Functions of Markov chains
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Abstract

A function of a homogeneous Markov chain preserves the Chapman-Kolmogorov
property if and only if the transition matrix of this Markov chain satisfies some
conditions. In this paper we give a theorem which describes the structure of a
matrix for which the conditions mentioned above are fulfilled.
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1 Introduction

Let (2,,)nen be a homogeneous Markov chain on (2, K, P) with the state space
X={1,2,...,m}) Y={1,...,p},p<m,aset and ¢ : X — Y a surjection. The
problem is to find the conditions under which the stochastic process

(¢ © Ty )nen has the Chapman-Kolmogorov property, i.e. for any n; < ns < ns and

any 4,5 € {1,...,p}
Plpoan, = i|lpoxy =j)=

p
Y Plpown, = ilpoay, =a)P(poz,, =a|poz, =j).
a=1

In the particular case when []Q = [u], where u = Poxg ' is the initial distribution
of the Markov chain (2, )nenN,
Q = (P(xpnt1 = J | ®n = 9))1<ije<m, n > 0, is its transition matrix and [p] =
(u({1}) ... p({m})), n({i}) > 0 for any ¢ = 1,... ,m, the stochastic process (¢ o
Zn)neN has the Chapman-Kolmogorov property if and only if ¢(Q™) = ¢(Q)™*, n > 1
(for the definition of ©(Q) see section 2). In a previous paper (see [1]) we proved
a theorem that gives conditions under which the relations ©(Q™) = (@)™, n > 1,
hold. In the present paper we give a stronger result, this is a theorem that describes
the structure of a matrix @) which satisfies the (u, p)-condition, i.e. @ is stochastic,

[1]Q = [p] and ©(Q") = p(Q)", n > 1.

Prdceedings of The 3-rd International Colloquium ”Mathematics in Engineering and Numerical
Physics” October 7-9 , 2004, Bucharest, Romania, pp. 32-39.
© Balkan Society of Geometers, Geometry Balkan Press 2005.




Functions of Markov chains 33

2 The (u,p)-condition

As in the previous section, we consider that (z,),en is a homogeneous Markov chain
on (©, K, P) with the state space X = {1,2,... ,m}, p = Pouxy" its initial distri-
bution and Q = (P(zp+1 = J | ©n = 1))1<ije<m its transition matrix. We denote
1] = (n({1}) ... p({m})) and we suppose that p({i}) > 0 for any i =1,... ,m.

Let Y ={1,... ,p}, p<m, and let ¢ : X — Y be a surjection such that for i € Y,
@71(2') = {ti—l +1, ti1+2, ... ,ti}, where 0 =tg <t;1 <...< tp =Dp.

We denote [u?] = (ufj) , where for each i € Y,

PR (t))
X ul{te+a)

Ze) = () 1 <izm, 1550
if i ¢ p=1(j) and

1<i<p, 1<j<m

if j € 7 1(i) and puf; = 0if j ¢ o~ (9),

where for each j € Y, ef; = 1ifi € 7'(j) and €] ; =

if A is a square matrix of order m.

Proposition. If u and ¢ are as above and [u]|Q = [u], then the stochastic process
(¢ 0 Zp)nen has the Chapman-Kolmogorov property if and only if o(Q™) = o(Q)",
n>1.

Proof. Let I, = (P(zy4n =1 | 2y = j))1<; j<,, and
P, = (P(pozyyn=1i|poz, :j))lgi,jgp (v eN).
P(pozyin =1, poxy, =j)

Pleosvm=ilvor =i = =—p 0 =0 =

ti—ti—1 tj —tj71

Z Z P(.’El,+n =ti1ta x,= tjfl +ﬂ)

a=1 B=1
P(.I,, = tj—l + 1) —|— —|—P($V = tj)

Z N({tjfl + 8} ( 27 P@yin=ti-1+a, 2, =t +ﬂ))

p=1

a=1

ti—tj—1 ’

Z p({tj—1 + B})
B=1
(u({i}) = P(xn =1), n >0). So we have &, = p(I1,), n > 1.

Because (z,)nen is a Markov chain, it has the Chapman-Kolmokorov property
and this property can be written 11,,, 45, = II,,, - II,,,, 71,72 > 1, or, in an equivalent
form, IT,, = II?", n > 1. Since II; = Q, we have II,, = Q™.

