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Abstract

The aim of this paper is to determine the characteristically Nilpotent Lie
algebras of the Nilpotent Lie algebras of dimension eight with maximal abelian
ideal of dimension four.
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1 Introduction

Let g be a Nilpotent Lie algebra of dimension eight over a field K of characteristic
zero with maximal abelian ideal of dimension four. The purpose of this paper is to
find out which of these Lie algebras are characteristically Nilpotent Lie algebras. We
refer to the classification of the Nilpotent Lie algebras in [4].

The whole paper contains three sections each of them is analyzed as follows.

The first section is the introduction.

Basic elements of Lie algebras are given in the second one.

In the third section we determine the characteristically Nilpotent Lie algebras
using a combination of a computer program and the Mathematica software package
and the corresponding representation matrices of the derivations. In this case we have
used a special theory of Lie algebras.

2 Basic elements of Lie algebras

We shall give some basic notions used in this paper. Let g be a Lie algebra over the
field K of characteristic zero of dimension n. It is known that from this algebra we
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can form the following sequence of ideals of g:

C%9=g, Clg=lg,9,...., Clg=]g,C1 g, .., (1)

which is called descending central sequence.

If there exists an integer ¢ > 2 such that C%g = {0}, then the Lie algebra g is
called Nilpotent of nilpotency gq.

A linear mapping f on g is called derivation, if it satisfies the relation:

flz,yl = [fx,y] + [=, fy], Vz,y€g.

The set of all derivations f on g is denoted by D(g) and is a Lie algebra.

The Lie algebra g is called characteristically Nilpotent, if the Lie algebra D(g) is
Nilpotent.

Characteristically Nilpotent Lie algebras were defined in 1957 by Dixmier and
Lister in [2].

A derivation f on a Lie algebra g of dimension eight is a linear mapping such that
its representation, with respect to the base {ej,...es} of g, has the form:

ail G2 @13 A4 Q15 A6 @17 A18
a1 Qa22 G23 (24 425 (26 (27 A28
asz; azz2 asz as4 azs Gz a3z7 438
A= a41 Q42 (43 Q44 Q45 Q46 A47 048 (2)
as1 Q52 As3 A54 A5 G56 457 A58
a1 Ge2 Ae3 Ae4 A5 Gee A7 68
ar1 Q72 ayz A4 Qrs  Gre Q7 A7s
ag1 ag2 Ag3 Ag4 (g5 (ge Ag7 4gy

The vectors {eq,...eg} are represented by the matrices:

e = €9 = eg =

_— o0 O oo o oo

OO DD OO OO

SO OO O OO

If the matrix A is Nilpotent, then the Lie algebra g is characteristically Nilpotent.
If we apply the derivation f on the Lie brackets of g, after some calculations, we
obtain a linear homogeneous system with the unknowns a;;, 1 <1i,5 <8.
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3 Representation matrices of derivations
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In order to find the representation matrices of the derivations corresponding to the
different Lie algebras we develop a computer program and then combine it with the
Mathematica software package.

The program has been built taking under consideration all properties of deriva-
tions of Lie algebras and creates the systems whose solutions give the representation
matrices of the corresponding derivations.

We have used the Mathematica software package in order to solve the systems and
to create the representation matrices of the derivations.

The Lie algebras which we examine are the following:

g3 :

g4 :

