Zeta regularization and Noncommutative Geometry
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Abstract

Arguments from noncommutative geometry are useful to the study of infinite
dimensional geometry. For example, applying such arguments together with (-
regularization, we can define Grassmann algebra with co — p-forms. In this
paper, we apply noncommutative geometric arguments and (-regularization to
the calculus of (co — p)-forms. We show exactness of exterior differentiable
(co—p)-forms and try to justify physists’ answer of infinite dimensional Gaussian
integral by using Ray-Singer determinant.
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1 Introduction

Noncommutative geometry is a powerful tool not only for physics but also for infinite
dimensional geometry (cf. [1],[3], [10], [11],[15]). For example, a mapping space
Map(X, M) can be viewed as a Sobolev manifold modeled by H = W¥(X). Here
Wk(X) is a Sobolev space over X. If X is a compact spin manifold, with suitable
modification to Map(X, M), we may regard W¥(X) to be the Sobolev space of spinor
fields on X. In this case, the Dirac operator JDof X induces a polarization e = P, —P_
of H. Here Py are the positive and negative peoper spaces of ), respectively. The
principle of noncommutative geometry asserts {H, e} gave geometric information of
X. For example, if G is a linear Lie group, Map(X, G) is contained in the restricted
general linear group GL, = {T € GL(H)|[¢,T) € I,}, p > d/2, where GL(H) is the
group of all inversible bounded linear opertors of H, I, is the p-th Schatten ideal,
and d is the dimension of X. The topological structure of a GLp-bundle {gyv} is
completely determined by the noncommutative connection {xy },

ky U Iy, (e+ku)guv = guv(e+ ky),
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([1]). To get more precise information than topology, we use the pair { H, G}, where G
is a nondegenerate Schatten class operator such that its {-function ¢(G, s) is holomor-
phic at s = 0 ([2], [3]). Considering such pairing is closely related to Connes’ spectral
triple ([9]). Our approach is narrow than Connes’ approach but more concrete. If
H = W*(X), we take G to be the Green operator of a nondegenerate selfadjoint
elliptic (pseudo) differential operator on X. For simple, we assume positivity of G in
this paper. In abstract setting, we introduce Sobolev norm ||z||x by |G~*z||. The
Sobolev space by the norm ||z, is denoted by W*. The complete orthonormal basis
{en} of H is taken by proper vectors of G; Ge,, = une,. Here we arrange {u,} to be
p1 > pe > ... > 0. Then the complete orthonormal basis of WF is given by {enk},
enk = wFe,. The coordinate of z € WF is fixed to be (z1,22,...), © = S xpen k.

We say v = ((G,0) to be the regularized dimension of H (and W*). Other
invariants of the pair { H, G} are the position d of the first pole of (G, s) and detG =
exp(¢’(G,0)). By using these invariants, we have defined (oo — p)-forms on W* and
investigated their calculus including exactness of exterior differentiable (co — p)-forms
([2],13]). In this paper, we reinvestigate these definitions and results. Regularization
of integrals of co-forms by using fractional calculus (cf.[13]) and (-regularization has
been defined in [4]. Corresponding regularization procedure of exterior differential of
(0o — p)-forms is introduced and related to the regularization of differential operators
on H ([3],[6]). Then as an example of regularized integral of co-forms, an attempt of
mathematical justification of the formula

1

—27'((;8,D$)D _
e T = ,
/ VdetD

where detD is the Ray-Singer determinant of D (cf. [8], [14],[16]), is given. We also

try to compute regularized volume of ”sphere” in H. The answer is not yet obtained.
7.(.11/2

I'(3)

But our calculation sugests the regularized volume might be as expected.

NN

2 Grassmann algebra with (co — p)-forms
We introduce the Sobolev duality between W* and W—F by

(0,6) =(GT"x,G), zeWheew™ (1)
By definition, W* is contained in W' if k > 1. We set

W0 — U Wi, Wk = ﬂ wt. 2)

>k <k

If k =0, we denote H* instead of W*°. In W*~0 we set

[e.e]
Cook = Y _ 1 %en, k. (3)
n=1
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€s0, k depends on the choice of {e,}. But we do not specify {e,} for simple.

