Extrema of some curvature quadratic forms
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Abstract

Having in mind that any geometric inequality reflects a free or constrained
optimum problem, we apply the techniques of nonlinear programming to jus-
tify some well-known Chen inequalities or to obtain new inequalities (see also
[15]). In this sense, we study the extrema of curvature quadratic forms of an n-
dimensional slant submanifold in a (2m + 1)-dimensional Sasakian spatial form,
using proper values and proper vectors of curvature operator.

Section 1 reproduces a key Lemma regarding extrema of a quadratic form
restricted to the unit sphere. Section 2 studies the constrained critical points of
curvature quadratic forms of an n-dimensional slant submanifold in a (2m + 1)-
dimensional Sasakian spatial form, underlying their connection to a suitable
frame. Section 3 gives bounds for curvature quadratic forms.
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1 Smallest and the bigest proper values of a sym-
metric matrix

We recall a well-known theorem, necessary to our study:
Lemma 1. The critical values of the restriction of quadratic form f(x) =

m
‘Zl a;;xizj to the sphere %+ ...+ x2, =1 are proper values of the matriz A = (a;j).
inj=

Proof. A point x of the unit sphere is a critical point for the restriction of the
function f if and only if there exists A € R such that

V(tzAz) = AV (‘zz),

i.e., Ax = Ax, which shows that critical points are in fact orthonormal proper vectors
of the matrix A. If we know the proper versor x, then multiplying with ‘z we find the
proper value ‘z Az = Mzz = \.

Consequently, the numbers min{*zAz | ‘zz = 1}, max{'zAz | ‘zz = 1} are
respectively the smallest and the bigest of the proper values of the symmetric matrix

A.
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2 Constrained critical points of curvature
quadratic forms of an n-dimensional slant sub-
manifold in a (2m + 1)-dimensional Sasakian spa-
tial form

Let M (¢) be a Sasakian space form of dimension 2m+1 and M be a slant submanifold

of dimension n. If X, Y, Z, W are vector fields tangent to M, then the curvature tensor
field of the Sasakian space form M (c) has the restriction

ROCY,2,W) = S50y, 2)g(X, W) + (X, 2)g(¥, W)
FEH I (XOn(2)g(Y, W) (Y )n(Z)g(X, W)

—9(X, Z)n(Y)g(& W) + g(Y, Z)n(X)g(&, W)

—9(¢Y, Z)g(¢ X, W) + g(¢X, Z)g(¢Y, W)

+29(¢X,Y)g(0Z, W)}, VXY, Z,W € I(TM).
We use the Gauss equation

R(X,)Y, Z,W) = R(X,Y, Z,W) — g(h(X, W), h(Y, Z)) + g(h(X, Z), h(Y, W)).

The second vectorial fundamental forms

2m-1 2m-+1
WX W)= > WX, W)er si h(Y,Z)= Y h3(Y,2)ts
T=n+1 S=n+1

lead to
2m+1 2m+1
g(h(X, W), MY, Z)) =g ( S WX W)RS(Y, Z)§T55> .
T=n+1S=n+1
Since g(&r,&s) = Ors, it follows

2m—+1
g(h(X, W), (Y, Z)) = > h"(X, W) (Y, 2).

T=n+1
In these conditions,
(21) R(X,Y,Z,W) = R(X,Y,Z,W)
2m—+1
+ Y WX, Z2)hT (Y, W) = BT(X, W)RT(Y, Z)].
T=n+1

Let {eq,...,e,} be an orthonormal frame in T,M and {ep41, ..., €2m, €2m+1} an
orthonormal frame in TPLM . We built the 2-planes

1
Pq _ 1P 4 _ 4P
7Y = §(eiej ejel).
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The set {IT}'} is orthonormal with respect to G5 since
1 .
qursﬂffﬂfj = 5(6ik5jl _5il5jlc)7 p,q,r,s=1,2,...n, 4,5, kl=12,..n.

We consider the curvature quadratic forms

R paTyrs
pZ] - qursnij Hij )

where i < j (for i,j = fixed, the scalar curvature determined by the orthonormal
plane Hfjg), and we look for their extrema with the constraint
0ii0,j;

2 9

which is a consequence of the orthonormalization condition. Applying Lemma 1, there
exist \;; such that

paryrs __
GPQTSHij IL;; =

Vpij = XijV (Gpgrs I ILT).
The gradient V(G pq,sIT/1T}¢) has the components (partial derivatives)

Obii _ 17 (5059 — 5958) (8L — ol%)
5Hkl

rs( sk sl L ok
= 2Ry 1175 (67705 — 0;05).

Let us show that the frame {es, ...,e, = £} of T, M and the frame
{€n+1s s €2m, €2m+1} Of TPLM, used in [4, Theorem 1, Ch.3], produce the 2-planes
which are solutions of the system that gives the critical points of the Lagrange func-
tions

TSs 1
Lij = pij — Nij (qursnffﬂi} - 25ii5jj> ;

i.e., Aj; are proper values of curvature operator.