gs -

le1, e2] = kizer le1, e3] = kages + kazes
le1, eq] = ksoes + kazes + kazer le1,e6] = es
g1: lea,e3] = ksaes + kazeg + kyzer le2, eq] = ksies5 + ksaeq
le2, e5] = esg le3, es] = kezer + kpaes
les, e6] = e7 lea, e5] = e7
le1,e2] = e3 le1, e3] = kizes — 2ks2e7
le1,es] = —ksoes + koseg + kozer  [e1,e6] = es
g2 [e2,e3] = kgres + karer le2, €4] = kares + kazer
le2, e5] = es les, eq] = kszeq
[637 65] = €3 [647 67} = €3
le1,e2] = e3 le1, e3] = kizes — 2ks2e7
le1, e4] = —ksoes + kageg + kazer le1,e6] = es
le2, e3] = kaier le2, e4] = kares + kazer
[e2, e5] = eg le3, e4] = ksze6
[e3, e5] = eg lea, e5] = er
[643 67] = €g
le1,e2] = les, es] = ksaeg  [e2,e5] = eg
le1,e4] = —]€54€6 + kases les, e5] = esg [e2, e6] = esg
le2, e3] = ksaesg le1,e3] = kiaes  [es,es] = er
le2, eq] = kazer + kages le1, e6] = e7
le1,eq] = ki2es + kizer  [e1,e3] = ey le1,e2] = e3
le2, e3] = kaseg + kases  [e1,e7] = es le1,e6] = €7
les, eq] = kaaes le2, e5] = eg les, e5] = e7
le2, e4] = kaaer le, e5] = esg
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g6 -

ar -

g8 :

g9 :

gio :

gi1 -

g12 -
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+ kis€8

le1,e2] = e3 [e3, e6] = esg
le1,eq] = kares + (ka1 — ks3)es le1,e5] = er
le2, e3] = kazes + kazes le1,e7] = es
le3, e4] = kszer le2,e6] = €7
le2, e4] = kares + kaoes + kases les, e5] = e
le1,e3] = (ka1 — 2ks3)es + kaoes + kizer
e1,e2] = —es le1,e3] = —ey le1, eq] = k11es + kyger
e1,es] = eg le1, e6] = e7 le2, e3] = —k3zes + kazer
ez, e4] = kszer [e2,e7] = esg le3, e4] = kases
es3, eg] = eg [ea, e5] = eg
le1,e2] = e3 ler,e3] =es | | = (k33 — kaa)es + kizer
le1, e6] = er le1,e7] = es  [e2,e3] = kszes + kages
[e2, e4] = kzzer le2,e5] = €6 [e2,e6] = e
le3, e4] = kysesg les,es] = er  [es,e5] = es
[61,62] = —e3 [62, 64] = —0.5k43e6 + k3zer [62, 65] =e7
le1,e3] = —es  [es,esq] = kuzer + kyges les, eq] = esg
[61, 65] = € [61, 64] = 1.5k43€5 + k44€7 [62, 67] — €38
le1,e6] =er  [e2,e3] = —0.5kazes — kazes + kazer  [es, e5] = e
le1,e2] = e3 le1,e3] = —2ksoeg + karer + kiaes
le1, ea] = —ksoes + kazeg le1, e6] = es
le2, e3] = ka1es + kszer le2, e4] = kares + kager
[e2, e5] = e [e2, e7] = eg
les, e4] = ksaeg le3 =eg
[647 65] = er7 [643 = €8
le1,e2] = e3 le1, e3] = —2ks3e6 + kizer
le1, eq] = —ksses + kazeg + kozer le1,e5] = eg
le1,e7] = esg le2, €3] = kszes
le2, e4] = ksaes + kazeg [e2, e5] = e7
les, e4] = kszes + kszer [e3, e5] = esg
[64, 65] =é7 [647 66] = €3
le1, e2] = e3 lea, e7] = eg
le1, eq] = —ksaes + kaseg le1,e6] = es
le2, e3] = (—k33 + ka1)es + kszer leq, e5] = e7
[62765] = € [62767] = €3
les, e4] = kszes les, e5] = eg
le2, e4] = ka1es + kazer les, e6] = e
le1, e3] = (kag — kay — 2ks2)es + (—kas + ka1 )er+

(10)