Definition. We set

WH0(0) = {> anens € W lim 22, =0}, (4)

and define the space W*=9( finite) by
WE=0( finite) = W*°(0) @ Rewo r,, or WH0(0) @ Ceno (5)

according to WF is a real vactor space or a complex vector space.

We consider W#~9(0) to be a subspace of W*=0. But W*~9( finite) is considered
to be a product space of W*~0(0) and R or C as a topological space.

Since W*~0(0) is dense in W*~0, the dual space of W*~0(0) is W ~*+0. We define
the dual element el@k of eso, by

(e;7k, = hm Zud/ﬂéem z), xe Wk, (6)

where ¢ = Res;=0((G, s). But since e j and el .k are not symmetric each other, we
introduce e by

(epsa) = lim (/23 p e, p0), @ WA, (7)

Since ¢ = limg_410(s — d)((G, s), c is positive, so ey is well defined although W* is
a real vector space.. By definition, we may write

w =G e_;, or e, ==xe_y,
where * is the Hodge operator ([2]). By definition, we also have
(er,e—k) =1, (ex,en—_k) = (enk e—x) =0.
Hence we may set
(W0 g Ke_p)t = WF 0 @ Key, (8)

where K is either of R or C.

Since Map(X, M) is a Sobolev manifold modeled by W¥(X), where k is larger
than dimX/2, differential forms of Map(X, M) take the values in Gr(W ~*(X), the
Grassmann algebra over W% (X). So we treat Gr(W ~%*+9) and denote the generators
of this algebra corresponding to e, _j by dx,. We also introduce d*°z as the element
corresponding to e; and regard it as the infinite product dz; A dzo A .... We denote
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Gr if forget multiplicative structure of Gr and regard only as a module. We give the
left Gr(W~k+%)-module structure to Gr(W*~%) @ d*z by

(dxgy Ao Ndag,) N (dg, N ..o NdEj,) @ d™x =0,
{i17~~~7ip}¢{j17...7jq}7 (9)
(dd)il VANIAN d:l?ip) A
A((d&y Ao NdEL) A (dEg, N .. NdE;,)) ® d™x
= (_1)(1'1—1)+~~+(z‘p—p)(dgj1 AL /\dqu) ® d®z,
{in, - oyipt OV {J1,-- -, Jq = 0. (10)
In the rest, we denote
do il g — (day AL LA dr;,) @ d>z. (11)
We thought d°°~ {11}y to be
dry A ... A d$i1,1 AN dmi1+1 VANPAN dmip,1 A\ d-Tip+1 VAN

In Gr(Wk=%) ®d>z, elements written as >, fid>* 'z, I = {i1,...,i,} are said to be
(0o — p)-forms and denoted by ¢>°~P, etc.. Then we define wedge product of p-form
or (0o — p)-form and (co — g)-form by (9), (10) and

PP NPT =0, (12)
S e G N Y (13)
PO PP = (_1)(1/*!1)17(1)1) AY®TI 1= efm" (14)

when W* is a complex vector space. Here v is arbitrary and need not assume integrity.
While if W* is a real vector space, we need to assume integrity of v(cf. [5]).

Definition. The algebra Gr(W —*+0%) & Gr(W*~%) ® d*°z with the wedge product
defined by the rules (9), (10) and (12) - (14) is said to be the Grassmann algebra with
oo -forms and denoted by Gr> (W —*+0),

Note. Commutaion relations (13) and (14) are same those of generators of non-
commutative torus (or matrices algebra) when v is not a rational number (or a rational
number) (cf. [12]). We ask are there any relation between Grassman algebra with
oo-forms (or Clliford algebra with oco-spinors, which is defined by the same way ([5]))
and noncommutative torus (or matrices algebra) (cf. [7]).

3 Exterior differential of (co — p)-forms

Similar to the finite degree forms exterior differential of an (oo — p)-form Y f;d>*~ 1z
is defined by

A frd> ey =Y dff Ad> e, df =) %dxn. (15)
T I n=1_~"
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But since

d( Z fi1,<..,z‘p+1doof{i1 ----- ip+1}x)

D1y nipt

p+1

= Z (Z Z (—1)3’719 8f7;1,-4.77;]‘;87;;7;16‘#1,-4.77;;))dOO{il,,,,’ip}x’

i1ty k=01, <j<ig41

where 75 < j < 4 and i, < j < ipy1 mean j < iy and i, < j, respectively, dp>~P
diverges in general. We say ¢>°P is exterior differentiable if d$p>°~P converges.

