An operational method for solving
an integral differential equation

Olga Martin

Abstract

One-dimensional linear transport equation with a source term is considered.
This is rewritten as a Cauchy problem: % + Aw = F, wli=o = wo where w
belongs to a suitable subset of a Hilbert space, whose elements are pairs of real-
valued functions depending on three variables: a space variable z € [0, a], an
angle variable v, with u = cosv € [—1,1] and a time variable ¢ € [0, 7.

The result of calculations from the numerical example show how the density
depends on the time ¢t and angle v for a given value of the space variable z.

Mathematics Subject Classification: 45K05, 65R20, 74530, 65N99.
Key words: transport equation, difference scheme, Krank-Nicholson scheme, bicycle
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1 Problem Formulation
Let us consider a transport equation in a plan - parallel geometry:

1 Oy Oy oy [*
s s L 1
L ar THa, to e =1 /_1<pdu+f(z7u7t) (1)

with the following boundary conditions:

p=0 if z=0, u>0
: (2)
p=0 if z=H, p <0
and the initial condition:
p=p if t=0. (3)
The unknown ¢ of ethe problem (1)-(3) is the density of the particles. These move
with the speed v, which makes an angle v with the real axis Oz at moment ¢ and

g = cosv. In the right-hand side of (1), f, is the radioactive source function, o, o
are the continuous functions in the interval [0, H] and satisfy the conditions:

0<op<o<o01<00; 0<o05<0,<00; 0<0, <0e=0—0 (4)
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Further on, we consider for simplicity, v, = 1. Using the notations:

o7 =z, t);  © =¢(z,—p,t), where >0, (5)

the equation (1) can be written in the form:

0 AT
gt +uai +o-pt 7/ " T )dp+ fY
- (6)
o ¢ - 0s oV -
o M, Ty 2/0(<p+<p)u+f
Substituting: u' = —pu > 0, we get:
0 0 1 1
/1 o(z, p, t)dp = —/1 oz, =/ t)dp' = /O oz, ', t)dp' = /O ¢ dp.
The boundary value problem becomes:
@ (0, p,t) =0; @7 (H,p,t) =0, VYuel0,1], Vtel0,T] (7)
Adding and substrating the equations (6) and introducing the notations:
1, . _ 1, . -
u=5(@"+¢) g=5("+/f7)
2 2 )
1 _ 1 _
v=spt —eT) r=o(fT+ )
2 2
we obtain the following system:
ou v ! ,
— 4+ u-—+o+pu=o; udu’ + g
ot 0z 0 )
TR
5 TH g, Totu="
The boundary-initial conditions are:
u+v=0 for z=0
(10)
u—v=0 for z=H
and respectively:
u=u", v=1" for t=0. (11)

Let us define in a measurable set D = [0, H] x [0, 1] the Hilbert space ® C Ly(D)
of vector functions having two scalar components:

c(2) w=(3) ()

with the scalar product for every fixed ¢:

Z/ du/ (z, 1) 3 (2, i, t)dz (13)
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where o, 3* are the components of the vector functions «, 3.
We consider that the functions w € ® satisfy the condition: (Aw,w) < oco. Let

®( be a subset of @, where the functions w are continuous, have — continuous on

D and the components u, v verify the boundary conditions (10).
We shall define the operators:

1
a—as/ dy/ uaﬁ
A= 80 * (14)
H— o
0z

0
which is not dependent of t and L = o + A. Certainly, the operator L will be defined

on ®g.
As a result, the problem (9)-(11) becomes:
ow
n +Aw=F, (z,ut)€Dx][0,T], D=]0,H]x]I0,1]
w(z, 1, 0) =w®,  V(z,u) €D

(15)
The operator A is symmetric, because for any «, 8 we have: (Aa, 8) = (5, Aa). Such
an operator is called definite, if the following inequality is satisfied:
(Aa, @) = 7l|e| (16)
where « is a positive constant, [5].
Certainly, if A is positive definite, then it is positive: (Aa, ) > 0.
Also, if the operator L is positive definite, then the equation:
Lw=F (17)
has only one solution. Indeed, let w; be an element such that
L’U.)l =F.
Hence, L(w —wy) = 0 = Lw = 0 = (Lw,w) = 0. But, the operator L is positive
definite, such that (Lw,w) > 0, V@ € Dy, - the domain of L = 0 > ~||w|| and hence,

w=0=w=w;.
Now, we prove that A is a positive operator for each w # 0. We obtain:

