Geodesic Newton method
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Abstract

Many optimization problems require naturally the structure of a Riemannian
manifold. This structure is involved by means of Riemannian connection, in-
duced distance, geodesics, sectional curvature.

In this paper we present the complexity analysis of the logarithmic barrier
algorithm using tools of Riemannian geometry. For generality, the step is taken

as T = where A > 1 is a constant and & > 1 is the constant of self-

Ea
concordance.
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1 Preliminary Discussion

The Riemannian Geometry has been used in mathematical optimization as an im-
portant instrument to obtain new classess of methods. The interior point methods
for convex optimization is such an example, being developed due their computational
and theoretical utility; see for example [2], [5], [10], [11].

From the point of view of the interior point theory, the self-concordance of func-
tions have a major role.

The paper is organized as follows. In Section 2 we give a general Riemannian
framework for the logarithmic barrier method. In Section 3 we analyse a special case:
Riemannian convex programming. The self-concordance property plays a key role in
this analysis. We study the properties of the Newton method near the central path of
a convex program using simultaneously the initial Riemannian metric and a Hessian
Riemannian metric. In Section 4 we present the complexity analysis of the logarithmic
barrier algorithm applied to convex program.
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2 The primal central path in convex
programming

Let (M, g) be a complete n-dimensional Riemannian manifold. We consider the primal
convex programming problem

(P) max{f(z)|an(z) <0, a=1,...,m, x € M}

satisfying the following conditions:

1) the interior of the feasible region F : as(z) < 0 denoted by F°, is nonempty
and bounded

2) the functions —f, a, are C? convex functions on (F°, g).

The Riemannian convexity of the functions a, implies the total Riemannian con-
vexity of the set F°.

The logarithmic barrier function associated to (P) is

o(x, 1) Z In(—aq(z

where p is the barrier strictly positive parameter. The existence of the logarithmic
imposes a, (z) < 0. That is why the barrier function will prevent the iterate from going
outside the feasible region. For this reason the logarithmic barrier function method is
called an interior point method.
By supposing the functions f, a1, ..., a, as being differentiable, we may define:
the gradient

V() = _vf Z (@)

where of o 9 9
.. ..0a

=¥ = _—_ = Ll =
Vf=gyg D B Va, =g 9t 9ai’ & 1,...,m.

the Hessian

V26 (z, p) = “Vi(z) | zm: {Vzaa(w) L Va(2) ® Vaa ()

PR ey 2@
where 5 of
2f = ) dot @ da?
Vi <8m’81ﬂ *J axm> v
and

O0xOxI " Qgm

Assume that the Hessian V?2¢ is positive definite. Then V2¢ is used as a new
Riemannian metric on F° C M. The function ¢ is strictly convex on F° in (M, g)
and takes infinite values on the boundary dF.

We start by giving two definition.

2
v%a:( 0o pn O )d ® da.

Definition 1. The unique critical point of ¢, i.e., the solution X'(u) of the system
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“VI@) N Vaala)
R Dirn e ikl

is called p-center.
By the implicit function theorem the preceeding system defines the curve z(u) of
class C!.

Definition 2. The set of all u-centers, when p runs from oo to 0 is called the
primal central path.

In the logarithmic barrier method, the original constrained problem (P) is re-
placed by a sequence of unconstrained minimization problems, i.e. minimizing ¢(z, i)
succesively for a sequence of positive decreasing values of the barrier parameter u.

We introduce a geodesic Newton algorithm doing a search along the geodesic
tangent to Newton vector N, = —(V2¢)~'dp = —grad ¢. By hypothesis, the norm of
a vector X, € T, M is built using the Riemannian metric V24 i.e.

1Xallveg = (V20(2) (Xz, X,))2.

We stop the minimizing procedure if [|[Ng||v24 < 7 < 1, where 7 is a certain
tolerance. Obviously, || Ng||v2, = 0 iff 2 = z(u).
For finding an e-optimal solution, we proceed as follows

Logarithmic barrier algorithm

Data: € is the accuracy parameter, 7 is the proximity parameter, 8 € (0,1) is the
reduction parameter, p is the initial barrier value, z( is a given interior feasible point
such that ||Ng(zo, 10)|[v2¢(w0,u0) < T-

Step 1: Set x = xg, p = po-

Step 2: If pu > ﬁ, then set i1 = (1 — 0)p.

Step 3: While ||[Ng(z, i)||v2¢(a,u) > T, do

t = argmin{o(y(t), w)y(t) € F7, 7(t) = expy (tNg) }

and set z = ().