Note. ¢~ is expressed as alternative function f(x) = f(x,21,...,2p) : WF —
Wk, Denoting Fréchet differential of f by df, df is given by

df (x, 21, ..., p_1) = (—1)p_1trcff(ac, TlyeeyTp_1,T).

So to define df, we need to assume d f to be a trace class operator. This is a coordiante
free definition of exterior differentiable form ([3]).

Theorem 1. An exterior differentiable (co — p)-form is exact.

Proof. Since Theorem is true if p = 0, first we prove Theorem for (co — 1)-form
¢ =3 fod>~ 1" 2. First we note that if ¢ is exterior differentiable, then there exists
a constant M > 0 such that

N of

-t XZE <M 16
DS AR (16)
for all N. The equation ¢ = dyp, v = >, gn,n+1d°°_{"’"+1}a: is equivalent to the
system

_ agn—l n 8911 n+1
_ _ )2 n _ 9Yn, —f > 9. 1
fl? ( ) ( 8.%“,1 8$n+1 ) f ? n - ( 7)

a91,2
8332

A solution of this system is given by

x1 Tn+41 a n—1.n
gi2 = / fidt,  gnny1 = / (=)™ f + Q)dt.
0 0

8xn+1
Since
xro a /wz /wg ) afl
= — o+ — dr)dt = —fa+ ——dT)dt,
ma= [ (hot g [ hinie= [Cens [ 5
we get
0g2,3 /w?’ Of:  0f1
—=C = ——= 4+ —)dt.
(91'2 0 ( 6.’1}2+8{L‘1)
We assume

a n—1l,n o L P — a i
In_1, :/0 (-1 1872)&. (18)

833n_1 =1
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Then, since

Ty n—1 )
Bt _ (yptgy St iy [T e a
0

8.’£n+1 &rn,l =1 8951

we obtain

8 n n 8 n,n
CIALNEE (1) fgy + oL =

8l’n+2 85571
— (1) L x”nil_ i19fi
= DYt g [k [0
_ (1) Ty i1 9fi
~ Ve [ (o gt

Hence we get Ognn+1 = /%H(i(—l)i_1 0f; )dt. Therefore (18) is hold for any
6:Cn 0 P (91'7

n>1.
If ¢ is exterior differentiable, we have

| OGn, N+1

| S [T M, (19)

by (16). Since 3 |7,]? < 00, 3" gnnr1d® """+ 12 converges by (19). Hence THeo-
rrem holds if p = 1.

Let p > 2 and J = {j1,...,Jp}, 1 < -+ < jp be a set of natural numbers. We
give the lexicographic linear order to the set J. Let J' be the set {ji,...,jp—1} and
write an oo — p-form ¢ as follows:

6=>" > fad= i, (20)
J' i>jp1
Then formally d¢ is given by
o = S (X QI o p o=t
7 ke 9Tk

_1\j+p Jr goo—{J",5}
+ E (-1) “ow d x.

j>jp—1

Hence if ¢ is exterior differentiable, there exist constants M > 0 such that

PEIEEINSY (21)

T
J<N Oz,
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for all N > j,_1. The following sum also converges.

5 /
ZZ f{J a}_ -
Let ¢ be an (0o — p — 1)-form such that dy = ¢ and
”’ZZ Z Q{J/,i,z‘+1}d°°—{J’7i,i+1}x.

