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Abstract

Many optimization problems require naturally the structure of a Riemannian
manifold. This structure is involved by means of Riemannian connection, in-
duced distance, geodesics, sectional curvature.

In this paper we present the complexity analysis of the logarithmic barrier
algorithm using tools of Riemannian geometry. For generality, the step is taken

as τ =
1

λk
, where λ ≥ 1 is a constant and k ≥ 1 is the constant of self-

concordance.
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1 Preliminary Discussion

The Riemannian Geometry has been used in mathematical optimization as an im-
portant instrument to obtain new classess of methods. The interior point methods
for convex optimization is such an example, being developed due their computational
and theoretical utility; see for example [2], [5], [10], [11].

From the point of view of the interior point theory, the self-concordance of func-
tions have a major role.

The paper is organized as follows. In Section 2 we give a general Riemannian
framework for the logarithmic barrier method. In Section 3 we analyse a special case:
Riemannian convex programming. The self-concordance property plays a key role in
this analysis. We study the properties of the Newton method near the central path of
a convex program using simultaneously the initial Riemannian metric and a Hessian
Riemannian metric. In Section 4 we present the complexity analysis of the logarithmic
barrier algorithm applied to convex program.
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2 The primal central path in convex
programming

Let (M, g) be a complete n-dimensional Riemannian manifold. We consider the primal
convex programming problem

(P ) max{f(x)|aα(x) ≤ 0, α = 1, . . . , m, x ∈ M}

satisfying the following conditions:
1) the interior of the feasible region F : aα(x) ≤ 0 denoted by F◦, is nonempty

and bounded
2) the functions −f , aα are C2 convex functions on (F◦, g).
The Riemannian convexity of the functions aα implies the total Riemannian con-

vexity of the set F◦.
The logarithmic barrier function associated to (P) is

φ(x, µ) = −f(x)
µ

−
m∑

α=1

ln(−aα(x)),

where µ is the barrier strictly positive parameter. The existence of the logarithmic
imposes aα(x) < 0. That is why the barrier function will prevent the iterate from going
outside the feasible region. For this reason the logarithmic barrier function method is
called an interior point method.

By supposing the functions f , a1, . . . , an as being differentiable, we may define:
the gradient

∇φ(x, µ) =
−∇f(x)

µ
−

m∑
α=1

∇aα(x)
−aα(x)

,

where
∇f = gij ∂f

∂xi

∂

∂xj
, ∇aα = gij ∂aα

∂xi

∂

∂xj
, α = 1, . . . , m.

the Hessian

∇2φ(x, µ) =
−∇2f(x)

µ
+

m∑

i=1

[∇2aα(x)
−aα(x)

+
∇aα(x)⊗∇aα(x)

a2
α(x)

]
,

where

∇2f =
(

∂2f

∂xi∂xj
− Γm

ij

∂f

∂xm

)
dxi ⊗ dxj

and

∇2aα =
(

∂2aα

∂xi∂xj
− Γm

ij

∂aα

∂xm

)
dxi ⊗ dxj .

Assume that the Hessian ∇2φ is positive definite. Then ∇2φ is used as a new
Riemannian metric on F◦ ⊂ M . The function φ is strictly convex on F◦ in (M, g)
and takes infinite values on the boundary ∂F .

We start by giving two definition.

Definition 1. The unique critical point of φ, i.e., the solution X (µ) of the system
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−∇f(x)
µ

−
m∑

α=1

∇aα(x)
−aα(x)

= 0,

is called µ-center.
By the implicit function theorem the preceeding system defines the curve x(µ) of

class C1.

Definition 2. The set of all µ-centers, when µ runs from ∞ to 0 is called the
primal central path.

In the logarithmic barrier method, the original constrained problem (P) is re-
placed by a sequence of unconstrained minimization problems, i.e. minimizing φ(x, µ)
succesively for a sequence of positive decreasing values of the barrier parameter µ.

We introduce a geodesic Newton algorithm doing a search along the geodesic
tangent to Newton vector Nφ = −(∇2φ)−1dφ = −grad φ. By hypothesis, the norm of
a vector Xx ∈ TxM is built using the Riemannian metric ∇2φ i.e.

||Xx||∇2φ = (∇2φ(x)(Xx, Xx))
1
2 .