The contribution of R to the scalar curvature determined by the orthonormal
planes IT7Y, reduces to the quadratic forms

ﬁij = quT'stquzrjs :
Computing the partial derivatives we find
Opi;

53 rs( sk sl I sk
ity = 2uars I 058, — o10)

3 o3 TS 3
The expression of Ry,,sIL7 is

c+3 c—1
1 (= 9viGuj + GuiGuj] + I

Rum’sH;jS = { [777u77igvj + nvniguj

—GuioMj + Goilunlj — Pivbju + Piudjo + 20vudyil }

c+3 c—1
=171 [—GviGuj + GuiGvj] + < (=i Gvs + MoMj Guj

—GuiNv; + gvinunj - ¢w¢]u + (bzu(ij + 2¢vu¢jz} }
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On the selected frame, ﬁuwsﬂgj is

3 -1
Cz +C4 cos?0, for i=1,j=2 u=1, v=2;
3 —-1
—CZ —l—c 3cos?0, for i=1,j=2 u=2 v=1
-1
¢ cos? 0, for i=1, =2, u=3, v=4
—— cos? 6, for i=1 =2, u=4, v=3;
c—1 4 . .
cos” 0, for i=1j=2, u=n, v=n-—1,
-1
cos? 0, for i=1j=2, u=n—-1, v=n;
0, for i=1, j=u2x,u,v;
3 -1
CI CT, for i=1j=n,u=1 v=mn;
c+3 c—1 . .
— + YR for i=1,j=n,u=n, v=1;
c—1 . .
1 for i=1j=n,u=n, v=mn;
3 1
CZ +c4 cos? 0, for i=3,j=4, u=3, v=4;
3 =1
—CZ +c4 3cos’0, for i=3,j=4, u=4, v=3;
3
CZ , for 1=3, j=2, u=3, v=u;
3
—CZ , for i=3, j=2, u=2, v=3;
c+3 c—1
1 1 for i=3,j=n, u=3, v=mn;
c+3 c—1 . 3 3
— , for i=3, j=n, u=n, v=3;
4 4
c—1 .
T for 1=3,j=n, u=n, v=n;
3 -1
c—ll— +c4 cos 0, for i=n—1,j=n, u=n—1, v=nmn;
3 =1
*CZ +C4 3cos?f, for i=n—1,j=n u=n, v=n—1,

with z =3,n — 1.
It rests to analyze the contribution of quadratic forms

2m—+1
Dij = Z (hgshgr - hgths)HquH:;
T=n+1
For that we have
3D ) 2m+1
Obtiy = amur =2 Y (Wbl — hi, k)T (556
OlI}; T=n+1

On the other hand

L ok
— oloh).
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2m—+1 2m—+1
T 1,7 T 3T T 1,7 T 3T
2 Z (h’ushvr - h’uvhrs)H:]S - Z (hushvr - huvhrs)e;e;'
T=n+1 T=n+1
Consequently
2m—+1
kl T 1. T T 1T k sl L ok K
Cuvij = Z (hush’vr - huvhrs)((si 6] - 616j )6:65
T=n+1
For our problem, we consider the coefficient of Cﬁf]iﬁ ie.,
2m+1 2m+1
T=n+1 T=n+1
2m+1
1 1 1 T 1,7 T 1T

Using the frame in the proof of [4, Theorem 1, Ch.3], for x = 3,n — 1, we find

C. Udriste and D. Cioroboiu

T=n+2

(thth;rl - hﬁjlhf}*l) equal with

0, for i=1,7j=2 u=1 v=2;
—hTHRIH for i=1, =2, u=2 v=1;
0, for 1=1,7=2 u=3, v=4;
0, for 1=1,7=2 u=4, v=23;
0, for i=1,7=2, u=n,v=n—1;
0, for i=1,7=2, u=n—1Lv=mn;
0, for 1=1, j==z, u,v;
0, for 1=1,57=n, u=1v=mn;
LR for i=1, j=n, u=n, v=1;
—hPHIR for i=1, j=n, u=n, v=mn;

0, for 1=3,7=4, u=3, v=4;
hffjlhggrl, for 1=3,j=4, u=4, v=3;

0, for i=3, j=z, u=3, v=u;

N for i=3, j=2, u=x, v=23;

0, for 1=3,j=n,u=3,v=nmn;
hf;[lhgg'l, for i=3,j=n, u=n, v=3;
—hPHREEL for =3, j=mn, u=n, v=mn;

0, for 1=n—1,j=n,u=n—1, v=mn;

prHtprt o for i=n—1,j=n, u=n, v=n—1.
On the other hand, by the proof of [4, Theorem 1, Ch.3], we have a = b} b =
hgjl sip= hggrl =...=h"F where r = n+1,...,2m+ 1. Consequently the previous

components are combinations of products formed by a,b and pu.