Ji>ip—1
Then, since

wo= (Y @Bk

ox
' k<jp_1,k@J’ k

+(—1)Fr=17 p+1ag{J Jp—1+1,jp—1+2} )d>~ {J"dp—1+1} ) +

Oj, 112
* Z 1)7+P( 091s7i+1.5+2) ag{J’,jJ’H}))doof{J',jH}xa
J>jp-1+1 Oj 2 0% 42
it must be
OG5 g 1
Frgpary = (> i%w
k<jp—1,kZJ’ k
+(—1)j’“*1_p+1ag{J’vjp71+1,jp72+2} (23)
8xjp—1+2 ’
frrgy = (*1)j+p(ag{‘]l’j+l’j+2} _ ag{Jﬂj,jJrl}) (24)
{77.5} T 5 ’

where j > j,_1 + 1, in (24). Since the right hand side of (23) is a finite sum, we set
69{J’,kp_ +1}
Ftprty = gy = Y, 42t
k<jp—1,kgJ’ k

Similar to the case p =1, gy j 41}, J > Jp—1 + 1 are determined by
r7p 1+1
9T Gpor+Lgpat2} = /0 Feorgpa1ydt,

zj+1 . ag T i1 ) )
9L gg+1y = /0 (=17 P (frr gy — %)dt, J>gp-1+1
J

Then by (21) and convegence of (22), 1) converges if ¢ is exterior differentiable. Hence
we have Theorem.

Note. Theorem 1 shows d? # 0 on the space of (co — p)-forms. For example, let
¥ be S(1 - 1/2”)xnxn+1d°°*{”’”+1}x then

dp = (-1 d°° hy, d?p = —d>®z £0.
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Since we have d(f¢) = df A ¢ + fdp, where f is a smooth function, we obtain
P(f¢) =d>f Ao —df Ndp+df Ndp+ fd°¢ = fd>o.
Hence by induction, we get

&Er(fg) = fdg, (25)
Er(fY) = df Ad+ fdH. (26)

If ¢ = dip, then ¥ is exterior differentiable. Hence 1 = dv for some v. That is
¢ = d?v. By (25), by using smooth partition of unity, v exists globally. Hence if an
oo — p-form ¢ is exterior differentiable, then ¢ is globally exact.

4 Regularized exterior differential

We have defined the action G* to the spaces W*, etc. ([6]). We also define
GsGt : GsGten _ ’uflﬂzw,en. (27)

G*S" acts on the space of infinite differential forms if s and ¢ large. Explicitely,
we ahve

. ) . sut spt 22 ot ) .
GSG doo—{zh...,zp}x _ ,Uf,'ull o /ivﬂlp H ujﬂj doo_{“"“’sz~ (28)

1 p
Jj=1

oo
t
Since Ray-Singer detrminant detG is the analytic continuation of H unt tot =0,
n=1

we have by (28)
Gstdoo—{i17,,.,ip}x|t:0 _ Nfl . ~pr(detG)_sdoo_{il"‘”ip}x. (29)

Here |;—¢ means analytic continuation to ¢ = 0. For simple, hereafter we use the
notation

GS’*¢ _ Z fIGSthmilﬂt:O, ¢ _ Z fldoofll,' (30)
I I

Definition. We define the regularized exterior differential : d : ¢ by
2d: ¢ =d(G¥"P)|s=o0- (31)

Note 1. We may ignore the factor (detG)?® in the definition of G**¢, because we
are working on a flat space. If we work on a curved space, this factor might have
meanings.

Note 2. We may define regularized exterior differential for finite degree forms.
But in this case, we have : d : a = da.
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Example. Let w be > (—=1)""1d>* 1"}z, Then dw diverges. But, since
G (@) = 30 (1) (et G) "y,
n=1

we have

td:w = ((G,s)(detG)°d™x|s=g = vd™z.

Similarly, we obtain

id: (rw) = (a4 v)d®z, r= \/Zx%. (32)

Especially, : d : (r~"w) is equal to 0 as expected.

For simple, we denote G**w = w(s). w(s) is exterior differentiable if s > d.
Formally, we have

wls) = ds), 0(s) = D=1 )™ e,

¥(s) converges if s > d/2. Therefore w(s), d > s > d/2, is not exterior differentiable,
but exact. In other word, the space of exact (0o — p)-forms is wider than the space of
exterior differentiable (0o — p)-forms.

