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Abstract

A.M. Naveira classified ([2]) the Riemannian almost product structures, in
64 classes (invariant under some action of the orthogonal group). We extended
([6]) this classification to the semi-Riemannian almost product manifolds, where
the invariance is considered with respect to the pseudo-orthogonal group. A key
tool is to study symmetries of the covariant derivative of the almost product
tensor fiels, using the Levi-Civita connection.

In this paper, we describe how similar classifications arrise when, instead of
the Levi- Civita connection, we use only metric connections (eventually with
torsion).

Particularization for the Lorentzian framework is also provided.
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1 Introduction

The human sense of order (fighting against entropy) produces an endless need for
classification. Usually, the geometrical structures are too weak to produce strongly
enough invariants, in order to lead toward final classifications (up to an homeomor-
phism, diffeomorphism, isometry, etc). So, the classification processus gets a broader
and less ambitious goal: to define (and discover examples of) more and more specific
families of manifolds, as new living species waiting for a further ” Linné classification”.

In [2], Naveira classified the Riemannian almost product manifolds in 64 classes,
using the symmetries of a tensor associated to the almost product structural field,
covariantly derived with respect to the Levi-Civita connection. With some minor
changes in proof, we extended this classification for arbitrary signatures [6].
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For the sake of completeness, we give here (§2) the sketch of that proof, with
emphasis on the differences produced by the arbitrary signature.

Then, we refine the respective result: first, we remark that we can extend the
framework to arbitrary metric connections, instead of torsion-less (Levi-Civita’s) ones.
The classification result is the same. This shows the classification is invariant not only
with respect to a canonical product of semi-orthogonal groups, but also within the
class of metric-connections.

Finally, we particularize the previous context to Lorentzian almost product mani-
folds (§3). Here, we prove also a new existence result: on any non-compact {-manifold.
there exists a Lorentzian almost product structure belonging to the Naveira class (F,F).

2 Naveira-like classification of semi-Riemannian
almost product manifolds

Let (M,g) be an n-dimensional semi-Riemannian manifold, of index v, and P an
almost product tensor field on M, compatible with g; so, P is a (1,1)-tensor field.
satisfying P2 = Id and g(PX, PY) = g(X,Y), for every X,Y € X(M). The triple
(M, g, P) is called a semi-Riemannian almost product manifold. We denote by D
and D+ the global, orthogonal, complementary distributions associated to the P-
eigenvalues 1 and (—1), respectively. We denote the corresponding projectors V =
(Id— P)/2 and V+ = (Id + P)/2. We have the obvious relations

D=KerVt | Dt = KerV

VoVt=vViov=0, V4+V+=1Id

In each point p € M, the subspaces D, and D+ are nondegenerated with respect
to the induced metric. Denote their signatures by v, and vs, respectively. Denote
n; = dimD, and ny = dim‘D#. We have ny +ny =n and vy + vy = v.

Remark 2.1 (i) The almost product structure invariates the causal character of vec-
lors (transforms spacelike vectors into spacelike vectors, eic). The structural group of
the manifold is Oy, (n1) x Oy,(n2), where the factors are pseudo- orthogonal groups.

(i) The (0,2)-tensor field ®(X,Y) = g(PX,Y) has the symmetry properties

(Vx®)(Y,2) = g((Vx P)(Y, 2)
(Vx®)(Y,2) = (Vx®)(Z,Y) , (Vx®)(PY,PZ)=(Vx®)(Y.2)

(ii) In a fized point p € M, the tangent space T,M is endowed with a scalar
product of signature v. The properties of V® are those of a 3-times covariani ien-
sor, with the previous symmeiries. The set of all these tensors admits an invariant
decomposition under the action of O,,(n1) x O,,(n2), which will be exposed next, in
a purely algebraic framework ([2], [6]).
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Let 7 be a semi-euclidean vector space, endowed with a scalar product <,> of
signature v. Let P be an involution of 7, 1.e. P? = Id. Suppose dimT =n; V and H
two orthogonal subspaces of dimensions n; and nj, corresponding to the eigenvalues
(—1) and 1 respectively, such that T'=V @ H. The restrictions of <,> on V and H
have signatures v; and v» respectively. (In these conditions, it follows that V and H
are non-degenerate subspaces with respect to <, >).