(15)
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le1,ea] = [es, e5] = es [e2, e6] = e7
le1,eq] = —k53€6 lea, e6] = e les, eq] = kszer
g13 : [e2,e3] = (kar — ks3)eg + kzzer  [ea,e5] = e le4, e5] = e7 (16)
le2, e4] = kares + kazer le1,e6] = e
le1, e3] = (ka1 — ks3)er + kiaes  [ea,e7] = es
le1,e2] = e3 le1,e6] = er
le1, ea] = (k1 — kaa)es + (—kis + kaa)es + kiser [e2, e6] = es
[61, 65] = €p [63, 65] = €8
gi4 ¢ [62, 64] = k‘33€7 [61, 63] = —€4 (].7)
les, ea] = kaaes le2, e7] = es
[ea, 5] = es [e3, e6] = es
le2, e3] = —ksses + kager
[e1,e2] = e3 [ea, €6] = €5
le1,e3] = (—ksz — 2ks3)es + kager + kises [e3, e5] = esg
[ela 65] €6 [613 67] = €8
915 : [e2,e3] = (—ksz + ks2 — ks3)es + kazer [e2,e5] = e7 (18)
le2, e4] = ksoes + kazes + kazer [e2, e7] = esg
le1, e4] = —kszes + kazer les, e5] = e7
le3, e4] = kszes + kszer le, e7] = esg
[e1,e2] = —e3 [e2,e5] = er
[e1, €] = 1.5kyze5 — 1.5kazeq + (1.5kag + kas)er  [e1,e6] = e7
les, eq] = kazer + kages les, e5] = esg
Jdie6 : [62, 64] 0.5k43€6 + k3367 [61, 63] = —€4 (19)
[e2, 7] = es le1, e5] = €6
[63, 66] = €3 [62, 66] = €3
le2, e3] = —0.5ka3es5 — kszeg + kager le3, e5] = eg
[e1,e2] = —e3 [e1,e6] = er
[e1, e5] = e6 [e2, e7] = eg
{62, 63} = —k3zeg — kaqer {63, 66} =eg
. le2, eq] = kszer + kages €4, 65 = es
i les, es] = kases le1,e7] = esg (20)
[e1,e3] = —eq [e2, €6] = €5
le1,eq] = (k13 — k33 — kag)es + [e3, e5] = esg

+(*]€13 + k33 + k44)€6 + k1367
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gis -

g19 -
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€1,€2
e1, eq] = 1.5kyzes + kageg + (ks — kaz + kaa)er
€9, €E4| = 0. 5]€43€6 + k33€7 + k3468

]=—es
es] =
] =
ea, e3] = —0.5ky3e5 — kzzeq — ksser
] =
] =
]

€2,€5] = €7
e3,eq4] = /f43€7 + kaseg
€1,€3] =
[61, 64} = 7]435365 + (’wk42 + wk43 — wk54)e7
le2, e3] = (—whksz + ks2 — wkss)es + kszer + kzseg
[e1,e7] = eg
le2, e4] = kszes + kazes + kazer
le3, e4] = kszes + kszer + ksaes
[647 66} = €3
[61, 65} = €6
[617 63} =
3

w?)kss — (w? + Dk + (w® — 2)kssles+
+[(w w )k‘33 + wksy — 2]4153]67

(21)

(22)

These algebras depend on the number of parameters and in this paper we consider
that all parameters are non zero. From these 19 Nilpotent Lie algebras we found that
the Lie algebras g1, g2, 93, 97, 99, 910, 911, 912, 914, 915, G165 917, 18, g19 are characteris-
tically Nilpotent. Next we will give the representation matrices of the derivations of
these characteristically Nilpotent Lie algebras. The representation matrices A;, i = 1,
2,3,7,9,10, 11, 12, 14, 15, 16, 17, 18, 19 correspond to the Lie algebras g;, : = 1, 2,
3,7,9,10, 11, 12, 14, 15, 16, 17, 18, 19.