We stop the minimizing procedure if ||Nφ||∇2φ ≤ τ < 1, where τ is a certain
tolerance. Obviously, ||Nφ||∇2φ = 0 iff x = x(µ).

For finding an ε-optimal solution, we proceed as follows

Logarithmic barrier algorithm

Data: ε is the accuracy parameter, τ is the proximity parameter, θ ∈ (0, 1) is the
reduction parameter, µ0 is the initial barrier value, x0 is a given interior feasible point
such that ||Nφ(x0, µ0)||∇2φ(x0,µ0) ≤ τ .

Step 1: Set x = x0, µ = µ0.
Step 2: If µ >

ε

4m
, then set µ̄ = (1− θ)µ.

Step 3: While ||Nφ(x, µ)||∇2φ(x,µ) ≥ τ , do

t̄ = argmin
t>0

{φ(γ(t), µ)|γ(t) ∈ F◦, γ(t) = expx(tNφ)}

and set x = γ(t̄).

3 Properties near the central path of a
convex program

We introduce the self-concordance Riemannian condition.

Definition 3. The function φ : F◦ → R is called k-self concordant on F◦, k ≥ 0
if φ is of class C3 on F◦ and for all x ∈ F◦ and Xx ∈ TxM the next inequality is true

(∇3φ(x)(Xx, Xx, Xx))2 ≤ 2k(∇2φ(x)(Xx, Xx))3,

where ∇2φ is the second covariant derivative of φ and ∇3φ is the third covariant
derivative of φ.
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In this section we assume that φ is k-self-concordant with k ≥ 1. Since F◦ is
bounded and the logarithmic barrier function φ is self-concordant it follows that ∇2φ
is positive definite and hence φ is strict convex.

The next analysis refers to logarithmic barrier algorithm for the general case τ =
1
λk

, where λ is a real constant, λ ≥ 1.

For the proofs of the next two teorems see [10].

Theorem 4. Let x ∈ F◦ and X ∈ TxM . Let us consider the geodesic γ(t) =
expx(tX), t ∈ [0, 1] determined by γ(0) = x, γ̇(0) = X.

1) For an arbitrary vector field Y ∈ X (M), the next inequality holds

(1− tk||X||∇2φ(x)) · ||Y ||∇2φ(x) ≤ ||Y ||∇2φ(γ(t)) ≤

≤ 1
1− tk||X||∇2φ(x)

· ||Y ||∇2φ(x).

2) If ||X||∇2φ(x) <
1
λk

, where λ ≥ 1 is a real constant, then γ(1) ∈ F◦.
Theorem 5. Let Nφ = Nφ(x, µ) be the Newton vector at x and γ(t) = expx(tNφ),

t ∈ [0, 1] be the corresponding geodesic. If ||Nφ(x)||∇2φ(x) <
1
λk

, where λ ≥ 1 is a real
constant, then

||Nφ(γ(1), µ)||∇2φ(γ(1),µ) ≤
k · ||Nφ(x, µ)||2∇2φ(x,µ)

(1− k||Nφ(x, µ)||∇2φ(x,µ))2
.

Let us denote λ0 =
3 +

√
5

2
.

Corollary 6. 1) If λ ≥ λ0, then the condition ||Nφ(x)||∇2φ(x) <
1
λk

implies that
the geodesic Newton method is convergent.

2) If ||Nφ(x)||∇2φ(x) ≤
1
λk

, with λ ≥ λ0, then

||Nφ(γ(1))||∇2φ(γ(1)) ≤ k ·
(

λ

λ− 1

)2

· ||Nφ(x)||2∇2φ(x).

Proof. 1) From ||Nφ(x)||∇2φ(x) <
1
λk

, we obtain

k

(1− k||Nφ(x)||∇2φ(x))2
≤ kλ · λ

(λ− 1)2
.

The last theorem implies

||Nφ(γ(1))||∇2φ(γ(1)) ≤
k · ||Nφ(x)||2∇2φ(x)

(1− k||Nφ(x)||∇2φ(x))2
≤

≤ kλ · λ

(λ− 1)2
· ||Nφ(x)||2∇2φ(x) ≤

λ

(λ− 1)2
· ||Nφ(x)||∇2φ(x).
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From the condition λ ≥ λ0, it follows

λ

(λ− 1)2
· ||Nφ(x)||∇2φ(x) ≤ ||Nφ(x)||∇2φ(x),

hence the geodesic Newton method is convergent.
2) In the first part of corollary we deduced

||Nφ(γ(1))||∇2φ(γ(1)) ≤ k ·
(

λ

λ− 1

)2

· ||Nφ(x)||2∇2φ(x), for λ ≥ λ0.