We denote by a, b, ¢, ... € {1,2,...,m} ; u, v, w, ... € {1,2,...,n2}; 4, j, k, ...
€ {1,2,...,n}; A, B, C, ...”vertical” vectors in V; X, Y, Z, ... "horizontal” vectors
in H; K, L, N, .. arbitrary vectors in T. We denote 7™ the dual space of T and

W={ac€(T")°|a(K,L,N)= a(K,N,L) = —a(K, PL, PN)}

the subspace of 3-linear applications with the same symmetries as V®. The relation
a(K,L,N)= —a(K,PL,PN) is equivalent to

(1) a(K,A,B) = a(K,X,Y)=0

Let {ei};o17 = {e1,-s€nss J1, o fna} (50 fu = enypu, for u = 1,ny ), an or-
thonormal basis for T', where {es}, is an orthonormal basis for V and {f,}. is an
orthonormal basis for H, with respect to the induced scalar products. We define the
applications

n,

(%))W ST, o*(K)=)  ofes,eq,K)

a=1
o*(K) =) olfu, fu, K) , a=a"+a"
u=1

We have a*(A) = a?(X) = 0. On W one defines a (positively defined) scalar product

n

(2) (o, 8) = Z (e, ej,ex)B(ei, e, ex)

i,d,k=1

Lemma 2.1 The space W decomposes as orthogonal sum W = W* 4+ W", where
W=WweW,eWs , Wh=W,e W Ws

and

Wi ={a€W|a(4,4,X)=aX,Y,A) =0}

We={aeW|a(A,B,X)=a(B,A,X), a"=0, «X,Y,A) =0}
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Ws ={a € W |a(4,B,X)= < A,B>a’(X) , o(X,Y,A) =0}

n — 21/1

Wo={aeW|a(X,X,A)=0a(A4,B,X)=0}
W5={O:€W|C!(X,Y,A):0!(Y,X,A) ) o= ] Cl'(A,B,)f):O}

1
ng — 2V2

We={a€eW)|aX,Y,A)= < X,Y > a"(A) , e(4,B,X) =0}

Moreover, for ny, ny > 1, these subspaces are invariant and trreducible under the
action of O,,(n1) X O,,(n2).

Remark 2.2 (i) By convention, when ny = 2v,, the expression =0, and the

same is true for indez v,.

ﬂ1—?b‘]

(ii) The group O,,(n1)x0,,(n2) acts on VA H and this action extends canonically
on V*@® H”, then on W.

(iii) When ny = 1 and na > 1, there are only 4 invariant subspaces
Wi=We=Ws , Wy , Ws , Ws
A similar siluation occurs when ny > 1 and ny = 1. If ny = ny = 1, there are
only two invariant subspaces.

(iv) In the Riemannian case, the lemma was partially proved in [2]. We give h.erc
a complete proof in the general semi-Riemannian case. ;

Proof of the Lemma 2.1. Due to the property T'= V @ H and to the relation (1),
we obtain the isomorphisms

3) W= @V ' QH =V ' QV' QH" + H* @V Q@ H"

We denote the first and the second term with W? and W" respectively. So, W =
W +W?". One knows ([1], p.45) the following property: if E is an 7-dimensional vector
space, with scalar product of signature u, then £ x E decomposes into irreducible
components under the action of O,(r), as

EQE =A’E® SO’E & Ag

We denoted A2E the subspace of skew- symmetric tensors, SO’E the subspace of
trace-free symmetric tensors and Ag the line spanned by

n
Z e ®e;
i=1
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where {e;};=;, is an orthonormal basis in E. If we identify the elements in £ x E
with the bilinear forms on E x E, then a € Ag if and only if

<K,L>Tra

1
oK, L) =

using the convention from the previous Remark 3,(i). Back in (3), we obtain

V'QV'QH" =AV*'QH" +SO*V*Q@H'+ Ay-® H"*

H" QV*'@H =ANH'QV*+SO’H*Q@V" + Ay. @ V"
The wanted decomposition of W follows from the notations

Wi=AV"QH , Wo=SO*V*®@H* , Wa=Ay-® H"

Wi=AH*'QV* , Ws=SO’H*"Q@V* , We=Ay- V"

The dimensions of the subspaces are

dimW, = %ﬂ}ﬂg(ﬂ] -1) , dimW, = -;—(nf +n; —2)n, , dimWz = n»