Ay

where

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
—arekaz — arsksa  —arsksy — areks2  as3  asg
—arekas — arskyy  —arekiz — arsksa  aez  as3
ary ary arz a4
agy aga agz  agy4

as3 = agekaz + agsksa,

ag3 = agekaa + agskao,

SO O O oo

ars
ass

OO O OO

are
ase

OO OO OO oo

OO OO OO oo
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as4 = agsks1 + agskso.

i 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 0
—ags ase 0 0 0 0 0 0
Ay = 0 0 0 0 0 0 0 O
agrkse  —agsk31 — agrkay agsk31 as4. 0 0 0 O |’
ag1 as3 agek12 — agrks2  aes ass 0 0 O
ar1  —agskar — agrkas  aeskar — 2ageks2 aza 0 0 0 O
| as1 asa ass asqe ass ase asy 0
where
as4 = agska1 — agekse,
a64 = a71 + agrkas + agekoo — agsksa.
[ 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 O
—Aag5 ase 0 0 0 0 0 0
A — 0 0 0 0 0 0 0 O
3= CL87]C52 7@87]{41 O ag3 0 O O O ’
ap1 ag3 agek12 — agrksz  aes ass 0 0 O
ar1 —agsksr — agrkas  agskar — 2asekse arg agy 0 0 0
| asi asa ags age ass age asy 0
where
ag3 = agsk41 — agsksz,
agy = ary + agrkos + agekaz — agsksz.
[ 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 O
asgrt a43 0 0 0 0 0 0
A — 41 0 43 0 0 0 0 0
(A —ag5k11 asg 0 —a43k11 0 0 0 0 ’
—a41k4q +ags  asrkss  ae3 0 —a43 0O 0 0
ag3 arz  agrkos a7y 0 —asg3 0 O
i agy asa ag3 agq ags  as1  agy 0 |
where
as2 = aq3kas + ary — agrkss,
a63 = —a43ksq — azy.
[ 0 0 0 0 0 0 0 0]
0 0 0 0 0O 0 0 O
asy 0 0 0 0O 0 0 0
Ao — 0 0 0 0 0O 0 0 O
9= —1.5&85]€43 arg — a31k33 —0.5a31k43 0 0 0 0 0 ’
asg4 —0.5ag5k43 —Qar4 0.5&31 k43 0 0 0 0
ag3 ar2 az1 ko3 — agska3 ary az3 0 0 O
L asi asz ass asq ags 0 az 0 |




148 Gr.Tsagas, Th.Tapanidis, S.Kortesis, A.Synefaki and Ch.Christophoridou

0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 O
—asy asg 0 0 0 0 0 0
Ao = 0 0 0 0 0 0 0 O
as1  azzka1 —asekar 0 as4 0 0 0o 0|’
a1 ag2 ag3 ap4 agy 0 0 0
ary ara a7z ary —azz+age 0O 0 0
| as1 as2 ass as4 ass ass asy 0 |
where
as1 = —azzkse + ageksa, a7 = agy — ags + asokia,
as4 = agrkal — azaksz, a3 = agrksz + agokay,
ae1 = Ap4 — Ggekoz + agsksz, a7y = agz + asskar + agrkas.
ag3 = agrkar — aszks2 — aseksz,
[ 0 0 0 0 0 0 0 01
0 0 0 0 0 0 0 O
asy ass 0 0 0 0 0 0
Ay = 0 0 0 0 0 0 0 O
ageks3 —ageks2 0 ass 0 0 0 0|’
a1 —agekiz — agsks2 Q63 a4 aso 0 0 0
ary ag3 arz a7y —az +agg 0O 0 0
| as1 ago ag3  Gs4 ags age azz 0 |
where
as4 = —azikso — azokss,
ag1 = —aszakos + ars — agekaz + agskss,
ag3 = —az1 ks — ageks2 — 2azaksa3,
a73 = azok13 — agekss.
' 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 O
—as32 + age — agy, a32 0 0 0 0 0 0
Ay = 0 0 0 0 0 0 0 O
—agaksz + ageks2, asa 0 asq 0 0 0 0|
a1 a2 ag3 Qs a32 —age +agy O 0 0
ary ara a7z aryg —asz + asgg 0 0 0
L asy agz ag3 (g4 asgs agseg asgy 0 |
where