3 Properties near the central path of a
convex program

We introduce the self-concordance Riemannian condition.

Definition 3. The function ¢ : 7° — R is called k-self concordant on F°, k > 0
if ¢ is of class C® on F° and for all # € F° and X, € T,,M the next inequality is true

(Vggb(z)(Xx, Xas Xaf))Q < 2/{(V2¢)(Z)(Xx, Xx))Sy

where V?2¢ is the second covariant derivative of ¢ and V3¢ is the third covariant
derivative of ¢.
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In this section we assume that ¢ is k-self-concordant with k > 1. Since F° is
bounded and the logarithmic barrier function ¢ is self-concordant it follows that V2¢
is positive definite and hence ¢ is strict convex.

The next analysis refers to logarithmic barrier algorithm for the general case 7 =

1
—-, where ) is a real constant, A > 1.

Ak
For the proofs of the next two teorems see [10].

Theorem 4. Let v € F° and X € T, M. Let us consider the geodesic v(t) =
exp, (tX), t € [0,1] determined by v(0) = z, 4(0) = X.
1) For an arbitrary vector field Y € X (M), the next inequality holds
(1 = tk||X|[v2¢(2)) - Y [[v26(2) < 1Y [920(v(1)) <

< 1
1 — th|[X|[v2¢(x)

Y [v2¢()-

1
2) If [| X||v2p(z) < VA where A > 1 is a real constant, then v(1) € F°.

Theorem 5. Let Ny = Ny(x, 1) be the Newton vector at © and y(t) = exp,(tNy),

1
t € [0,1] be the corresponding geodesic. If || Ny()||v2¢(z) < VA where A > 1 is a real

constant, then

k- HN¢($’M)H2V2¢(I )
Ny (v(1), )llw2 (1)) < ENYE
1N w2660 < T/ N @ 1) Tw2otem)?

3+V5

Let us denote \g = 7

1
Corollary 6. 1) If X > Ao, then the condition ||Ng(x)||v2¢) < % implies that
the geodesic Newton method is convergent.
1
2) If || Ng(z)||v2¢(2) < VA with A > Ao, then

A 2
N1 Dllvzocin <k (527) - IN6@) oo

1
Proof. 1) From |[Ng(2)||v2¢(z) < o Ve obtain

k A

<kN —mm.
(1 = E||Ng (2)[[v2(a))? (A—1)?

The last theorem implies

ke INg ()32 )
N, 1 2 <

A ) A
< kX oo INg (@) |S26(2) < o1 || Ng ()| lw26()-
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From the condition A > \g, it follows

A
A—1)2° [INg(2)l|v26(2) < [INg(2)[[v26()

hence the geodesic Newton method is convergent.
2) In the first part of corollary we deduced

A 2
Mo OMlvraciy <k (527 ) - INo@)Bsgis Tor A2

1
Theorem 7. If || Ng(7)||v2¢2) < VA A > Ao and x is an approximation of the

exact center x(u), then

1N (@) 2009

(1 - <A’\_1>2 k- ||N¢($)|Iv2¢><z>>

Proof. The convexity of the function x — ¢(z, 1) along y(t) = exp,(tNy), t € [0,1]

implies ¢(y(1), u) > ¢(x, 1) + dp(Ng).
But N, = —(V2¢)~d¢ and we deduce dp(N,) = f|\d¢||2v2¢, so that

¢z, 1) — d(z(p), p) <

R

$(a, 1) = ¢(7(1), n) < =dd(Ny) = [|dgl[T24 = ||Noll324-
Let {x;} be the Newton sequence having the first term z;. From the corollary 6,

. 1
if [|Ng||v2g < VA A > Ao, then

A
INs(Y)llv2g(rvay) S k- 3= - 1N ()32 )
Hence

2t 1
A2 ;
INg ()| 926 (2:) < KA”) k] (INg (20)[|Z2 00y =
i

G2 e [0

A
For A > Ao, we find 0 < P < land lim ||[Ng(zs)||v2¢(z,) = 0. The terms of the

sequence {z;} lie in a bounded region and || Ng||v2, = 0iff V¢ = 0 iff & = 2(p). Hence
{z(u)} is the set of all limit points of the sequence {x;}, i.e. the Newton sequence
converges to x(u).