(¢ o Ty )nen has the Chapman-Kolmogorov property if and only if ®,,41p, =
D, - D,,, n1,ne > 1, or &, = P, n > 1, but it can be written ¢(II,) = ©(Q)",
n>1, or o(Q") = (@)™, n > 1. Q.E.D.

Remark. If o(Q") = ¢(Q)", n > 1, then the spectrum of @ contains the
spectrum of ¢(Q).

Indeed, if p(Q™) = p(Q)™, n > 1, and P is a polynomial such that P(Q) = 0,
then P((Q)) = 0. If Py is the minimal polynomial of @ and P,y the minimal
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polynomial of ¢(Q), then P,q) is a divisor of Py. Consequently the spectrum of @
contains the spectrum of ¢(Q).

Definition. If @ is a stochastic matrix, [u]@Q = [g] and p(Q™) = ¢(Q)™, n > 1,
then we say that ) satisfies the (u, ¢)-condition.

We want to know which is the structure of a matrix @ that satisfies the (u, ¢)-
condition, provided that p and ¢ are as in the beginning of this section. The theorem
which we will prove in the following section will bring us very near to this goal.

3 The structure of a stochastic matrix which satis-
fies the (u, p)-condition

If A is a square matrix and A is a eigenvalue of A, then we denote by ma()) the
multiplicity order of A as a root of the characteristic polynomial of A.
If u, v € Myx1(R) we use the notation ,u = [p?] - u and ‘0¥ = tv - [Z,,].

Theorem. Let p be a distribution on X with pu({i}) > 0,7 € X, and ¢ : X —
Y a surjection as above. Then the matrixz @ satisfies the (u,p)-condition, all the
eigenvalues of Q are real and myqy(N) = mq(X) for any eigenvalue X of p(Q) if and
only if Q satisfies the following conditions:

k 2 U2
1) Q = Z i Z ’Lth’Uj + Z €jthUj+1 s A =1, Aoy A € R,
1=1 j=ni-1+1 j=ni-1+1
uj, v € Mpmx1(R) ande1 =0, ¢; € {0,1} forany j=2,....,m,0=ng <ny <...<
nE = m.
2 UluJ—(SU,’LjE{l M}

)
3) tuy = (1 ... 1), 'or = [p].

4) There is l e {1,. ,k:} such that p = ny.
)

5) If i > 1+ 1, then Z ou;v? =0 and

Jj=n;—1+1
ni—q
t,o - , A
E EjEj+1 - Ejbq—1 U Vi, =0 foranyg=1,... ,n; —n;—1 — 1.
j=ni—1+1

6) The matriz Q has only positive entries.

Proof. First we suppose that the matrix @) satisfies the (u, ¢)-conditions, all the
eigenvalues of @ are real and m(g)(A) = mq(A) for any eigenvalue A of p(Q).
Let {A1, ..., Ak} be the spectrum of @ and pg(A) = (A—A1)*...(A— )% the mini-

L) a () where a a
pal) ~ O Tt o here (s an(d)

mal polynomial of Q. If
are polynomials, then
(3.1) 1=5A)+...4+ Sk(N).

where Sz()\) = CLZ(A)()\ — )\1)81...()\ — )\i_l)sifl()\ — >\i+1)si+1...(A — )\k)sk
From relation (3.1) we get

(3.2) L= 51(Q) + ...+ 5(Q).
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Since for i # j, po(X) is a divisor of S;(A)S;(A) and pgo(Q) = 0, we have
5i(Q)5;(Q) = 0.

Let J be the Jordan form of @ and U,V € M, (R) such that U -V = I, and
Q=U-J-V. Then

(3.3) I, =U-[S/(J)+...+ Sk(J)]- V.
Because U -V = I,,, we have also V - U = I,, and then from (3.3) we obtain
(3.4) I, = S1(J)+ ...+ Sk(J).

