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Abstract

On a Riemannian manifold endowed with a metrical linear connection with
nonvanishing torsion, there are computed the first and second variation of energy
and there is proven that the main results related to geodesics and Jacobi fields
known for the Levi-Civita connection (including Morse’s index theorem), hold
true also in this case.
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1 Introduction

The study of the geometry of Riemannian manifolds, endowed with linear connections
with nonvanishing torsions is requested by some situations when the Levi-Civita con-
nection is not advantageous, such as: 1) in the geometry of higher order ([5]), or 2)
in the geometry of the total space of a vector bundle ([6]).

In these two particular cases, the equations of geodesics and the equations of
deviations of geodesics are established by V. Balan, R. Miron, P. Stavrinos, and Gr.
Tsagas, [1], [2], [7], by defining geodesics as extremal curves of the distance Lagrangian

L(c) =
1∫
0

√
〈ċ, ċ〉.

In our paper, geodesics are defined as extremal curves of the energy Lagrangian

E(c) =
1∫
0

〈ċ, ċ〉; in the following, we compute the first and the second variation of

energy, deduce the equations of geodesics, define Jacobi fields and generalize some
classical results related to geodesics and Jacobi fields, for any Riemannian manifold,
endowed with a metrical linear connection (not necessarily the Levi-Civita one).

Throughout the paper, by ”classical case”, we mean the case of the Levi-Civita
connection. Also, by ”smooth”, we mean ”C∞-differentiable”. The techniques used
below can be used even in the cases when the arc-length is not invariant to re-
parametrizations (for example, in the geometries of higher order, [9]).
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2 Geodesics and the exponential map

Let M be a real differentiable manifold of dimension n and class C∞, endowed with
a Riemannian metric g and 〈X, Y 〉 = g(X, Y ), ∀X,Y ∈ X (M). The coordinates of a

point p ∈ M in a local chart (U, φ) will be denoted by φ(p) = (xi). Let ∂i =
∂

∂xi
be

the natural basis of X (M) and D, a metrical linear connection on M , of coefficients
Γi

jk: D∂k
∂j = Γi

jk∂i.

We denote by T i
jk the coefficients of the torsion tensor of D (T (∂k, ∂j) = T i

jk∂i)
and by Ri

jkl, the coefficients of the curvature tensor R : R(∂l, ∂k)∂j = Ri
jkl∂i.

Let c : [0, 1] → M be a piecewise smooth curve and 0 = t0 < t1 < ... < tk = 1
a division of [0, 1] so that c be of class C∞ on each [ti−1, ti], i = 1, ..., n. A variation
of c [4], is a mapping α : (−ε, ε) × [0, 1] → M, (where ε > 0), with the properties:
1) α (0, t) = c(t), ∀t ∈ [0, 1] and 2) α is continuous on each (−ε, ε) × [ti−1, ti] , ∀i =
1, ..., k. We denote by α the mapping defined on (−ε, ε) by α(u)(t) = α(u, t).

If α(u, 0) = p, α(u, 1) = q, ∀u ∈ (−ε, ε) , the variation α has fixed endpoints.
The deviation vector field attached to α is

W (t) =
∂α

∂u
(0, t)(2.1)

(if α has fixed endpoints, then W (0) = W (1) = 0) and the tangent vector field, [7],
V = ċ. In local writing,

ċ = V = V i∂i, W = W i∂i.

Let also

A :=
DV

dt
= Ai∂i,(2.2)

be the covariant acceleration, where, for X ∈ X (M) , we denoted
DX

dt
:= DċX, and

∆tX = X (t+)−X (t−) , t ∈ [0, 1] , X ∈ X (M)(2.3)

the jump of X ∈ X (M) in t.

The energy of the curve c is, [4], E (c) =
1∫
0

〈V, V 〉 dt =
1∫
0

gijV
iV jdt.

