k}
(yiyj∂kaab)yayb

]
−

−
(

1
σ3

∂lϕ − 3
ϕ

σ4
δlσ

)
G

ij{k}

(
(yik̂j + yj k̂i)∂kaab

)
yayb−

− ϕ

σ3
δl

[
G

ij{k}

(
(yik̂j + yj k̂i)∂kaab

)
yayb

]
−

−
(

ϕ

4σ3
δlβ +

β

4σ3
∂lϕ − 3

βϕ

4σ4
δlσ

)
G

ij{k}
(aij∂kaab) yayb−

− ϕβ

4σ3
δl

[
G

ij{k}
(aij∂kaab) yayb

]
, (68)

δlMijk =
1
2

(
1
σ

δlβ − β

σ2
δlσ

)
G

ij{k}
(aij∂kϕ) +

β

2σ
δl

[
G

ij{k}
(aij∂kϕ)

]
−

− 1
σ2

δlσ G
ij{k}

(
(yik̂j + yj k̂i)∂kϕ

)
+

1
σ

δl

[
G

ij{k}

(
(yik̂j + yj k̂i)∂kϕ

)]
−
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−
(

1
σ3

δlβ − 3
β

σ4
δlσ

)
G

ij{k}
(yiyj∂kϕ) − β

σ3
δl

[
G

ij{k}
(yiyj∂kϕ)

]
+

+ 2∂lϕ G
ij{k}

(
k̂ik̂j∂kϕ

)
+ 2ϕ∂l

[
G

ij{k}

(
k̂ik̂j∂kϕ

)]
(69)

and (22), (55), (54) we may calculate the Ri
jkl curvature explicitly from (56).

The S-curvature (23) is:

Sjikh =
ϕ2(mσ2 − β2)

2Fσ3
A
ji

(ahjaik) +
ϕ2

2Fσ

(
(A
ij

(akik̂j)k̂h + A
ji

(ahj k̂i)k̂k)
)

+

+
βϕ2

2Fσ3

(
(A
ji

(akj k̂i)yh + A
kh

(ajkk̂h)yi)
)

+
ϕ2

2Fσ3

(
k̂hyk A

ij
(k̂iyj)+

+ k̂kyhA
ji

(k̂jyi)
)

+
βϕ2

2Fσ3

(
A
hk

(aihk̂k)yj + A
ij

(ahik̂j)yk

)
+

+
ϕ2(mσ2 − 2β2)

4Fσ5

(
A
hk

(aihyk)yj + A
kh

(ajkyh)yi

)
, (70)

Sr
ikh =

(mσ2 − β2)
2F 2σ2

A
hk

(δr
haki) +

ϕ2

2F 2

(
k̂iA

hk
(δr

hk̂k) + k̂rA
kh

(akik̂h)
)

+

+
βϕ2

2F 2σ2

(
δr
k S

ih
(k̂iyh) − δr

hS
ik

(k̂iyk)−
)

+
βϕ2

2F 2σ2
k̂r A

hk
(aihyk)+

+
(mσ2 − 2β2)ϕ2

2F 2σ4
yiA

kh
(δr

kyh) +
ϕ2

2F 2σ2

(
k̂ryiA

kh
(k̂kyh) + yrk̂iA

hk
(k̂hyk)

)
+

+
ϕ2(βσ − β2ϕ + 2mσ2ϕ)

2F 3σ2
yr A

hk
(aihk̂k)+

+
2β2ϕ2 − mσ2ϕ2 + βmσϕ3

2F 3σ3
yr A

kh
(aikyh)+

+
(mσ2 − β2)ϕ3

F 3σ4
yryiA

kh
(k̂kyh), (71)

Sih = −3(mσ2ϕ2 − β2ϕ2)
4F 2σ2

aih − ϕ2

4F 2
k̂ik̂h+

+
βϕ2

2F 2σ2
S
ih

(k̂iyh) +
3mσ2ϕ2 − 4β2ϕ2

4F 2σ4
yiyh, (72)

S =
5(β2 − mσ2)ϕ2

2σF 3
. (73)

From a physical point of view the S-curvature can be considered as a curvature
parameter of anisotropy as it is evident from relation (73). In the absence of anisotropy
ϕ = 0, we have S = 0. In other words, S represents the measure of anisotropy of
matter [6].
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4 Conclusion

The observed anisotropy of the microwave cosmic rediation, represented by a vector
ka(x), can be incorporated in the framework of Finsler geometry. The equations of
geodesics are generalized in a Finsler anisotropic space-time. The calculation of a
curvature parameter of anisotropy is performed explicitly by the contraction of the
Si

jkl curvature.
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[2] W. Kopczyński, An Anisotropic Universe With Torsion, Physics Letters, 43A
(1973).

[3] R. Miron, S. Watanabe, S. Ikeda, Some Connections on Tangent Bundle and
Their Applications to the General Relativity, Tensor, N.S., Vol. 46(1987).

[4] R. Miron and M. Anastasiei, The Geometry of Lagrange Spaces: Theory and
Applications, Kluwer Academic Publishers.

[5] C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation, W.H. Freeman and Com-
pany, 1970.

[6] Peebles, P.J.E., The Large Scale Structure of the Universe, Princeton University
Press, Princeton, 1980.

[7] R.M. Wald, General Relativity, The University of Chicago Press, 1984.

Authors’ addresses:

P.C.Stavrinos
Department of Mathematics,
University of Athens, Panepistemiopolis,
Athens 15784, Greece
e-mail: pstavrin@cc.uoa.gr

F.I. Diakogiannis
Tichis 9, 19010
Lagonisi, GREECE