Let J = B(A1) @ ... ® B(\g), where for every ¢t = 1,... ,k, B(\;) = C1(\) @
. ®C,, (N) and Cy(Ny) is a Jordan cell of order o, and o1 +. ..+ 0., = mg(A;). We
put m; = mg(A¢). Since s; = max{o1,... 0, }, it follows that (B(\;) — AL, )™ = 0.
Because (J — M\ 1,,)* = (B(A1) — ML, )" @ .. @ (B(Ak) — M, )™ , the block which
corresponds to \; in the matrix (J — A\;I,)* is null. The matrix S;(J) is made up
from blocks which have the same orders as the blocks of the matrix J and all those
blocks (of S;(J)) which correspond to the eigenvalues A1, ..., A\j—1, Xit1,... , A\x are
null. Since all the matrices S1(J),..., Si—1(J), Six1(J), ..., Sk(J) have the block
which corresponds to A; null, taking into consideration the relation (3.4) it follows
that the block which corresponds to A; in the matrix S;(J) is L, i.e. Si(J) =
Om, ®...®0m,_, ®Ln, ®Onm, ., ... ® Oy, (O, is the null matrix of order m).

If we put ‘e; = (0...010...0), where 1 fills the j position, and ng = 0, n; =

Uz
mi+...+my;, j=1,... k (ng =m), then we have S;(J) = Z ejtej.
j=n;—1+1
From relation (3.2) we get Q@ = QS1(Q) + ... + QSx(Q) and then
Q= MS1(Q) + (Q = MIn)SH(Q) + -+ MSk(@) + (Q — MeL)Sk(Q).
IfU =[u...up) and 'V = [v1 ... v,] (u1, ..., u, are the columns of U and
tvy ..., tv, are the rows of V), then

S(@Q=U-S(1)-V="> w'vy

J=n;—1+1
and
n;g TL,;—l
Q- NIm)Si(Q) = > (Q—=XIn)u'vy= Y eulvj,
Jj=ni—1+1 j=n;_1+1
where ¢; € {0,1} for j =n;_1 +1, ... ,n; — 1. So we obtain
k n; Uz
Q = Z )\z Z th'l}j + Z €jth’Uj+1
i=1 j=n;i—1+1 j=ni_1+1
Since @) is a stochastic matrix, one of its eigenvalues A1, ..., Ag is equal to 1.

Let us suppose that A\; = 1. Because all the eigenvalues of () are real, it follows that
A2, ..., A € R. We have uj, v; € My,«1(R), €; € {0,1} for any j, and 0 = ng <
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ny < ... < ngp = m. So @ has the same form as in 1), but we have to show that
g1 = 0. This fact will be proved below.
From V - U = I, we obtain ‘vju; = d;;,4,5 € {1,...,m} and therefore the

condition 2) is fulfilled.

ui is a right eigenvector for the eigenvalue 1 and vy is a left eigenvector for
the same eigenvalue. Because a right eigenvector for the eigenvalue 1 is (1 ... 1),
tvju; = 1, (W@ = [u] and [u]- *(1...1) = 1, we can take ‘uy = (1...1) and
ty1 = [u]. Now the condition 3) is satisfied.

We have ‘v1Q = tvy + &1 tvg, tvy = [u] and [p]Q = [u]. Tt results that
g1 'vy = 0 and because tvy # 0, we have £ = 0. So the condition 1) is completely
satisfied.

The remark made in the previous section tell us that the spectrum of ) contains
the spectrum of ¢(Q). Because ¢(Q) is a stochastic matrix, Ay = 1 belongs to the
spectrum of ¢(Q). Let {A1, ..., A} be the spectrum of p(Q). We have m gy (A1) +
oo Fmy@y(N) = p (p is the order of ¢(Q)) and because myg)(Ai) = mq(Xi),
i =1,..,1, we get mg(A1) +... + mg(N) = p, thisisn, = mi + ... +my = p,
(m; = mg(X\;)) and so the condition 4) is fulfilled.

We have

k

P(Q) =D (MiSi((Q) + (2(Q) = Mil)Si(2(Q)))

i=1

(because p(P(Q)) = P(¢(Q)) for any polynomial P).

Since for ¢ > [+ 1 the minimal polynomial of ¢(Q) is a divisor of S;, S;(p(Q)) =0
and (p(Q) = Ailp)Si((Q)) = 0.

On the other hand,

Se@) =eS@) =0 3 witv]= 3wt and
j=ni—1+1 j=n;_1+1
(0(Q) — AL)SH(@)) = 2 (Q — AL)SHQ))) =

ni—q

Z €5Ej41 -+ Ejtg1 S(,ujtvj-ﬂrq7 and so we obtain the condition 5). The condition
Jj=ni—1+1
6) is obvious satisfied because @ is a stochastic matrix.

We suppose now that the conditions 1), ... 6) are satisfied.