Taking into account that D is metrical, one obtains:

Theorem 1. (The first variation of the energy): If c : [0, 1] → M is a piecewise
smooth path and α : (−ε, ε)× [0, 1] → M is a variation with fixed endpoints of c, then

1
2

dE (α (u))
du

cu=0 = −
k−1∑

i=0

〈W,∆tiV 〉+

1∫

0

〈T (W,V ) , V 〉 − 〈W,A〉 dt.(2.4)

If the curve c is C∞-smooth on the whole [0, 1] , then, in the previous equality, the

term
k−1∑
i=0

〈W,∆tiV 〉 vanishes.

By writing the term 〈T (W,V ) , V 〉 in the form 〈F, W 〉, one obtains that:
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1. F = F i∂i, given by

F i = gikghlT
h
jkV jV l(2.5)

is a vector field along c, which does not depend on the variation α of c.

2. There holds the equality 〈T (W,V ) , V 〉 = 〈W,F 〉 .

By geodesic of M we shall mean an extremal curve c : [0, 1] → M of the energy
E, of class C∞ on the whole [0,1]. Taking into account the previous results, we get

Theorem 2. The C∞-smooth curve c : [0, 1] → M, t 7→ (xi (t)) is a geodesic of M if

and only if
D

dt

dc

dt
= F, or, in local coordinates,

DV i

dt
= F i(2.6)

(2.6) is an ODE system of order two, with the unknown real functions xi, i =
1, ..., n. In conditions of regularity, the asociated Cauchy problem has a unique
solution; this is, for any p ∈ M , and V ∈ TpM, there uniquely exists a geodesic
c : (−ε, ε) → M, with the initial conditions

c (0) = p0, V (0) = V0.(2.7)

Furthermore, the solution depends smoothly on the initial conditions 2.7.

Remark 3. If the curve c : [0, 1] → M, t 7→ (xi(t)) is a geodesic, then, for any λ > 0,
the curve c : [0, 1

λ ] → M, xi( t
λ ) := xi(t), is a geodesic, too.

Thus, we can state

Theorem 4. Let p ∈ M and V ∈ TpM . There exists an ε > 0 so that, if ‖V ‖ < ε,
there uniquely exists the geodesic c : (−2, 2) → M, t 7→ (

xi (t)
)
, with the initial

conditions

c (0) = p,
dc

dt
(0) = V.

The point c (1) is called the exponential of V ∈ TpM in p and will be denoted by

c (1) = expp (V ) .(2.8)

The exponential map in p ∈ M is generally defined only for small values of ‖V ‖;
obviously, if it exists, the value expx (V ) is unique. Furthermore, if c is a geodesic of
M with p = c (0) , V = ċ (0), then

c (t) = expp (tV ) .(2.9)

In the case of the Levi-Civita connection, along any geodesic, we have ‖V ‖ =

constant, as a consequence of the fact that
DV

dt
= 0. Though, in our case,

DV

dt
does

not generally vanish, we still can prove
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Proposition 5. Let p ∈ M and V ∈ TpM . The geodesic t 7→ c (t) = expp (tV0) has

the property
∥∥∥∥

dc

dt

∥∥∥∥ = ‖V0‖ = constant.

Proof. Let V =
d expp(tV0)

dt
, the velocity vector field of c and

α(u, t) = expp((u + t)V0), u ∈ (−ε, ε),

where ε > 0. Then, α is a variation of c, having as deviation vector field

W =
∂α

∂u
cu=0 =

d expp(sV0)
ds

cs=t · ∂s

∂u
cu=0 =

d expp(tV0)
dt

= V.

Since c is a geodesic, then
DV

dt
= F,where 〈F, W 〉 = 〈T (W,V ) , V 〉; from W = V,

there follows T (W,V ) = 0, this is, 〈F, V 〉 =
〈

DV

dt
, V

〉
= 0. Now, the conclusion

follows imediately.