Remark. We shall compute the proper values of submatrix
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( i i )
by —hiy )’

where r =n + 2,...,2m + 1. We have

T )\r T

11 12 =0

T T r -
h12 7h11 - A

ie., (\")? = (h7,)* + (hf,)?, with the solutions A} , = £+/(h7;)? + (hf,)2. Obviously
AL Ay = _[(h§1)2 + (h§2)2]~

Coming back to our proof, we compute the terms

2m—+1
T 1,7 T 1T
Fuvij = Z (hujhvi - huvhzj)
T=n+2
If h1, = —h1,, we obtain
0, for i=1j=2, u=1, v=2,
2m—+1
Fuvij - - Z [(h’,{l)Q + (h‘,{Q)QL for 1= 17 .] = 27 u = 2a U= 1a
T=n+2
0, for all i < j,u,v.

It follows that II}7, £ < [ are proper vectors with proper values );; obtained
totalizing the previous data. The proper values A;; can be computed taking into
account the Lemma 1. Indeed, knowledge of the proper vectors II}}/, k < [, impose

0D;; 0pij OF;;
Y TTuv ]Hu”_)\,, J uv _ ()
81‘[1];[11 kil + anqﬁ; kil ©] al—[q]ﬁ; kl )
(with summation after u, v si k <), where
PaqITs 16 1)
Eij = GparsIlij1Lij — 5013055

Consequently \;; is:

3 -1
CZ —l—c cos’f, fori=1,j=2 u=1 v=2

w, fori=1, =2, u=2,v=1
—1
¢ cos? 0, fori=1,j=2, u=3, v=4
-1
¢ cos? 6, fore=1,7=2, u=4,v=3
L 2 | |

cos” 0, fori=1,7j=2, u=n,v=n-—1
c—1

cos2 0, fori=1,j7j=2, u=n—-1, v=n
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0, pentrut =1, j ==z,u,v
-1
ctd ¢ , fori=1,j=n,u=1v=n
4 4
c+3 c—-1 ) ,
—ap — + , fori=1,j=n, u=n,v=1
40_14
_aM+T’ fori:Lj:n,Uzn,U:n
3 -1
CZ —|—c4 cos? 0, fori=3,j=4u=3,v=4
3 -1
/1’2701 +C4 3COS20, fori:?,,j:4,u:4,v:3
3
%, fori=3, j=z, u=3, v=2o
72761_3’ fori:37j:1'7’u,:1’,’0:3
c+3 c—1 ; j
, fori=3,j=n,u=3, v=n
4 4
, c¢+3 c¢—1 . .
— , fori=3,j=n,u=n,v=3
4 c—14
—u? 4+ T fori=3,j=n, u=n,v=n
3 c—1
CZ +C4 cos? ), fori=n—-1,j=n u=n-1v=n
3 -1
2—61— +c 3cos’0, fori=n—1,j=n u=n, v=n—1,
where
2m+1
+3 c¢—1
— —ab hT2 hTQ_C 3 ‘20
w G‘FT;LH[( 1)+ (h12)7] 1 + g oS

and x = 3, n.

3 Constrained extrema of curvature quadratic forms
of an n-dimensional slant submanifold in a (2m +
1)-dimensional Sasakian spatial form

Taking into account the results from the previous section, we obtain

c+3 c—1 n
) Z + I cos? 0 is a proper value multiple of order 57
e w is a simple proper value,

c—1

. cos? ) is a proper value multiple of order n — 2,

c+3+c—1
o —
4

is a simple proper value,
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3 -1
o —ay — CZ + ¢ 1 is a proper value multiple of order n,
3 -1
o —bu— cjl_ + ¢ 1 is a proper value multiple of order n,
3 -1
o —u?— CZ + ¢ is a simple proper value,
c—1. .
o —au+ is a simple proper value,
c—1, .
o —bu+ is a simple proper value,
3 -1 -2
o 12— CZ + ¢ 3cos? 6 is a proper value multiple of order n 5
o’ is a proper value multiple of order 1+ (n — 3)(n — 1),
5y C+3. .
o u°— is a proper value multiple of order 1+ (n — 3)(n — 1),
2 Cc— ]- . .
o —u°+ is a proper value multiple of order n — 2.

All these proper values correspond to the previous proper vectors.
The summ of all these proper values is the scalar curvature.

In fact, we have proved
Theorem. The extrema of the quadratic curvature forms RABCDH{;-BH%D of an
n-dimensional slant submanifold in a (2m + 1)-dimensional Sasakian spatial form,
constrained by orthonormal frames, are respectively the biggest and the smallest proper
values of the associated linear curvature operator. The specification of this extreme

values depends on the order relation between the numbers a, b and a + b = p.
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