H 1
(Aw,w) = / d,u/ ou® — crs/ u?dp’ + uu@ + uv% +ov?| dz =
0 0z 0z

/du/ [ 2% +u§(uv) a/olqu,u’}dz

The function u is continuous and by virtue mean value theorem on [0,1], there exists

(18)
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1

at least one point ug in (0,1) such that / w?dp’ = u? (o). Then
0

1 H
(Aw,w) = / du/ [auQ — ogu® (o) + ov* + ,ua(uv)] dz >
0 0 0z
1 H ) 1 H 9
> / d,u/ (0 — o )u? + ov? + p=—(uv) | dz 2/ udu/ —(uwv)dz = (19)
0 0 82 0 0 (92’
1

1 1
=1 [ e =l = 7 [+ > 0

according with (7).
In order to get a solution of tehe problem (15), we go through three stages.

First, a difference scheme is given in order to approximate the space derivatives
which appearing in A. We consider on z-axis two points systems:

- a principal system, {zx}x, k € {0,1,... , N} with zo = 0 and zy = H;

- asecondary system, {zp41/2}k, k¥ € {0,1,... , N—1} which verifies the inequality:
Z—1/2 < 2k < Zky1/2-
Integrating the first equation (9) on the intervals: (z0,21/2), (2x—1/2, Zk+1/2), k €
{1,2,... ,N—=1}, (2ny—-1/2, 2n) and the second equation on (zx_1,2x), k € {1,2,... , N},
the system can be written in the form:

0 z1/2 z1/2 9y z1)2 Z1/2 1 Z1/2
—/ udz+u/ —dz—i—/ oudz :/ Usdz/ udu'—i—/ gdz
at 6,2 Zi 20 0 20

20 20 0

21 21 21 21
g/ vdz—i—,u/ %dz—i—/ Jvdz:/ rdz
ot )., 2 0% o o

8 Zk4+1/2 Zr4+1/2 8,0 Zk+1/2 Zk4+1/2 1 Zk4+1/2
—/ udz—l—,u/ —dz—&—/ oudz :/ Usdz/ ud,u’—i—/ gdz
ot 0z 2 z 0 Zk—1/2

Zr—1/2 Zk—1/2 k—1/2 k—1/2

a Zk4+1 Zk41 (9 Zk41 Zk41
a/ vdz—i—u/z ézdz—i—/2k avdz:/Zk rdz

2k k

a ZN ZN a,u ZN ZN 1 ZN
—/ udz—i—,u/ —dz—i—/ audz:/ Usdz/ ud,u’—i—/ gdz
ot 0z z z 0 ZN-1/2

ZN-1/2 ZN-1/2 N-1/2 N—-1/2
a ZN ZN 8 ZN ZN
—/ vdz —‘rﬂ,/ —udz—i—/ ovdz :/ rdz
ot ZN-1 ZN-1 0z ZN-1 ZN-1
(20)
With the following notations:
Azo =212 — 20, Azk =2kyp12 — 26172, k=1,2,... ,N—1 (@1)

AZN:ZJV_ZN—I/27 Azk—l/szk_Zk—la k:1a27 7N
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we define the mean values:

1 Zk+1/2 1 Zk+1 1 Zk+1/2
op = —— odz, Opii1/2 = 7/ odz, 05, =—— oodz
Az Zp—1/2 AZkJFl/Q 2k Az Zp—1/2
1 Zk+1/2 1 Zk+1
ok = —— gdz, repp= e [ odz
Az, Zp—1/2 / Azk‘H/Q 2
(22)

Let h = o ax 1(AZO,AZN7AZk,AZk+1/2). Dividing the first equation (20) by
Azy and the second by Az, we obtain:

9 L/21/2udz + L["U]ZI/QJrL e (2)u(z, pu,t)dz =
ot | Az Faz o T Ay [, TWHembes

Z0

(23)
B 1 Z1/2 ay /+ 1 Z1/2 J
= Az )., osudz | du Az ). gdz
0 { 1 /21 ] 1 1 /Zl 1 “1
= |— vdz| + p u)il 4+ ovdz = / rdz.
ot | Azy2 /s, AZl/Q[ ks Azy12 /s Az12 Jz
In accordance with the boundary conditions:
1 _ 1
Vo = V|=0 = 5 (80+ - )|2:0 =5 (24)
2 2
1 _ 1 _
uozu\z:0:§ ( T+ )|z:0:*§¢ (25)
we have: vg = —up and the relatuion (23) can be rewritten in the form:
ou V12 + U ! 1 [P
70+MM+00U0=050/ uodp’ + go,  go = 7/ gdz
ot AZO 0 AZO 20
(26)
81}1/2 Uy —u