3 Minimal geodesics

For a curve c : [0, 1] → M , let L(c) =
1∫
0

√
〈ċ, ċ〉 denote its length. The proofs of the

following results are similar to those in the classical case, [4]:

1. (L (c))2 ≤ E (c) , with equality if and only if ‖ċ‖= constant.

2. The geodesic t 7→ c (t) = expp (tV0) is minimal for the energy E(c) if and only if
c is minimal for the length L(c). Such a geodesic will be called in the following,
a geodesic of minimal length (or, simply, minimal).

3. For any p ∈ M, there exists a neighbourhood W and an ε > 0, so that :
a)any two points of W can be joined by a unique geodesic of length < ε; b)
if t 7→ expq1

(tV ) is the geodesic joining q1, q2 ∈ W, then the correspondence
(q1, q2) 7→ (q1, V ) is differentiable; c) for any q ∈ W, the application expp maps
the open ball of radius ε from TqM diffeomorphically into an open set Uq ⊃ W.

Let W and ε as above. If we suppose, as in [4], that the geodesic in a) is entirely
contained in W, there also holds

Theorem 6. If γ : [0, 1] → M is the geodesic of length < ε joining p, q ∈ W and
ω : [0, 1] → M , an arbitrary curve joining p and q, then

1∫

0

∥∥∥∥
dγ

dt

∥∥∥∥ dt ≤
1∫

0

∥∥∥∥
dω

dt

∥∥∥∥ dt.
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The proof follows the same three steps as that in the classical case ([4]); though,
we must essentially take into account the fact that the linear connection D is not
torsionless:

1. We show that, on the neighbourhood Uq of q, any geodesic through q is orthog-
onal onto the hypersurface S =

{
expq (V ) | V ∈ Tq (M) , ‖V ‖ = constant

}
. This is

equivalent to the fact that, on the parametrized surface f (r, θ) = expq (rV (θ)) , r ∈
(0, ε) , θ ∈ [0, 1] (where V (θ) ∈ TqM, ‖V (θ)‖ ≡ 1, ) the curves r = r0 are orthogonal
to the curves θ = θ0. Thus, we must prove that

V =
∂f

∂r
and W =

∂f

∂θ

are orthogonal.
If we consider f (r, θ) as a variation (without fixed endpoints) of the radial geodesic

r 7→ expq (rV (θ0)) (i.e., θ = θ0), then W cθ0 is the corresponding deviation vector
field. Let θ = θ0 be arbitrary. Since

fθ0 : [0, r0] → M, fθ0 (r) = expq (rV (θ0)) ,

(where r0 ∈ (0, ε)) is a geodesic, we have
DV

∂r
cθ=θ0 = F, with 〈F,W 〉cθ=θ0 =

〈T (W,V ) , V 〉cθ=θ0 . Then, in θ = θ0, we have

∂

∂r
〈V,W 〉 =

〈
DV

∂r
,W

〉
+

〈
V,

DW

∂r

〉
= 〈F, W 〉+

〈
T (V,W ) +

DV

∂θ
, V

〉
=

= 〈F, W 〉 − 〈T (W,V ) , V 〉+
〈

DV

∂θ
, V

〉
=

〈
DV

∂θ
, V

〉
.

From
〈

DV

∂θ
, V

〉
=

1
2

∂

∂θ
‖V ‖2 = 0 , we obtain

∂

∂r
〈V, W 〉cθ=θ0 = 0, which means

that 〈V, W 〉 does not depend on r. Evaluating in r = 0 we have 〈V, W 〉cr=0 = 0; since
θ0 is arbitrary, it follows 〈V, W 〉 = 0.

2. Let ω : [0, 1] → Uq be any piecewise smooth path. Then, any point ω (t) can
be uniquely written as ω (t) = expq (r (t) V (t)) , with V ∈ TqM, ‖V ‖ = 1.