By definition, we have G5*(G4*¢) = G*T4* ¢, we have
LA (d 6) = 2G| o,
Hence to define : d™ : ¢ by d™G**$|s—o, we have
cd™ = (0d )™ (33)
In [3], we defined formal adjoint ¢ of d by
SuP = (=1)P s« LdsuP, 66> 7P = (=1)P " P dx p>P, (34)

where * is the Hodge operator defined in [2]. By (34), we define regularized formal
adjoint of d by

20wl = (=P dxul, 1 5: 9P =(=1)P+"P  d: x>, (35)
Then we have
AN =1dudi4:0ndy, (36)
where : A : is the regularized Laplacian defined in [6].

Note. Theorem 1 shows we can not expect to get de Rham theory by using
(0o — p)-forms. Precisely, denoting the spaces of (oo — p)-forms, exterior differentiable
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(0o — p)-forms and closed (0o — p)-forms on U, an open set of W*=0(finite), by
CP(U), £°7P(U) and B>*~P(U), respectively, we have

CoP(U) D dEX~PHD(U) S £%7P(U) D BXP(U), (37)
dg>>~ P = gt (1) /B~ D (). (38)

We also denote £° P(U), 1 < k < p, the space of (co — p)-forms on U such that d”
is defined. Then we have

EXNU) = &7 (U) = dgg” (W),
4>~ (U) fe7P(U) = der*™ T (U) /€57 (),
In general, since BP(U) C £°7"(U) for all k, we get
dgljo—(P-l-l)(U)/dggj_;(l)-ﬁ-l)(U) _ g;o—(:l"Fl)/gljiz(P-&-l)(U).

On the other hand, we have £ %(U) = dé',:i_l(qul)(U), k > 2. Hence to denote
dgo— ) () /£%°=P(U) by F>~P(U), we obtain the descent formula

FooP(U) 2 g0 PR gpe ) (1) (39)

We also introduce the kernel space B;" *(U) of d*. Then by the map ¢ — d*¢,
we have

BTt (U) = By P (U) /BT (U), (40)

m—k
(39) and (40) may have relation to de Rham complexes with d = 0 (cf.[7]).

By using regularized exterior differential : d :, we define the spaces 7,7 (U),
B2-P(U) and By, P(U), similarly. By definitions, £ 7(U) contains B P(U) and

reg k,reg reg reg
pd s E3, PIO(U) 2 £ PV /B, PO, (41)
pdb s BY TR (U) = Bk (U) /B (U). (42)

But the relation between : d : ngg_(pﬂ)(U) and £25P(U) is not known.

5 Regularized integral of (oo — p)-forms

To define regularization of infinite dimensional integral on a qube domain
Qa) = {anen,km <z, <a,}, a=(a1,as,...),

contained in W*=0( finite), we use fractional integral

Cf@dr = = [ (a— ) @),
| w
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(cf. [4], [13]), and introduce the following operation.

n—oo

)~ rean [0 [

(T4 c) fdx)---dnta)dora, (43)
0

t

where ¢ = (c1,¢a,...). We denote ((G, s G?) instead of ¢ if ¢; = ui”tl, co = py?, and
so on. Then in [4], the regularized integral [ Q(a) fd®> : x : was defined by

fa s = (55 (Pleco)lmo. (44)
Q(a)
Q(a)
Here f is a function on @(a) with suitable regularity. For example, we have

1d>*:z:=|]an;: (45)
o 1

where : [] a, : is the regualrized infinite product defined in [4].

Note. For simple, we set

G,s a,s¢"
S (D =155 (Dli=o. (46)
Then we have
o )fdoo twi= g (F)s=o- (47)

This was the definition of fQ(a) fd®>® :z:in [4].

We apply this regularization procedure to justify physicists’ calculation of the
pathintegral

. 1
e 2@ Dr) Py — . 48
/H vdetD (48)

Here D is the positive nondegenerate selfadjoint elliptic operator whose Green opera-
tor is G. The proper values of D are ul_l, u;l, ... Since limy,_, pn, = 0, we assume
1>p > pe>...>0, for simple. Then we have

lim ¢((G,s)=0. (49)

§— 00

Since e~ 27(®:D) — He_“n12”" to compute : I g(c;,)s) (f), we need to compute

+ ,LL -1 2
A\ T Pn) 1e W, 2mxy dl‘n
0

bn
= p*n / o 727@ d€7 b, = M O -
0
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Since .
i, [ (b e 2 = o2
§— 00 0

lim : 1 S(G)g) (e~ (@D exists, if S ane, € H™.