O+J v =r
ot H Az1/2 1/2V1/2 1/2

where the functions u,v are replaced by their values in the points: z =0, z = 1/2,
z = 1. Similarly, we get

0 v — Uk— 1

Ty HA2 = TR1)2 g, = 0y, / uedp’ + gr

ot Az, 0 (27)
Ovgg1)2 Uk+1 — U

k
= k=12,... N—1
ot Iz Aziri)o T Okt+1/2Vk41/2 = Tk+1/2; YLy

aUNfl/Z 4 UN — UN-1
ot AZN—l/Q

+ ON-1/2UN-1/2 = TN-1/2

8U,N unN — UN71/2 /1 , 1 /ZN
] d 5 = d
En + u A +OoNUN = Osy ; unap + gn, gy Ain szl/zg z
(28)




178 O. Martin

where uy = vn.
Let us consider M (0,2N), the Hilbert space of the vector functions a = (ag, 12, 1, ... )
with the scalar product:

2N 1
(o, 8) = Z/ Azi/Qai/Z/Biﬂdﬂ (29)
i=0 70
and the norm:
||OéH =V (Ot,Oé), aEMh(Oa2N)' (30)
We define the vector functions:
Y= (U07U1/2,U1, cee ,UN—la’UN—1/2,UN)
f:(g()?rl/nglv"' 79N7177AN—1/239N) (31)
¢’ = (Uga”?/za“(l)v e 7U9V,17U?v,1/2,u9v)

and the operator: A = L — S, where

[ ALZO + o9 Uﬂo O 0 ... 0 0
el el 0 0
L= (32)
0 0 00 ovap g
.Y 0 0 0 7AZN AZN ton |

S 1 1 if 4/21is entier number
= diag (051 / i dﬂ)7 1=0,1,... ,2N; v;/0 =
" Jo /2 /2 0 if 4/2is rational number

(33)
Then, the system (26)-(28) has the form:
dy
YL Ap=1f telo,T
o TAe=T [0, ] (34)

o(z,11,0) = °

where ¢, f, 0" were defined by (31). In spite of the fact that we use, for simplicity of
the writing, the same notations as (1), (3), here ¢ is the numerical solution for our

problem.
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We shall prove that L is a positive operator. Indeed, let w € M and then

1 w +w
(Lw,w) = / Az (,ul/zzo + Uow()) wodp+
0

0
1
wp —w

=t Wit1/2 T Wi—1/2
i=1 70 Zi

N-1 1

Wit1 — Wi

+ E / Az, <u + oy w; ) w; du+
i=1 70 /2 Aziy1/2 T i

1

wn +wy_

+ / Azn (uNNl + UNwN) wydp =
0 AZN

1 2N .1
= / p(wd + wi)dp + / Az;j20, 207 jpdp >
0 — Jo

2N 1
> GOZ/ AZi/Q’w?/2d,u/:Uo||wH2 >0
i=170

because continuous functions on [0, H], o;, are bounded on [0, H] and by hypothesis
o>o9>0.

In the second stage a difference scheme is given to approximate the time deriva-
tives. This is used together with the bicycle splitting-up method, which writes the
operator A as a sum:

A(t) = A1(t) + As(t),  Ar(t) >0, As(t) >0 (35)

Let us divide the close interval [0, 7] into n subintervals by choosing points: t; = 0,
t1,... ,t, = T. Next, we take an arbitrary subinterval: [t;_1,t; 1] = [tj_1,t;_9/3] U
[ti—a/3,ti—1/3] U ltj—1/3,tj41/3] U [tj41/3, tjr2/8] U [tjva/3, tiv1], which has the length
equal to 57, where 7 is the time step. Approximating the operators Ay, A; on this the
subinterval by: Aj = Ag(t;), k = 1,2, we shall obtain from (34) a difference system
using the Krank-Nicholson scheme, [5]:

(pj—2/3 _ <pj—1 N Aj (pj—l + (pj—2/3 _0
4 =
T 2
ij_l/?’ _ (pj—2/3

QI2/3 4 pi=1/3

J —
Jj—2/3 _ ,i—1 )
% = I (36)
J+2/3 _ ,i+1/3 pIF2/3 4 Li+1/3
¥ ¥ A E ; T
T

QOj—H + (Pj+2/3 o

J+1 _ ,i+2/3 .
LA S
T 2
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or in other form:

i—2/3 T\ T Ad g, j—1
P = (B gal) (B M) =T
oI =1/3 = 7] pi—2/3

Qit1/3 = i=1/3 | o fi

It2/3 = TQJ'(pj—&-l/?)