Theorem 7. If ||Nφ(x)||∇2φ(x) ≤
1
λk

, λ ≥ λ0 and x is an approximation of the

exact center x(µ), then

φ(x, µ)− φ(x(µ), µ) ≤
||Nφ(x)||2∇2φ(x)(

1−
(

λ

λ− 1

)2

· k · ||Nφ(x)||∇2φ(x)

)2 .

Proof. The convexity of the function x → φ(x, µ) along γ(t) = expx(tNφ), t ∈ [0, 1]
implies φ(γ(1), µ) ≥ φ(x, µ) + dφ(Nφ).

But Nφ = −(∇2φ)−1dφ and we deduce dφ(Nφ) = −||dφ||2∇2φ, so that

φ(x, µ)− φ(γ(1), µ) ≤ −dφ(Nφ) = ||dφ||2∇2φ = ||Nφ||2∇2φ.

Let {xi} be the Newton sequence having the first term x1. From the corollary 6,

if ||Nφ||∇2φ ≤
1
λk

, λ ≥ λ0, then

||Nφ(γ(1))||∇2φ(γ(1)) ≤ k · λ

λ− 1
· ||Nφ(x)||2∇2φ(x).

Hence

||Nφ(xi)||∇2φ(xi) ≤
[(

λ

λ− 1

)2

· k
]2i−1

· ||Nφ(x1)||2
i

∇2φ(x1)
=

=

[(
λ

λ− 1

)2

· k
]2i−1

· ||Nφ||2
i

∇2φ ≤
[(

λ

λ− 1

)2

· k
]2i−1

·
(

1
λk

)2i

=

=
1
λk

[
λ

(λ− 1)2

]2i−1

.

For λ ≥ λ0, we find 0 <
λ

(λ− 1)2
< 1 and lim

i→∞
||Nφ(xi)||∇2φ(xi) = 0. The terms of the

sequence {xi} lie in a bounded region and ||Nφ||∇2φ = 0 iff ∇φ = 0 iff x = x(µ). Hence
{x(µ)} is the set of all limit points of the sequence {xi}, i.e. the Newton sequence
converges to x(µ).

Moreover, using the inequality φ(x, µ)− φ(γ(1), µ) ≤ ||dφ||2∇2φ we can write
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φ(x, µ)− φ(x(µ), µ) =
∞∑

i=1

[φ(xi, µ)− φ(xi+1, µ)] ≤

≤
∞∑

i=1

||Nφ(xi)||2∇2φ(xi)
≤

∞∑

i=1

[(
λ

λ− 1

)2

· k
]2i−1

· ||Nφ(x)||2i

∇2φ(x) ≤

≤
||Nφ(x)||2∇2φ(x)

1−
[(

λ

λ− 1

)2

· k · ||Nφ(x)||∇2φ(x)

]2 .

Lemma 8. If the real numbers a1, . . . , am satisfies the inequality a2
1+. . .+a2

m ≤
r2, then −r

√
m ≤ a2

1 + . . . + a2
m ≤ r

√
m.

The equality is attained only for

a1 = . . . = am =
−r√
m

or a1 = . . . = am =
r√
m

.

Proof. We apply the Cauchy-Schwartz inequality:

(a1 + . . . + am)2 = (a1 · 1 + . . . + am · 1)2 ≤ (a2
1 + . . . + a2

m) ·m ≤ mr2.

Therefore, the extrema values are ±r
√

m and they are obtained for a1 = . . . = am =
± r√

m
.

Lemma 9. If x is an approximation of the exact center x(µ), then

df(x)(Nφ) ≤ µ
(||Nφ||2∇2φ +

√
m · ||Nφ||∇2φ

)
.

Proof. We use again that dφ(Nφ) = −||dφ||2∇2φ. From the formulas for ∇φ and
∇2φ, we get

∇φ(x, µ) = −df(x)(Nφ)
µ

+
m∑

i=1

dai(x)
−ai(x)

(Nφ),

or equivalent
df(x)(Nφ)

µ
= ||dφ||2∇2φ +

m∑

i=1

dai(x)
−ai(x)

(Nφ).