(4)
. 1 2 1 , :
dimW, = Enlng(ng -1) , dimWs = 5(112 +ny—2)n; , dimWg =n,

and dimW = njna(n; + ny). The subspaces W; , i = 1,6 are mutually orthogonal,
with respect to the scalar product (2) induced on W. For example, if « € W, and
B € W5, we calculate

(arﬁ) = Z Zla(ef:ej:ea)ﬁ(ei:ej:ea) =0

i,j=1la=1

due to
a(X,Y, A) = B(X,Y, A)

and for i # j

a(eiej,ea) =0, Blei,ej,ea)a(ei, ej,es) = —P(ej, €i,ea)a(e;, €, €a)

A simple check establishes the identity between the classes in (4) and those from
the lemma assertion. Rests to prove that the decomposition is irreducible and invari-
ant under the action of G = 0,,(n;) x O,,(n3) on T. The invariance is evident. The
irreducibility will follow from the next three assertions:
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(i) The vector space of real homogeneous G-invariant polynomials is spanned by
products of traces ([1]).

(ii) If W is a G-invariant subspace of T', then every real homogeneous G-invariant
polynomial on W is a linear combination of products of traces.

(iii) The vector space of G-invariant quadratic forms on W is spanned by ||a sl
Ai(a), Jle®|l?, ||lezll?, A2(a) and ||a?||?, where a; and a; are the components of a in
W and WP, respectively, and

Al(a)= Z Z: a(ea,,ea,,eu,)a(ea,,eal,eu,)'

ay,a2=1u;=n;+1

ni n
A?(a) = Z Z a(eﬂneuh edl)a(eﬂza €uy, eﬂl)

ay=1u;,uz2=n;+1

This space has dimension 6 if ny,n2 > 1 ; dimension 4if n; =1 and no > 1, or
n; >1and ny =1 ; dimension 2if n; =ny = 1.

The assertion (ii) is a consequence of assertion (i). Due to this second assertion,
the only non-vanishing products of traces on W are

1
Z a(€ay;€ass €uy)(€ay 5 €as, Eu;) = 5"("'1”2
Z a(eﬂl 1€ag1 €uy )c‘(eam €ay5€u, )= Ar(a)
2 a(eﬂl 3 eﬂl 3 eul)a(eﬂn 3 eﬂzl eﬂ:) = ”av”?

1
Z: a(c!h y €uq,y eda)a(euz y €ug, EG:) = 5”“2”2

Z: a(e"l y €uy;s eﬂl)a(euzs €uy, eal) = A2(a)

Z a(eul s €uy ;s Cu, )a(eﬂn 1 €ug, eﬂl) = ”‘:!h'“2
where a;, a; sum from 1 to n; and u, up sum from (n; + 1) to n. Assertion (1) 1s
proved.

On another hand, to each irreducible component of the G-representation on W
corresponds a symmetric invariant bilinear form, which vanishes on the remain-
ing irreducible components. So, the number of irreducible components of the G-
representation on W is lesser or equal the dimension of the space of quadratic forms
which are invariant under this representation. For the ” general position” (n;, ns > 1),
this dimension is 6. We conclude that, in this case, the subspaces IV, .... W are
irreducible under the G- action. O



Classification of Semi-Riemannian Almost Product Structures 249

Remark 2.3 (i) We return 1o the initial setling from the beginning of the paragraph.
We say that a semi-Riemannian almost product manifold belongs to the class W; if,
in each point, V¢ belongs to the subspace W;. In the same manner we define the
belonging to the classes W; @ Wj, elc. "Degenerate” cases correspond to the subspaces
{0} (when the almost product structure is parallel with respect to the Levi- Civila
connection) and W (when the structure is in the “general position”). We remark that
this classification (which we call "Naveira-like”) do not contain disjoint classes only
(for ezample, W; C W; @ W; ). Moreover, the "generic” class W contains structures
with poor information content.

On another hand, almost product structures ezists, which in different points be-
long to different classes; these structures are not under the incidence of the present
classification.