@Hl _ Tf@j+2/3
Finally, we have the recurrence formula
P = TYTTIT ) + 2Ty T

To find the solution of the system (36), we consider the first equation, for a fixed p

and the operators (32), (33). We get:

r
1+ —-—— - 0 0 0 0
2 AZO 2 AZO u-j72/3 -
T W T W 0
—= 1 - 0 0 0 .
2 AZl/g 2 AZl/Q Ui;QQ/S
T W i
—_ 1 ji—2/3
0 5 A21/2 0 0 0 ul
i—2/3
0 0 0 _I__ & 1 T_¢# UN_1)2
2 A2n_1/2 2Azn_1)2 i—2/3
T U T W Uy
0 0 0 0 —— -
L 2 AZN + 2 AZN
r T W T W 7
1— -2 _
2 Azg 2 Az 0 0 0 0 -1 A
r_K Ik 0 0 0 0
2 AZl/Q 2 AZl/Q 1}{75
T W _—
0 - 1 0 0 0 J
— 2 AZl !
T M T__H .
0 0 0 - 1 —_ N-1/2
2A2n-172 2Azy_1/2 i1
U
Z 7 B z 7’ N J
L 0 0 0 0 2 AZN 2 AZN

We obtain an analogous relation from the last equation. For the second and the fourth
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equation we have:

- 1
1+T(00—030/ du) 0 0
2 0
-
0 14+ 50’1/2 0
1
0 0 z <00 - 051/ d,u>
2 0
0 0 0
_ u‘é_l/?) -
i—1/3
’Ui/Q
ujl‘—1/3 B
U?‘v—l/?)
RO
- 1
1(00050/ du) 0 0
2 0
-
0 1-— 50’1/2 0

o
jan]
[

|
NN
//~
Q
=
|
Q
>
o\
2
I
=
~_

— 3_2/3 -

j—2/3
1/2

i=2/3 | =

j—2/3
L Un J

We obtain the following relations for the numerical solution:

= () () o

181
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— 1 -
_— 0
14 0¢,7/2
1
, 0 —
803_1/3 — 1+O’1/27’/2
0 0 ey, ———
L 1+0c,7/2 |
(1_ UgT)u] 2/3+ 05207'/ 2/5du 0
0
TOY )2 j—2/3
0 (1- =5 )”{/2
0 0 (1

Elements of the product are:

1
j—1/3 1 ( _TUi) j—2/3 | TOsi ] 2/3
L - { =5 )e 75 ), dpf

i 1—0;_1/97/2 -

i = T2 el g,

1+0-i71/27-/2 i

Analogously, we have

J+1/3 _ 1 (1 _ 701‘) j+1/3 | TOsi +1/3d
o 1+ 22 [ 2 )% T s
; 1—0;1/07/2
+2/3 i—1/2 +1/3 .
5—1/2 = 5—1/2’ i=0,1,...

]. +0-i—1/27—/2 .
At the third stage, we consider the points: pg =0, p1, ...

O. Martin

. N (40)

(41)

, bm, = 1, in the interval [0,1]

and compute the integrals with respect to u, using a numerical integration (trapezoidal

approximation):
1 m
/0 G(p)dp Y Sib, = ()
1=1

Then, the system (36) can be written in the form:

)
(B+34],) el = (B~

TA]Ll)‘Pl
(E+ TA,;I) j—1/3 _ (E_TAél) Jj—2/3
§0+1/3 @g_1/3+27—flj
T A j+2/3 T j+1/3
( T ;) Jj+2/ (E— AJ) Jj+1/
A j+1 j+2/3
(Fe 3= (530

(42)
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In this choice of the steps, which correspond to the variables z,¢, we use the
condition:
T< mlH(AZZ/Q) (44)
3

2 Numerical Example

We wish to find the solution of the problem:

D) AW p(es ) = Tl t), (o) €0, [0,1] % 0,2 (45)
(2, 11,0) = (2, 1) (46)

Considering the partition of [0,4] into four subintervals of equal length by points:
20=0< 210 <21 <23/9<220=4
with
Azg=z12 —20=1; Azyjp =21 — 20 = 2; Az1 = 23/5 — 2172 = 2;
Azzjp =20 — 21 = 2; Azg = 29 — 23)2 = 1.