Moreover, using the inequality ¢(x, p) — @(y(1), 1) < Hd¢||2v2¢ we can write

2t—-1
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oo

Z[éﬁ(xi, p) — ¢(@ip1, p)] <

i=1

o) e A 2
<IN (@) B2y < [()\_1) k]
i=1 =1
[N (@)1 %242

<
>~ 5 2°
- [(Afl) b ||N¢<x>||vz¢<x)]

Lemma 8. If the real numbers ai,...,a, satisfies the inequality a3+...+a2, <
r2, then —ry/m < a2 + ...+ a2, <rym.
The equality is attained only for

2t 1

N (@)IZ240) <

—r
Al = ... = Oy = —

r
or a1 =...=aym=——.
Jm ! " m
Proof. We apply the Cauchy-Schwartz inequality:

(a1 4 ... +ap)?=(a1-1+...+an-1)*<(af+...+a2) m<mr?

Therefore, the extrema values are +ry/m and they are obtained for a3 = ... = a,, =
r
+—.
vm
Lemma 9. If x is an approzimation of the exact center x(p), then
df (2)(Ng) < 1 (IINol[Z2g + V- || Ng|lw2g) -
Proof. We use again that d¢(Ny) = _||d¢||2v2¢- From the formulas for V¢ and
V2¢, we get
df (2)(Ng) | <~ dai(z)
Voo, p) = -2 S0 N),
( ) M ; “a; (ZC) ( 47)
or equivalent
df (z)(Ng) ~ dai(z)
T = 1l + > =SS (Ne).
i=1 ¢

Also, we find

INo |32 = VZo(2, 1) (Ng, Ny) =

_ VQf(x)LNm No) i V2a;(2)(Ny, No) <dai($)(N¢)>2] |

2|7 ) ai(7)

The functions —f and a;, i = 1, m are Riemannian convex. Hence

V2 f()(Ng, Ny) <0,

VZ2a;(z)(Ng, Ny) > 0.
Having in mind that a;(xz) < 0, we deduce
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T (dai(z)(Ng)\°
7\7 2 > —_— 7N 77
H ¢||V2¢ = ;:1: ( CLZ'(JJ)
and consequently from Lemma 8,

df (2)(Ng) < 11 ([[Ng| |2 + Vm - [[Ngl[w2g) -

Lemma 10. If z is an approximation of the exact center x(n) and
v :[0,1] = M, ~(t) = exp,(tNy), then

pik - || Ng| w26 (|| No|lv2g + VM)
1-k- HN¢HQV2¢

|df (v (1) (Ng)| <

Proof. Like in Lemma 9, we find

PO _ o 17y + 3 2500)

2 a3y V)

From the proof of Lemma 9, it follows

> 4ol D) (| < m [INs[12((2))-

=1 —ai(y(1))

In the first part of the Theorem 4 we take X =Y = Ny and find

1 k- |INgllv2 ()

N, 2 < - ||, 20(2) <

since k > 1. For t = 1, it follows

— th||Ngllv2g(2)

klINg |l w2 ()
INo[lv20(1) < —.
PIVE) = 1 E[[Nyllv2g(a)
Therefore
m
Va;(y(1)) K[| No|lv2g ()
—— =5 (Ny)| < Vm (I Ngllw2(y 1)) < Ve .
2 iy V)| < Vi INellvzoay < Vi g

From the proof of the Theorem 5 we have

k|‘N¢H2V2¢($)
— k|INgllv2g(e)

GO < 5

Finally we conclude

ldf (v(1)(Ng)| < lldf(v(l))(Nqs)l +,

291
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L HNlRgwy v Nl |
T HNollveotm 1~ HNollvoto

<p

_ HEIIN[[v200) (K[ Nollv2o@) + VM)

The following theorem gives an upper bound for the difference of the objective value
in the exact center and an approximately centered iterate.

Theorem 11. If x is an approvimation of the exact center x(p1) and || Ng||v2¢(z) <
! A> Ao, th
— en
Ak’ = N0
1+ k”Nqb(z:N)HQv%(w,u) HN¢($7N)H2V2¢(Z,N)
1_k||N¢(x’N)HV2¢(m,u) 1_ A 2
A—1

|f(z) = fz, p)| < pv/m
k- HN¢HV2¢(I,M)

Proof. Let us consider the geodesic v : [0,1] — M, v(t) = exp, (tNy). The convex-
ity of —f(z) implies

|df (v(1))(Ng)| < f(7(1)) = f(z) < df (z)(Ng).
Using the results from the Lemmas 9 and 10 we obtain

1+ K||No[32

FO) = f@) < w/m-INsllv20) T3 on,

Let {z;} be the Newton sequence starting at .