Also, we find
||Nφ||2∇2φ = ∇2φ(x, µ)(Nφ, Nφ) =

= −∇
2f(x)(Nφ, Nφ)

µ
+

m∑

i=1

[
∇2ai(x)(Nφ, Nφ)

−ai(x)
+

(
dai(x)(Nφ)

ai(x)

)2
]

.

The functions −f and ai, i = 1,m are Riemannian convex. Hence

∇2f(x)(Nφ, Nφ) ≤ 0, ∇2ai(x)(Nφ, Nφ) ≥ 0.

Having in mind that ai(x) ≤ 0, we deduce
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||Nφ||2∇2φ ≥
m∑

i=1

(
dai(x)(Nφ)

ai(x)

)2

and consequently from Lemma 8,

df(x)(Nφ) ≤ µ
(||Nφ||2∇2φ +

√
m · ||Nφ||∇2φ

)
.

Lemma 10. If x is an approximation of the exact center x(µ) and
γ : [0, 1] → M , γ(t) = expx(tNφ), then

|df(γ(1)(Nφ)| ≤ µk · ||Nφ||∇2φ(||Nφ||∇2φ +
√

m)
1− k · ||Nφ||2∇2φ

.

Proof. Like in Lemma 9, we find

df(γ(1))(Nφ)
µ

= −dφ(γ(1))(Nφ) +
m∑

i=1

dai(γ(1))
−ai(γ(1))

(Nφ).

From the proof of Lemma 9, it follows
∣∣∣∣∣

m∑

i=1

dai(γ(1))
−ai(γ(1))

(Nφ)

∣∣∣∣∣ ≤
√

m · ||Nφ||∇2(γ(1)).

In the first part of the Theorem 4 we take X = Y = Nφ and find

||Nφ||∇2φ(t) ≤
1

1− tk||Nφ||∇2φ(x)
· ||Nφ||∇2φ(x) ≤

k · ||Nφ||∇2φ(x)

1− tk||Nφ||∇2φ(x)
,

since k ≥ 1. For t = 1, it follows

||Nφ||∇2φ(1) ≤
k||Nφ||∇2φ(x)

1− k||Nφ||∇2φ(x)
.

Therefore
∣∣∣∣∣

m∑

i=1

∇ai(γ(1))
−ai(γ(1))

(Nφ)

∣∣∣∣∣ ≤
√

m · ||Nφ||∇2(γ(1)) ≤
√

m · k||Nφ||∇2φ(x)

1− k||Nφ||∇2φ(x)
.

From the proof of the Theorem 5 we have

|df(γ(1))(Nφ)| ≤
k||Nφ||2∇2φ(x)

1− k||Nφ||∇2φ(x)
.

Finally we conclude

|df(γ(1))(Nφ)| ≤ µ

[
|df(γ(1))(Nφ)|+

∣∣∣∣∣
m∑

i=1

dai(γ(1))
−ai(γ(1))

(Nφ)

∣∣∣∣∣

]
≤
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≤ µ ·
[

k||Nφ||2∇2φ(x)

1− k||Nφ||∇2φ(x)
+
√

m · k · ||Nφ||∇2φ(x)

1− k||Nφ||∇2φ(x)

]
=

=
µk||Nφ||∇2φ(x)(k||Nφ||∇2φ(x) +

√
m)

1− k||Nφ||∇2φ(x)
.

The following theorem gives an upper bound for the difference of the objective value
in the exact center and an approximately centered iterate.

Theorem 11. If x is an approximation of the exact center x(µ) and ||Nφ||∇2φ(x) ≤
1
λk

, λ ≥ λ0, then

|f(x)− f(x, µ)| ≤ µ
√

m ·
1 + k||Nφ(x, µ)||2∇2φ(x,µ)

1− k||Nφ(x, µ)||∇2φ(x,µ)
·

||Nφ(x, µ)||2∇2φ(x,µ)

1−
(

λ

λ− 1

)2

· k · ||Nφ||∇2φ(x,µ)

.

Proof. Let us consider the geodesic γ : [0, 1] → M , γ(t) = expx(tNφ). The convex-
ity of −f(x) implies

|df(γ(1))(Nφ)| ≤ f(γ(1))− f(x) ≤ df(x)(Nφ).