Since ‘v;u; = 0 for any i = 2,... ,m and ‘u; = (1 ... 1), the sum of all the terms
in the same row of a matrix u;- *v; or u;- ‘v;41 with ¢ > 2 is equal to 0. Because the
sum of all the terms in the same row of the matrix u;- ‘v1 is equal to 1 (u; = (1 ... 1),
tv; = [u]) and the matrix @ has only positive terms, @ is a stochastic matrix.

From *viu; = 1 and *vyu; = 0 for 4 > 2, we obtain ‘v1Q = fv; + 1 *v,. Because
tv; = [p] and g1 = 0 we have [u]Q = [u].

n; n;—1
Let us denote B; = E ujtvj, N; = E 5jujtvj+1 and A; = \;B; + N,
j=ni—1+1 Jj=ni—1+1

i=1,...,k. From 2) we obtain for any 4,5 € {1,... ,k} : B;-B; = ;;B;, N;-N; =0
for ¢ # j, N = 0 where ¢ = n; —n;—1, N; - Bj = B; - N; = 0 for i # j and
NZBZ:BlNZ:NZ Then
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k k min(n,q;—1)
QU= A7 =3 (\'Bi+ > CINTIND).
i=1 i=1 g=1
ni—q
We see that N = Z €j€j+1 -+ Ejtq—1 U;j' Vj1q and then the condition 5) implies
j=n;_1+1

©(B;) =0and ¢ (N/) =0 for i > [+ 1. We have

l min(n,q;—1)
QM) =Y (A\eB)+ >, CINTIp(N).
i=1 g=1

We will show that ¢ (Q)" has the same form. Since UV = I,,,,

m m
> u; tv; = I, and consequently ¢ (Z U; tvi) = ¢(I,,). Taking into consideration
i=1 i=1

P
the conditions 4) and 5), Y ,u; vy = I, (I, is the unit matrix of order p). This

i=1
relation implies “vf ,u; = d;;, 4,5 € {1,...,p}, and we have ¢ (Q) = > (N (B;) +
i=1
n;
¢ (N3)), ¢ (Bi) = Z @thva
j=ni—1+1
n;—1
w(N;) = Z gjouj'vy . Therefore we can follow the same way as we followed
j=n;_1+1

when we found the form of Q™ and we get

1 min(n,q; —1)
P(" =D (\eB)+ Y CINTTe(N)?).
i=1 q=1

But ¢ (N;)" = ¢ (N}') and then ¢ (Q") = ¢ (Q)".

The condition 1) gives in fact a Jordan form of the matrix @ and we see that
A1, ..., A\, are the eigenvalues of this matrix and all are real. Using the same argument
we get mq (X)) =n; —ni—1.

l 4 ’I’Lifl
Since ¢(Q) = Z i Z ou; v + Z gjpu; vy, | and fof Lu; = 64,
=1 Jj=n;_1+1 Jj=n;_1+1
i,j € {1,...,p}, here we have a Jordan form of the matrix ¢(Q) and we can see that

mW(Q)()\i) =N; —Nj_1 = mQ()\i), i=1,..,1. QE.D.

1 1 1 1
Example. Let X = {1,2,3,4}, u such that [u] = (4 11 4), Y ={1,2}
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1 0
11
3 5 00 1 0
[W?] = L and  [Z,] = .
0 0 3 5
0 1

Let
buyp=(1 1 1 1),'us=(1 0 0 —1),

1 11 1
tyg= (= —= = — ), tu=(3 -1 -1 -1
s <2 2 2 2)’“4 (3 ),

11 1 1
t = — — — - t == 1 _1
U1 (4 11 1) =0 0 ),

1 1 1 1
tU3:(O —1 1 0)7t’U4: < [ - — )

Consider the matrix

t t t t t
Q = u1'v1 + Aus've + Az(uz‘vs + ug'vg) + ug'vy.

3 1
We have n1 =1, n, =2, ng=4,1 =3, p=no. vaveput)q:gand)\g:f,then

4
we get
Q = w'lvi+ §u2tv2 + 1(U3t1}3 +ugtvg) + uzlvy =
s 3 1 3
16 16 16 16
1 9 5 1
16 16 16 16
5 15 5
16 16 16 16
i 3 5 7

16 16 16 16
and all the conditions 1),...,6) are fulfilled. Consequently we have [u]Q = [u] and
p(Q") = (@), n > 1.
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