If(v(1)) = f2)] = Zf(xm — f@)| < Z [f (@igr = )] <

1+k||N¢(xi,u)\|2v2¢(%u) <
L —K||Ng(zi, p)lIv2¢ (i) —

< v INs(@s, 1)l lo2oe. -
i=1

D INg(@, 1)l |92 <

< py/m -
1- k||N¢($?M)||V2¢((L‘,M) =1
201
L KINg (@, 1)|[S2 g0y A’ ;
< py/m- —h () -k NG (@, )32 g ) <
]‘_kHN(b(xaN)HVsz(x,u) 722; A—1 || ¢ ||V2¢( )
< pujim. LERIN @ Dl 2o | [N (@, 1)l w20,
- 1 — K[| Ny (z, 1)

[ Ay |
1 (H) k- [INp (2, 1) w2 (o)
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4 Complexity analysis of the logarithmic
barrier algorithm

Let us refer to upper bounds for the total number of outer and inner iterations for
the logarithmic barrier algortihm (LBA) applied to the program (P). For the analysis

we consider the step 7 = BV A> Ao

Theorem 12. After at most P ! E -In 472'% (s € N fized) outer
br5 .ty

iterations and X > 2,9 the LBA ends up with an approximate solution x of the program

(P) such that z* — f(x) < e, where x*,z* = f(x*) is the solution of the problem (P).

4
Proof. The algorithm stops when p, = (1-6)?-pp < 4i or —pln(1—0) > In %
m

2 s
Since@—k%—!—...—!—%S—ln(l—@),weﬁnd

1 dmpug
> -1 .
b="""p - e
0+ —+...+—
2 s
1
Also we have (see [2]) 2* — f(z(pp)) < m-pp. From theorem 11, for |[Ny|[v24 () < IV
A > \g we obtain
2
1
1+k-(— 1
Ak \k
f@(pp)) = f(2) < ppvm - T = 5
1-k-— 1— 1
Ak -1
or equivalent
1 1 A—1
— < u/m- | = . .
f@(pp)) = f(x) < ppv/m (k + )\2k2> X —3\+1
. . 1 1 1
Since k > 1, it follows z + 25z <1+ 2 and hence
AN +1)(A-1)
- < poNm - —
f(x(:up)) f(x)—:up m /\2(/\2_3)\+1)
2+ 1)(t—1
The real function a : (Ag,0) — R, a(t) = ELDe-1) has the derivative a'(t) =
£2(t2 =3t + 1)
(t —2)(—t* — 5t — 10) — 18 3+V5

, which is strictl tive for t > \g = = '
(t4—3t3—|—t2)2 wiicn 1S Strictly negative 1or 0 5

Therefore the function a decreases from +oo to 0 on (Ag,00). But a(2,9) =
2,9942556 < 3, hence for allt > 2,9, a(t) < a(2,9) < 3and f(z(uy))—f(x) < 3upy/m.
Finally we deduce that

2= f(@) =27 = flapp)) + (@) = f(2) < ppm + 3ppy/m <
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g,up~4m§ﬁ-4m:s.

The next theorem enssures a sufficient decrease of the value of logarithmic barrier

function.

_ 1
Theorem 13. If v(t) = exp,(tNy), t € [0,1] and t = ——————, then
(1) = exp, (tN), 1 € [0, 1 T

¢z, 1) —(v(1), 1) 2 15 (k‘HN¢Hv2¢*1n(1+k|\N¢|lv2 ) -

The proof of this theorem is presented in [10].

Theorem 14. Each outer iteration requires at most

_ (A — 1)
1T T T R -3+ (A - A+ 1)

202 3x3 40t 5N

0 IOk +1)(A 1)
1—02" [ Nk2(02 3\ 1) +9m]}

mner iterations, A > Ag.

+

Proof. We use the notations: i = the barrier parameter value in an arbitrary
outer iteration, i = the barrier parameter value in the previous outer iteration, x =
the iterate at the beginning of the outer iteration. Therefore x is centered with respect
to (@) and = (1 — 0)f.