Using the results from the Lemmas 9 and 10 we obtain

|f(γ(1))− f(x)| ≤ µ
√

m · ||Nφ||∇2φ(x) ·
1 + k||Nφ||2∇2φ

1− k||Nφ||∇2φ
.

Let {xi} be the Newton sequence starting at x.

|f(γ(1))− f(x)| =
∣∣∣∣∣
∞∑

i=1

f(xi+1 − f(xi)

∣∣∣∣∣ ≤
∞∑

i=1

|f(xi+1 − f(xi)| ≤

≤
∞∑

i=1

µ
√

m · ||Nφ(xi, µ)||∇2φ(xi,µ) ·
1 + k||Nφ(xi, µ)||2∇2φ(xi,µ)

1− k||Nφ(xi, µ)||∇2φ(xi,µ)
≤

≤ µ
√

m ·
1 + k||Nφ(x, µ)||2∇2φ(x,µ)

1− k||Nφ(x, µ)||∇2φ(x,µ)
·
∞∑

i=1

||Nφ(x, µ)||∇2φ(x,µ) ≤

≤ µ
√

m ·
1 + k||Nφ(x, µ)||2∇2φ(x,µ)

1− k||Nφ(x, µ)||∇2φ(x,µ)
·
∞∑

i=1

[(
λ

λ− 1

)2

· k
]2i−1

· ||Nφ(x, µ)||2i

∇2φ(x,µ) ≤

≤ µ
√

m ·
1 + k||Nφ(x, µ)||2∇2φ(x,µ)

1− k||Nφ(x, µ)||∇2φ(x,µ)
· ||Nφ(x, µ)||∇2φ(x,µ)

1−
(

λ

λ− 1

)2

· k · ||Nφ(x, µ)||∇2φ(x,µ)

.
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4 Complexity analysis of the logarithmic
barrier algorithm

Let us refer to upper bounds for the total number of outer and inner iterations for
the logarithmic barrier algortihm (LBA) applied to the program (P). For the analysis

we consider the step τ =
1
λk

, λ ≥ λ0.

Theorem 12. After at most
1

θ +
θ2

2
+ . . . +

θs

2

· ln 4mµ0

ε
(s ∈ N fixed) outer

iterations and λ ≥ 2, 9 the LBA ends up with an approximate solution x of the program
(P) such that z∗ − f(x) ≤ ε, where x∗, z∗ = f(x∗) is the solution of the problem (P).

Proof. The algorithm stops when µp = (1−θ)p·µ0 ≤ ε

4m
or−p ln(1−θ) ≥ ln

4mµ0

ε
.

Since θ +
θ2

2
+ . . . +

θs

s
≤ − ln(1− θ), we find

p ≥ 1

θ +
θ2

2
+ . . . +

θs

s

· ln 4mµ0

ε
.

Also we have (see [2]) z∗−f(x(µp)) ≤ m ·µp. From theorem 11, for ||Nφ||∇2φ(x) ≤
1
λk

,
λ ≥ λ0 we obtain

f(x(µp))− f(x) ≤ µp

√
m ·

1 + k ·
(

1
λk

)2

1− k · 1
λk

=

1
λk

1−
(

1
λ− 1

)2

or equivalent

f(x(µp))− f(x) ≤ µp

√
m ·

(
1
k

+
1

λ2k2

)
· λ− 1
λ2 − 3λ + 1

.

Since k ≥ 1, it follows
1
k

+
1

λ2k2
≤ 1 +

1
λ2

and hence

f(x(µp))− f(x) ≤ µp

√
m · (λ2 + 1)(λ− 1)

λ2(λ2 − 3λ + 1)
.

The real function a : (λ0,∞) → R, a(t) =
(t2 + 1)(t− 1)
t2(t2 − 3t + 1)

has the derivative a′(t) =

(t− 2)(−t4 − 5t2 − 10)− 18
(t4 − 3t3 + t2)2

, which is strictly negative for t > λ0 = =
3 +

√
5

2
.

Therefore the function a decreases from +∞ to 0 on (λ0,∞). But a(2, 9) =
2, 9942556 < 3, hence for all t ≥ 2, 9, a(t) ≤ a(2, 9) < 3 and f(x(µp))−f(x) < 3µp

√
m.