as2 = azokar — agskan,
asa = —asekar + agrkar + asz(kar — ks2),
as1 = Gea — a71 — Ggekaz + agsksa,
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a3 = ag7(—kss + ka1) + ase(ksz — ka1 — ks2) — aszksa,

a7p = —ag2 + ar4 — agska1 — agrkas,
a73 = —agekas + asrkss + azoka,
ag3 = ag2 — ar1 + azzkiy.
I 0 0 0 0 0 0
0 0 0 0 0 0
aszl Q43 0 0 0 0
Ay = —a3] + ase 0 a43 0 0 0
as1 as2 0 asz(kaa — k13) 0 0
ag1 ags + ageksz  ae3  aa3(k1z — kaa) —asz 0
—ag1 + as3 aro ar3 —aez —agzkis 0 —ags
i agy ago ag3 ag4 ags  age
where
as1 = (ags — a13 — ags) (k13 — kaa),
as2 = —ag3 — az1kss,
arz = —agz + az1(kag — kss),
agq = ag1 — azikiz + askiz — ass (ki — kaa).
i 0 0 0 0 0 0 0
0 0 0 0 0 0 0
asy as2 0 0 0 0 0
Aps — 0 0 0 0 0 0 0
agekss —ageksz 0 —agiksa  —asz2ks3 0 0
ag1 ag2 a63 a64 asz 0 0
ar ara ars azy —az1 +agg 0 O
| as1 asz ass asgq ass age gy
where
ag1 = —ar1 + arg + az1ky3 — azzkys — agekaz + agskss,
a2 = —ar2 + a74 + age(—ka2 — kaz) + azikaz — asgkas — agsksz,
a3 = —ageksa — aza(ksz + 2ks3) + azy (ksz — ksa + ks3),
a73 = —az1k33 + azzksz — agekss,
asg3 = —a7 + are + asz2kia,
Qg7 = —az1 + azz + age-
[ 0 0 0 0 0 0
0 0 0 0 0 0
aszl aq3 0 0 0 0
A16 _ 41 0 a43 0 0 0
as1 as9 —0.50,41k‘43 —1.5&43k43 0 0
ag1 a2 ag3 ag4 —ay43 0
—ae1 +agz  ar2 ars ar4 asz1 —Q43
L asi as2 ass as4 ags a3 +aq

where

SO OO O oo

asi

SO OO OO oo

SO O OO oo

a3

SO OO OO oo

SO o oo oo oo

149
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asy = 1.5(as1 — ags)kas,

asy = —ag3 — azrksz + 0.5a41ky3,

a2 = ag3 + aziksz + 0.5a41(2kss + ka3) — 0.5as5k43,
ags = 0.5(3a43 + az1)kus,

ar3 = —ae3 + aa1kaz + 0.5a43(3ka3 + 2kaa),

ary = —ag3 + agrkaz — agrkss,

ags = ag1 — 1.5agskas + 0.5a41 (3]{}43 + 2/4)44).

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

asiq 43 0 0 0 0 0 0

A —a31 + ase 0 43 0 0 0 0 0

= as as2 0 asy 0 0 0 0|’

a1 ag2  —Q74 — Ga3k13 Qg4 —a43 0 0 0

ary a2 ar3 amy 0 —ag3 0 0

i agy ags ags agqe asgs  asg asz1 —ag3 O |
where

as1 = arq + asskiz + ase (k13 — kg — kaa) + asi(kaa — k13) + ass(—kus + kss + kaa),
ase = ara — 2ag7 + asskis — agikss,
asq = asg3(—k13 + kaz + kaa),

ag2 = —ar4 — a43k13,
ags = a43(k13 — kaz — kaa),
a71 = —ae1 + ara + agz + azi1kss — agekza,

a3 = ars + aszkiz — azi(kas + kas),
asgs = ag1 + ase(k13 — kss) + az1(kss + ksa — k1) + ass (kss + kaa — k13).