Then,
1∫
0

∥∥∥∥
dω

dt

∥∥∥∥ dt ≥ |r (1)− r (0)| , where equality holds if and only if r (t) is

monotone and V (t) = constant (i.e., if ω is a radial geodesic).
3) If q, q′ ∈ Uq and ω : [0, 1] → Uq ⊂ M any piecewise smooth path with ω (0) =

q, ω (1) = q′ and γ - the unique geodesic joining q and q′, then we can write

q′ = expq (rV ) , with r ∈ (0, ε) , ‖V ‖ = 1.

Then, for any δ > 0, ω contains a segment which joins the spheres of radius δ,
respectively, r, centered in q, and lying between these spheres. The length of this
segment is l (δ) ≥ r − δ. Taking δ → 0, the proof is completed.

Corollary 7. If c : [0, 1] → M , with c (0) = p, c (1) = q, has the length less than any
other curve joining p and q, then c is a geodesic.
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4 Jacobi fields and conjugate points

Let c : [0, 1] → M be a geodesic and α : U × [0, 1] → M, be a 2-parameter variation
of c by piecewise smooth curves, with fixed endpoints, U being a neighbourhood of
(0, 0) ∈ R2. Let

W1 (t) :=
∂α

∂u1
(0, 0, t) , W2 (t) :=

∂α

∂u2
(0, 0, t)

and α, the mapping defined on U by α (u1,, u1) (t) = α (u1, u2, t) .
Let E∗∗ be the hessian of E, [4], [3], namely

E∗∗(W1,W2) :=
∂2E (α (u1,, u1))

∂u1∂u2
c(0,0).(4.10)

Let F = F i∂i the vector field given by
〈

T

(
∂α

∂u2
,
∂α

∂t

)
,
∂α

∂t

〉
=

〈
F ,

∂α

∂u2

〉
,

or, in local coordinates: F i = gikghlT
h
jk

∂αj

∂t

∂αl

∂t
.

There obviously holds F (0, 0, t) = F (t) . There holds

Theorem 8. If c : [0, 1] → M is a geodesic and α : U × [0, 1] → M is a 2-parameter
variation of c by piecewise smooth curves, U being a neighbourhood of (0, 0) ∈ R2,
then the hessian E∗∗ is given by:

1
2
E∗∗(W1,W2) = −

k−1∑

i=1

〈
W2, ∆ti

(
T (W1, V ) +

DW1

dt

)〉
+(4.11)

+

1∫

0

〈
W2,

DF
∂u1

cu1=0 + R (V,W1)V − D

dt
T (W1, V )− D2W1

dt2

〉
dt,

where 0 = t0 < t1 < ... < tk = 1 is a division of [0, 1] so that α be C∞ on each
U × (ti−1, ti) , i = 1, ..., k.

If we consider only variations α = α (u1, u2) by C∞-smooth curves on the whole

[0, 1] of c, then in 4.11, the term
k−1∑
i=1

〈
W2, ∆ti

(
T (W1, V ) +

DW1

dt

)〉
vanishes.

E∗∗ (W1,W2) is a symmetric billinear form. By considering its associated quadratic
form E∗∗ (W,W ) , one obtains

Proposition 9. Let c : [0, 1] → M be a geodesic.Then E∗∗ is positively semidefinite
along c if and only if c is minimal..

Definition 10. A C∞-smooth vector field J = J i∂i along the geodesic c is called a
Jacobi field if it satisfies the equation

D2J

dt2
+

D

dt
T (J, V ) = R (V, J)V + DJF .(4.12)
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In local coordinates, 4.12 writes

D2J i

dt2
+

DT i

dt
= Ri +

2∑

β=0

JjD∂j
F i, i = 1, ..., n,(4.13)

where T i := V jJkT i
jk, Ri := −V hV jJkRi

hjk.