Let detD be the Ray-Singer determinant e ¢ (P%) of D. Then, since —('(D, s) =
—('(G, s), we have

i 1
1} i) v (50)

Hence to derive (48), it is sufficient to show
%) b, ‘ ,
lim H qu(Q/ (bp — zp)"n " re 2™ ndp,) | = = 1. (51)
b, —00 0
n—1
b,’s may tend to oo independently. But for simple, we set b, = ruf,. Then, since

bn )
lim hm Ly 2/ (by — &) Le 2™ ndy = 1,
0

r—oo s—0

to get (51), we need to take ¢ > 0. This shows to derive (48) according to the
regularization procedure proposed in [4], path integral should be taken on W—d/2=c,
c > 0 is arbitrary.

Since 2 [ exp(—2ma2)dx = 1 and limy_q 5, (b, — x)*»~! = 1, to show (51), we
need to evaluate 1 — p (b, — x)"»~'. We note that

log((by — 2)"» )= (u, — Dlog(by — ), wf—1=Y (og pn)™

Hence (b, —2)"»~!—11is a power series " | ¢, (slog u,)™, where ¢,y is a polynomial
of log(b, — x). If b, = ru&, then changing & = z/u’, we may set

cm(log(by — ) = iy, cm (log(r — &) + clog ).
Precisely saying, our regularization procedure is consisted by the following two schemes

t
— S s __ , SHp
1 _:un|s=07 My = Hn

t=0-

Acording to these schemes, we replace [[(c,) by [] 1 (c,) and rewrite

o0

H pien = [T (s = (5 = ien))-

n=1

To show the convergence of this infinite product, it is sufficient to show the conver-
gence of 3 us (1 — ¢,). Then, since (") (G, s) = 3 (log j1,)* 11, we have

oo m

315 (b — )" Zcmk log 7 (s*¢™ (s + €))) + O(—

=1k=1

); (52)

-
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if x, < 4/r. Since
2 1
/qrtrr(r — ) e T g < —poTleTT,
c

S
these estimates on x,,n = 1,2,... are sufficient to derive (50). Hence we can apply
analytic continuation of (G, s) and may conclude (51).

Note. Regularized integral can be dfined for (co — p)-forms. For example, let S
be the sphere (or ellipsoid) in W*=0( finite) given by

ST nea)? =1, Y wnenn € WEO(finite). (53)
n=1

We consider regularized integral of w = >2(—=1)""'z,,d>~{"} 2 on §%. For this pur-
pose, we set

@) = |3 )z N=12,
n>N

Then we have

i s
w=zd* Mg+ Z #dmf{l}x — def{l}x,
n>2 M1 71 Z1

on §°°. Because Y. u. 4w, dx, =0 on S.
If (x1,22,...) € S, then they satisfy

—uy P =11 (@) < a1 < PV =11 ()2,
—ug/zvl —ro(x)? <z < Mg/z\/l —ro(z)?,. ...

Hence calculation of regularized integral of w on S is reduced tothe calculation of

d/2 d/2
_ . N “rN () py'ri(w) 2:“‘11 . .
lim D1+ p) e —dM"izy - 2d" V. (54)
N—o0 nEN 0 0 Iy
Since we get
1l 2y (z)
/ Tn—1(x)d%x
0
/2 () cfe=1)---(c—m —dm .2
n — ce — _|_ 1)# x
— (& _1 n n m da
[ @Sy Pt )z

clc—=1)---(c—m+1)(2m)!
_ —1)y™ (d/2)a - a
Z( ) m!T(2m +a+ 1) (),
by binary expansion. Hence computation of (54) is reduced to the computation of

12 ()
L+ Hi)/ P () TP i g (55)
0
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Since we have

m!l'(2m+a+1)

m=0

i(_l)mc(c —1)---(c—m+1)(2m)!
j
(a) Jo

_ - ' _ pya—1 _ 42\c
- - )/(1 £Ha=1(1 — £2)dt,

computation of the integral (55) is reduced to the computation of this last integral.
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