Finally we deduce that

z∗ − f(x) = z∗ − f(x(µp)) + f(x(µp))− f(x) ≤ µpm + 3µp

√
m ≤
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≤ µp · 4m ≤ ε

4m
· 4m = ε.

The next theorem enssures a sufficient decrease of the value of logarithmic barrier
function.

Theorem 13. If γ(t) = expx(tNφ), t ∈ [0, 1] and t̄ =
1

1 + t||Nφ||∇2φ
, then

φ(x, µ)− φ(γ(t̄), µ) ≥ 1
k2

(
k||Nφ||∇2φ − ln(1 + k||Nφ||∇2φ)

)
.

The proof of this theorem is presented in [10].

Theorem 14. Each outer iteration requires at most

k2

1
2λ2

− 1
3λ3

− 1
4λ4

− 1
5λ5

·
{

(λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
+

+
θ

(1− θ)2
·
[√

m(λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

+ θm

]}

inner iterations, λ > λ0.
Proof. We use the notations: ¯̄µ = the barrier parameter value in an arbitrary

outer iteration, µ̄ = the barrier parameter value in the previous outer iteration, x =
the iterate at the beginning of the outer iteration. Therefore x is centered with respect
to x(µ̄) and ¯̄µ = (1− θ)µ̄.

By Theorem 13, at each inner iteration, the decrease of the barrier fuction is at
least

1
k2

[k||Nφ||∇2φ − ln(1 + k||Nφ||∇2φ)].

The last function is increasing in ||Nφ||∇2φ and ||Nφ||∇2φ ≥
1
λk

, during each iteration,
hence

1
k2

[k||Nφ||∇2φ − ln(1 + k||Nφ||∇2φ)] ≥ 1
k2

[
1
λ
− ln

(
1 +

1
λ

)]
.

We use the inequality ln(1+ t) < t− t2

2
+

t3

3
− t4

4
+

t5

5
, which is true for all t > 0 and

deduce that
1
λ
− ln

(
1 +

1
λ

)
>

1
2λ2

− 1
3λ3

+
1

4λ4
− 1

5λ5
.

Let’s denote E =
1

2λ2
− 1

3λ3
+

1
4λ4

− 1
5λ5

. If N is the number of inner iterations

during one outer iteration, then
NE

k2
≤ φ(x, ¯̄µ)− φ(x(¯̄µ), ¯̄µ).

We also consider the function ψ(x, ¯̄µ) = φ(x, ¯̄µ)− φ(x(¯̄µ), ¯̄µ) and apply the Mean-
value theorem:

ψ(x, ¯̄µ) = ψ(x, µ̄) +
dψ

dµ
(x, µ)|µ=µ̂(¯̄µ− µ̄),

where µ̂ ∈ (¯̄µ, µ̄). From φ(x, µ) = −f(x)
µ

−
m∑

i=1

ln(−ai(x)) it follows
dφ

dµ
(x, µ) =

f(x)
µ2

and
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dφ

dµ
(x(µ), µ) =

f(x(µ))
µ2

− ∇(x(µ)) · x′(µ)
µ

+
m∑

i=1

∇ai(x(µ)) · x′(µ)
−ai(x(µ))

.

But x(µ) satisfies the Kuhn-Tucker conditions:




ai(x) ≤ 0, ∀i = 1,m

∇f(x)−
m∑

i=1

ui∇ai(x) = 0, ui ≥ 0

−ai(x)ui = µ.

It follows that

dφ

dµ
(x(µ), µ) =

f(x(µ))
µ2

− ∇f(x(µ))
µ

· x′(µ) +
m∑

i=1

∇ai(x(µ))
µ

ui

· x′(µ) =

=
f(x(µ))

µ2
− x′(µ)

µ
·
[
∇f(x(µ))−

m∑

i=1

ui∇ai(x(µ))

]
=

f(x(µ))
µ2

.

Hence

− dψ

dµ
(x, µ)

∣∣∣∣
¯̄µ=µ̂

=
f(x(µ))− f(x)

µ2

∣∣∣∣
¯̄µ=µ̂

≤ |f(x(¯̄µ))− f(x)|
¯̄µ2 ,

the last inequality beig a consequence of the monotonicity of the objective function
along the central path. We may write

ψ(x, ¯̄µ) ≤ ψ(x, µ̄) +
|f(x(¯̄µ))− f(x)|

¯̄µ2 · (µ̄− ¯̄µ) ≤

≤ ψ(x, µ̄) +
|f(x(µ̄))− f(x)|

¯̄µ
+
|f(x(¯̄µ))− f(x(µ̄))|

¯̄µ
· µ̄− ¯̄µ

¯̄µ
.