The partition of the interval [0,1] is: po =0 < p1 =1/2 < pg = 1.

For the variable ¢, we consider the regular partition of the interval [0,2] by the
points: to =0 <1173 < ty/3 <11 <ty4/3 <t5/3 <tz = 2. The initial value problem is
defined by:

900 = (u87v(1)/27u(1)>vg/25ug =(1,1,1,1,1) (47)

The functions o(z), 0s(z) and f, which here depends only of u are defined with the

help of the fig.1 and fig.2. The values of ¢;, i € {0,1/2,1,3/2,2} with respect to 1y
and t; are presented in table 1.

From the relations (8) and using the mean values for w9, v1, uz/o We obtain the
density, pT, for 11 > 0 and the density, ¢, for u < 0 for each value of z; and t;:

ug+2-u _ _
<P+(1/27M,t) :U1/2+% @ (07 _,U/7t) = 2uy, ' (2,—M,t) =0
V172 + V32 _ ug+2-u
¢+(13N7t):u1+% ® (UZ#J)Z%*M/Q
2-uy +ug _ v1/2 + U3/2
¢+(3/27M7t>:v3/2+f ¥ <1aﬂat) :ul_%
_ 2-up + us
‘p+(2nu’vt):2u1\/'v §0+(07:u7t):0 4 (3/27:“775): +_U3/2
Table 1
o t=1/3 t=2/3 t=4/3
p=0 p=5 p=1[p=0 p=5 p=1p=0 p=5 p=1
UQ 1 0.69 0.44 0.92 0.67 0.46 1.25 0.97 0.69
V1 /9 1 0.98 0.95 0.62 0.62 0.59 0.95 0.9 0.82
uUq 1 0.99 0.99 0.87 0.85 0.87 1.2 1.17 1.09
U3 /9 1 1. 1. 0.56 0.56 0.56 0.89 0.86 0.79
Uo 1 1. 1. 0.69 0.69 0.69 0.99 0.99 0.92
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o t=5/3 =2
/L:% pu=0 p=1|p=0 /L:% u=1
w | 117 094 071 | 117 073  0.38
vim | 059 056 05 | 059 054  0.43
w, | 1.05 103 098 | 1.05 1.04 0.98
vsm | 05 048 044 | 05 05 05
u; | 068 068 064 | 068 065 0.59
Table 2
ot t=1/3 t=2/3 t=4/3
p=0 p=3% p=1p=0 p=5 p=1[p=0 p=35 p=1
0 0 0 0 0 0 0 0 0 0
12 2 188 1.6 | 152 14 132 | 217 2 1.77
I 2 199 197 | 15 144 144 | 212 205 1.9
3/2| 2 2 2 137 136  1.37 2 197  1.83
2 2 2 2 1.38 138 138 | 1.98 198 184
oT t=5/3 t=2
p=0 p=1/2 p=1[p=0 p=5 p=1
0 0 0 0 0 0 0
12 17 156 135 | 1.7 147 12
L | 16 155 145 | 1.6 1.6 145
32| 14 139 131 | 14 14 135
2 | 136 1.36 13 | 136 1.3 1.2
Table 3
o t=1/3 t=2/3 t=4/3
p=0 p=3% p=1p=0 p=5 p=1[p=0 p=35 p=1
0 2 14 087 | 1.85 134 092 | 25 194 138
2] 0 0 0 027 018 014 | 027 02 0.4
1 0 04 002 | 028 026 029 | 03 028 029
372 0 0.06 0 025 024 024 | 024 025 025
2 0 0 0 0 0 0 0 0 0
S t=5/3 t=2
p=0 p=1/2 p=1]p=0 p=5 p=1
0 | 234 188 142 | 234 146 1.96
121 05 044 039 | 05 029 035
1 | 051 051 051 | 051 052 052
3/2 | 041 043 043 | 042 04 035
2 0 0 0 0 0 0

We mention that, the numerical values of o+ and ¢~ were obtained for the neutron
speed, v. = 1 Also, in accordance with [3], we multiply with a factor 2 the number of
the particles, which pass through a surface with unitary area.
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Finally, to obtain the true values of ™ and ¢~ we will multiply these with 2v..
The results of this numerical example prove its importance: how depends the

density in a point z at the time ¢ for different values of angle v.
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