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 O
asgt + a43 QA43 0 0 0 0 0 0
Ay = a41 0 a43 0 0 0 0 0
18 = as1 as2 Q53 —1.5a43k43 0 0 0 0 ’
ag1 agz  agz 0.5(agy — asz)kaz —a43 0 0 0
ari a7z ars Q74 ay43 + agy  —a43 0 0
| asi ag2  as3 ag4 ass ase asy 0

where
as1 = 0.5a74 — agrksz — as1kaz — 1.5ag5k34 + aa3(kaa — kas),
as2 = ar4 — agrkss — 0.5a41k43 — a43kaz + aszkaa,

as3 = —0.5(as3 + asg7)kas,

ag2 = aq1k33z — 0.5as5k43,

a3 = —ouyy + ag1kas + ouz(—kaz + kag — kaa),
a7y = —ag1 + ara + agz — as1ksq,

a7z = ara — agr(ksz + ksa) — aa1kas — agskaz — aasz(ksa + kag — kaa),
agq = ag1 — a4 + agy(kas + ksa) + asskas + aaz(ksa + kaz — kaa) + aan (kag + kaa),
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age = Q41 + G43 + agr.

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Ao = kss —agek 0 0 0 0 0 0|’
agers3 ageis2
ag1 ag2 —ageks2 ass O 0 0 0
ar ara —agekss ars ags 0 0 0
| asi aga ag3 agy ags ags agew O
where
ag1 = Gpa + 74 + agsksz — arw — agew(kaow + kyzw — ksqw),
agz = —agsksy — arow + arqw + age(—kaz — kazw),
agy = —agsksy + ara(l —w) — arw + araw + age(—kao — kazw).

Now, we can state the following theorem:

Theorem 1 Let g be a Nilpotent Lie algebra of dimension eight over the field K
of characteristic zero, whose mazimal abelian ideal is of dimension four. There are
nineteen such Lie algebras g1, ...,g919, which are given by 3.1-3.19. From these the

fOllO’LUan fourteen 91, 92, 93, 947, 99, 910, 911, 912, di4, 9is, gie, 9ir, gdgis, gig, are
characteristically Nilpotent Lie algebras.

References

[1] P. Barbari and A. Kobotis, On Derivations of Nilpotent Lie Algebras, Balkan
Journal of Geometry and Its Applications, 3 (1998).

[2] J. Dixmier, Sur les representations unitaires des groupes de Lie Nilpotent III,
Canad. J. Math., 19 (1958) 321-348

[3] V. Morozov, Classification des algébres de Lie Nilpotentes de dimension 6, Isv.
Vyss Ucedn Zaved, Math. A, 190 (1958).

[4] Gr. Tsagas and T. Koukouvinos, Classification of Nilpotent Lie Algebras of di-
mension eight, Proceedings of the Workshop on Global Analysis, Differential Ge-
ometry and Lie Algebras, 1998, Balkan Society of Geometers, Geometry Balkan
Press, 1999, 141-148.

[5] Gr. Tsagas and A. Kobotis, Decomposition of Nilpotent Lie Algebras of dimension
eight, Tensor. N. S. |, 57, 1996.

[6] Gr. Tsagas and A. Kobotis, Special class of Nilpotent Lie Algebras, Bull. Cal.
Math. Soc., 81 (1989) 327-341.



152 Gr.Tsagas, Th.Tapanidis, S.Kortesis, A.Synefaki and Ch.Christophoridou

Authors’ addresses:

Gr.Tsagas, Th.Tapanidis and Ch.Christophoridou
Mathematics Division
School of Technology
Aristotle University of Thessaloniki
Thessaloniki 54124, Greece
Email tsagas@eng.auth.gr, chrisiQeng.auth.gr

S.Kortesis and A.Synefaki
Informatics Division
School of Technology
Aristotle University of Thessaloniki
Thessaloniki 54124, Greece
email stk@eng.auth.gr, aspa@eng.auth.gr