The function h1 :
(

0,
1

λ0k

]
→ (0,∞), h1(t) =

t2

1−
[(

λ

λ− 1

)2

kt

]2 has the deriv-

ative h′1(t) =
2t


1−

[(
λ

λ− 1

)2

kt

]2




2 , which is strictly positive for all t > 0.

Therefore h1 is increasing for t ∈
(

0,
1

λ0k

]
. From the Theorem 7 it follows that

for ||Nφ(x, µ̄)||∇2φ(x,µ) ≤
1
λk

, λ ≥ λ0, we have

ψ(x, µ̄) = φ(x, µ̄)− φ(x(µ̄), µ̄) ≤
||Nφ(x)||2∇2φ(x)

1−
[(

λ

λ− 1

)2

k||Nφ(x)||∇2φ(x)

]2 ≤
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≤
1

λ2k2

1−
[(

λ

λ− 1

)2

· k · 1
λk

]2 =
(λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
,

the last expression make sense if λ 6= λ0. So we have to impose the condition λ > λ0.

The functions h2, h3 :
(

0,
1

λ0k

]
→ (0,∞), h2(t) =

1 + kt2

1− kt
and h3(t) =

t

1−
(

λ

λ− 1

)2

kt

have the derivatives h′2(t) =
k(−kt2 + 2t + 1)

(1− kt)2
, h′3(t) =

1[
1−

(
λ

λ− 1

)2

kt

]2 ,

which are positive for t ∈
(

0,
1

λ0k

]
. Therefore the functions h2 and h3 are increasing

and positive, hence h2 · h3 is increasing. From the Theorem 11 it follows that for

||Nφ(x, µ̄)||∇2φ(x,µ) ≤
1
λk

, λ > λ0, we have

|f(x)− f(x, µ̄)| ≤ µ̄
√

m ·
1 + k||Nφ(x, µ)||2∇2φ(x,µ)

1− k||Nφ(x, µ)||∇2φ(x,µ)
· ||Nφ(x, µ)||∇2φ(x,µ)

1−
(

λ

λ− 1

)2

k

≤

≤ µ̄
√

m · (λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

.

Moreover,

f(x(¯̄µ))− f(x(µ̄)) ≤
m∑

i=1

ui(¯̄µ) · ai(x(¯̄µ))−
m∑

i=1

ui(µ̄)ai(x(µ̄)) =

= m(µ̄− ¯̄µ) = θmµ̄,

since ¯̄µ = (1− θ)µ̄. Finally we obtain

ψ(x, ¯̄µ) ≤ (λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
+

+
[
µ̄
√

m
¯̄µ

· (λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

+
θmµ̄

¯̄µ

]
· µ̄− ¯̄µ

¯̄µ
=

=
(λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
+

θ

(1− θ)2
·
[√

m(λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

+ θm

]
.

We denote the last expression by F . We may write that
NE

k2
≤ ψ(x, ¯̄µ) ≤ F , or

equivalent, N ≤ k2F

E
, since E > 0 for λ > λ0. Hence

N ≤ k2 · 1
1

2λ2
− 1

3λ3
− 1

4λ4
− 1

5λ5

·
{

(λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
+

+
θ

(1− θ)2
·
[√

m(λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

+ θm

]}
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Corolary 16. An upper bound for the total number of Newton iterations is given
by

k2 · 1
1

2λ2
− 1

3λ3
− 1

4λ4
− 1

5λ5

·
{

(λ− 1)4

λ2k2(λ2 − 3λ + 1)(λ2 − λ + 1)
+

+
θ

(1− θ)2
·
[√

m(λ2k + 1)(λ− 1)
λ2k2(λ2 − 3λ + 1)

+ θm

]}
·

· 1

θ +
θ2

2
+ . . . +

θs

s

· ln 4mµ0

ε
,

where s ∈ N is fixed and λ ∈ R, λ ≥ 2, 9.
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