By Theorem 13, at each inner iteration, the decrease of the barrier fuction is at
least

1
ﬁ[kHNaﬁHV% — In(1 + k|[Ng|[v2g)]-

1
The last function is increasing in || Ng||v24 and || Ng||v2g4 > A during each iteration,
hence
S FlIN s = (1 + B[ Nolgag)] 2 25 |5~ (14 5
—1In — |~ —In =
S A A =
We use the inequality In(1+1¢) <t — 5 + 371 +— 5 , which is true for all ¢ > 0 and
deduce that
1 (14 1 S 1 1 n 1 1
——In - — — et — .
A A 202 3x3 40t BN
Let’s denote E L + ! ! If N is the ber of inner iterations
n == — =+ — — —. is number of inner iteration:
2% 38 T TN v et
during one outer iteration, then ER < ¢z, ) — dp(x(), it)-

) i
We also consider the function ¢ (z, 1) = ¢(z, ) — ¢(z(f),
value theorem:

"‘:H
S~—
o
=}
Q.
&
=]
S
<
-+
=
5
=
o
Y
F

(e, ) = (@, B) + %@c,u)\u:ﬂ(ﬁ ),

f(z)

_ d
where i € (i, ). From ¢(z, 1) Zln —a;(z)) it follows ﬁ(w, w) = oz

and
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Vf(x)— ZWVCL?(x) =0, u; >0
i=1
—a;(x)u; = p

dé fa@) VW) oSS Va@w)
(). = RO S (u)+; i o () =
_ f(i(Qu)) () () — ;uivm(ﬂc(u))l _ f(i(z)u))
Hence dp fa(p) — f() F(@) — £(2)
z(p)) — flx z(p)) — f(x
" . w =i - i’ 7

the last inequality beig a consequence of the monotonicity of the objective function
along the central path. We may write

o, 5) < o(o, g) + LEE) = F@] o 2

- :
[f(p) = f@)] | |f(=(R)

2
4+

< P(z,p) +

=i~

1
The function hy : [ 0,—| — (0,00), hi(t) = 5 has the deriv-
/\0k A 2

1-— — | kt

o 21 e .
ative hfi(t) = N which is strictly positive for all ¢ > 0.

\o\2

1-— — | kt

1
Therefore hy is increasing for ¢t € <0 } From the Theorem 7 it follows that

" Xok
1
for || Ng(z, i)||v2g(z,u) < VA A > Ao, we have

N6 ()13 5

2 2 S
- [(Q_l) k||N¢<x>||vz¢<m>]

¢($7ﬂ) = ¢($,ﬂ) - ¢($(ﬂ)7ﬂ) <
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1
< A2%2 _ (A-1°

= [ LN 1P MRS A+1)
20

A—1 Ak
the last expression make sense if A # Ag. So we have to impose the condition A > Ag.

1 1+ kt?
The functions hg,hs : |(0,—| — (0,00), ha(t) = i and  hs(t) =
Aok 1—kt

t k(—kt* +2t 41 1
have the derivatives h)(t) = ( Raklins )7h§(t) = 55

() R EEOE

1
which are positive for t € (O, )\k] . Therefore the functions hy and hg are increasing
0

and positive, hence ho - h3 is increasing. From the Theorem 11 it follows that for

1
|| Ng(z, M)Hvzqs(x w < VA A > A, we have

L4 RN @ ) Rogiag Vo)l w00 _

1_k||N¢(a )||V2¢z,,u) 1_< A )Qk o
A—1

(@) = fz )] < v/

(AN2k+1)(A—1)
CA2R2(A2 —3A+ 1)

Moreover,

m

fla(p) = flz(p) < ZW(E) ~ai(z(p)) — Zuz'(ﬂ)az'(x(ﬂ)) =
since it = (1 — 0)fi. Finally we obtain
_ (A -1
V) S e S T ) = A+ 1)
pym  (NE+DA-1) omﬁ] B
L Ak =3X+1) i i
(A —1)* 0 {\/Fn()\%wL HA-1)
1)

TR AT D AT D) (=02 | NR(Z_3A11)

+

+ Om

NE _
We denote the last expression by F. We may write that yeh < Y(z,p) < F, or
k2F
equivalent, N < ok since E > 0 for A > A\g. Hence
A—1)4
N < k?. : (
< 1 {wewnr e
6 b+ 1A -1
_ Vm(Nk+1)(A )+9m
A2k2(N2 —=3X\+1)
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Corolary 16. An upper bound for the total number of Newton iterations is given
by
(A-1)*
1 1 1 1 '{)\2152()\2—3)\—%1)()\2—)\—1—1)

+

6 Vm(A2k+1)(A—1)
+(19)2"{ N1 [
1 Amypg
1
2 o e
0+ —+...+—
2 S

where s € N is fired and A € R, A > 2,9.
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