A Jacobi field is uniquely determined by the initial conditions J i (0) ,
DJ i (0)

dt
∈

Tc(0)M, i = 1, ..., n.
Let c be a geodesic with no self-intersections. Two distinct points of the geodesic

c, p = c (a) , q = c (b) , a, b ∈ [0, 1] are conjugate points along the geodesic c, if there
exists a nonvanishing Jacobi field J along c with

J (a) = 0, J (b) = 0.(4.14)

The dimension of the space of Jacobi fields with the above property is called the
multiplicity of p and q as conjugate points.

If c : [0, 1] → M is a geodesic and TΩc is the set of the (smooth) vector fields X
along c with X(0) = X(1) = 0, then

kerE∗∗ = {W1 ∈ TΩc | E∗∗ (W1,W2) = 0, ∀W2 ∈ TΩc} ,

is the kernel of E∗∗; let ν = dimkerE∗∗ denote its nullity (if ν > 0, then E∗∗ is
degenerate).

In the following, we shall expose some results which hold also in the case of a
linear connection with nonvanishing torsions, the proof being similar to that in the
classical case:

• Let c be a geodesic. Then: 1) For a C∞-smooth vector field W1 along c, there
holds the equivalence: W1 ∈ kerE∗∗ ⇔ W1 is a Jacobi field along c. 2) E∗∗ is
degenerate if and only if the endpoints p and q of c are conjugate along c. 3)
The nullity of E∗∗ is equal to the multiplicity of p and q as conjugate points.

• If α is a 1-parameter variation of c through geodesics, then the deviation vector
field. W is a Jacobi field along c. Conversely, any Jacobi field along the geodesic
c can be written as the deviation vector field of a variation (not necessarily with
fixed endpoints) of c through geodesics of M .

• A Jacobi field J along the geodesic c : [0, 1] → M is uniquely determined by its
values at the endpoints of the geodesic.

• Let c : [0, 1] → M be a geodesic and p = c (0) . Then, for any W ∈ TpM,the

Jacobi field with X (0) = 0,
DX

dt
(0) = W is given by

X (t) =
(
D expp

)
(tċ (0)) (tW ) .(4.15)

• Finally, we mention that Morse’s index theorem can be proved exactly as in
the classical case.



58 N. Brinzei

References

[1] V. Balan, Applications of the variational principle in the fibered Finslerian ap-
proach, Proc. of the Workshop of Global Analysis, Diff. Geom. and Lie Alg.,
Thessaloniki 1994, 22-30.

[2] V. Balan, On geodesics and deviations of geodesics in the fibered Finslerian ap-
proach, Stud. Cerc. Mat., 46 (1994), 415-422.

[3] J. Jost, Two-Dimensional Geometric Variational Problems, John Wiley & Sons,
1991.

[4] J. Milnor, Morse Theory, Princeton Univ. Press, Princeton, New Jersey, 1963.

[5] R. Miron, The Geometry of Higher Order Lagrange Spaces. Applications to Me-
chanics and Physics, Kluwer, Dordrecht, FTPH no. 82, 1997.

[6] R. Miron and M. Anastasiei, Vector bundles. Lagrange Spaces. Applications to the
Theory of Relativity (in Romanian), Ed. Acad. Rom., Bucharest 1987.

[7] R. Miron, V. Balan, P.C. Stavrinos, Gr. Tsagas, Deviations of stationary curves
in the bundle Osc2M , Balkan Jour. of Geom. and Its Appl. 2 (1997), 1, 51-60.

[8] N. Voicu, Deviations of geodesics in the geometry of second order, Ph. D. Thesis,
”Babes-Bolyai” Univ., Cluj-Napoca, 2003.

[9] N. Voicu, The exponential map on the second order tangent bundle, Studia Math.
3 (2005), to appear.

Nicoleta Brinzei
”Transilvania” University of Brasov,
Department of Algebra and Geometry,
50 Iuliu Maniu Str., RO-500091 Brasov, Romania
e-mail: nico.brinzei@rdslink.ro, n.voicu@home.ro