(ii) Consider the couple of distributions (D, D1) characterizing the almost prod-
uct structure. We shall describe the 64 classes of almost product semi-Riemannian
manifolds in terms of the properties of this couple. First, we need the following

Definition 2.1 (/2]) The distribution D belongs to the class
(F) (foliation) if it is completely integrable.
(D1) if (VAP)A=0, for any A € D.
(D3) if «*(X) = 0, for any X € D.
(Ds) if ((VaP)B + (VeP)A = ;—25-g(A, B)a*(X).
(F:) if D has the property (F) and (D;), i =1, 3.
(B) if there are no retrictions for VP.

In the same manner one defines corresponding properties for D+.

Theorem 2.1 The 64 classes of semi- Riemannian almost product manifolds may be
characterized through the properties of the couple (D, D), as follows: to each class
corresponds one and only one of the couples (Py, P;), where D has the property P,
D* has the property P, and Py, Py € {(0),(D,),(D2),(Ds), (F), (F1), (F2),(F3)} .

The proof is similar to that in the Riemannian case ( [2]) and will be skipped.

Remark 2.4 (i) The previous classification contains 64 distinct classes. In the Rie-
mannian case ([2]), due the "symmetry” betweem D and D*), the pairs number may
be reduced to 36. For arbitrary signatures, this reduction is not possible.

(11) All the previous constructions and results do not depend on the torsion of V, so
they may be extended without any change to arbitrary metric connections on (M,g).
The new Naveira-like classifications will be the same as the previous one; this fact
proves that classification is invariant, not only with respect to the pseudo-orthogonal
group, but also with respect 1o a change of the linear metric connection.

In the next section, the Theorem 2.1 will be particularized for the Lorentzian
almost product structures, in order to obtain a classification of the latter.
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3 Refinement for the classification of the
Lorentzian almost product structures

Consider (M, G) an n- dimensional Lorentzian time-oriented manifold. Let X" a time-
like, unitary, future oriented vector field on M (its existence is ensured by the time-
orientation). Denote by D the timelike distribution spanned by X, and by Dt its
orthogonal complementary distribution; then D+ is a spacelike distribution of rank
3. To the pair of complementary distributions D and D+, with corresponding pro-
jectors V, resp. V+, we associate a Lorentzian almost product structure on M. as
a particular case of the construction in §2. This structure will be called the canoni-
cal Lorentzian almost product structure associated to the triple (M, g, X). With §2
notations, ny =1, na=n—-1L,yy=v=11n=0.
We are now able to exploit the results from the previous paragraph.

Proposition 3.1 [6] For the canonical Lorenizian almost product structures. the
Naveira-like classification contains the classes (D, D), with the properties:

(FlaFl)s(FlsF)!(F;Fl)s(FvF) ifn2=1

De{(F),(F)} , D* € {(F),(Dy),(F;),(8):i,i =T1,3} if na>1

Proof. When n; = 1, from the Remark 3, #ii follows that D belong to two classes
at most. Being 1-dimensional, D is completely integrable, so it has the property (F),
or (Fy) if it is also parallel. When n; = 1, similar situation occurs for the distribution
DL, .
If ny > 1, Theorem 6 implies that D+ may have any of the ennounced properties
(a total of 8 possibilities). O

Example 3.1 (i) Minkowski spacetime, with the natural Lorenizian almost product
structure belongs to the class (Fy, F).

(11) A Robertison- Walker spacetime ([3]), with nonconstant warping function. be-
longs 1o the class (Fy,F). '

(iii) A Schwarzschild spacetime ([9]) belongs to the class (F,F). This fact admits
as generalization the following

Theorem 3.1 [6] On every 4-dimensional noncompact differentiable manifold, there
ezisis a Lorenizian almost product structure of class (F,F).

Proof. We know there exists on M a global nowhere vanishing vector field X.
Denote by D the 1-dimensional distribution spanned by X. Consider D’ a comple-
mentary distribution of D (eventually, one may construct D’ by taking an arbitrary
Riemannian metric g and defining D’ as the orthogonal distribution of D, with respect
to g).
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Under these hypothesis, from [4] we know there exists a 3-dimensional foliation
D” on M (even homotopical with D).

Let E be a complementary distribution of D”. The couple (E,D”) admits a
canonically associated almost product structure P and (many) Lorentzian metrics §
such that E and D” be orthogonal with respect to g. Then, the manifold (M, §, P)
is a Lorentzian almost product manifold of class (F,F). O
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