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Abstract

We refer to the anchored vector bundles and Lie algebroids. The main purpose
of this paper is to establish several remarkable properties of linear connections
on Lie algebroids.

Mathematics Subject Classification: 53C15, 53D20, 58HO05.
Key words: Lie algebroid, linear connection on a Lie algebroid, torsion and
curvature.

1 Introduction

The Lie algebroids can be regarded as natural generalizations of Lie algebras and
tangent bundles to manifolds.

In the paper [2] (J.Cortés and E.Martinez, 2004, MR 2099990 (2005 h:93038)) is
introduced the notion of linear connection on a Lie algebroid.

The paper contains three sections. In the first section the category of anchored
vector bundles is constructed. The second section is dedicated to Lie algebroids and
its main properties. In the third section we investigate the linear connections on Lie
algebroids and some properties of its torsion and curvature are presented. Finally
we give some ways for construction of new linear connections starting from linear
connections given on Lie algebroids.

The study of linear connections on Lie algebroids is important in the geometrical
description of Lagrangian and Hamiltonian mechanical systems on Lie algebroids, see
for instance [2, 5, 9].

2 Anchored vector bundles

Definition 2.1. Let (E,p, M) be a vector bundle and (T'M, 7y, M) the tangent
bundle to M. A morphism of vector bundles p : E— T'M is called anchor of vector
bundle E, i.e. p is a differentiable map such that 7y o p = p. An anchored vector
bundle is a pair (E, p), where (E,p, M) is a vector bundle and p : E — T'M is anchor.
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An anchored vector bundle (E, p) is said transitive, if its anchor p is a surjective
submersion.

If (E, p) is an anchored vector bundle over M, then the anchor p: E — TM is a
morphism of vector bundles. Then the map p defines a morphism of F(M)- modules
between the F(M)-modules I'(E) and I'(T'M) of sections of E and T'M respectively,
denoted with @ : I'(E) — I'(T'M) given by s € I'(E) — p(s) € I'(I'M), where
p(s)(x) = p(s(x)), (V) x € M. The morphism p is called induced morphism between
I'(E) and T(TM) = X(M) by p. We will sometimes denote p : T'(E) — X(M) also
with the symbol p.

Example 2.1. (i) Let V be a real vector space of finite dimension. Then V is an
anchored vector bundle over a manifold formed by one point. In this case, the anchor
is zero map.

(#i) Let TM be tangent bundle to manifold M. Then the pair (7'M, idr)ys) is an
anchored vector bundle with the identity map on T'M as anchor.

Definition 2.2. Let (E,p, M) and (El,p',M) be two anchored vector bundles over
the same base M with the anchors p: E — TM and p/ cE > TM. A morphism of
anchored vector bundles over M or a M - morphism of anchored vector bundles be-
tween (E, p) and (E/, pl) is a morphism of vector bundles ¢ : (F,p, M) — (E,,p/, M)
such that p/ ocp=p

Proposition 2.1. If (E;,p;, M) ,i =1,2,3 are anchored vector bundles over M with
anchors p; : E; — TM,i = 1,2,3, and ¢ : (E1,p1) — (Ea,p2) and ¥ : (Es, p2) —
(Es,p3) are M - morphisms of anchored vector bundles, then ¢ o ¢ : (E1,p1) —
(E3, p3) is a M - morphism of anchored vector bundles. O

The anchored vector bundles over the same base M and M - morphisms of an-
chored vector bundles form a category, denoted with AVB (M), and called the category
of anchored vector bundles over M .

Direct product of two anchored vector bundles over the same base.
Let (E;,p;, M), i = 1,2 be two anchored vector bundles over M, with anchors p; :
E; — TM. Consider the direct product (E1 X Es,p1 X pe, M x M) of vector bundles
(E1,p1, M) and (Ey, ps, M). We construct the map p; X pg : By X By — T(M X
M) ~ TM x TM given by (p1 X p2)(21,22) = (p1(21),p2(22)) for all z; € Ey,
29 € FEs. It is easy to prove that p; X pg : B} X E5 — TM x T M is a morphism
of vector bundles. Using the relations my; o p1 = p; and 7y 0 po = po we have
(mar X war) © (p1 X p2) = (p1 X p2). Hence (Ey X Es, p1 X p2) is an anchored vector
bundle with p; X py: By X Ey — T(M x M) ~TM x TM as anchor. O

Direct sum of two anchored vector bundles with same base over the
tangent bundle. Let (E1,p1, M) and (Es,p2, M) be two anchored vector bundles
over M with the anchors p; : By — TM and py : E5 — TM such that (Es, p2)
is transitive. Consider the Whitney sum (Ey @ Ea, p1 @ p2, M) of vector bundles F;
and Ey over M. We have E; ® Ey = {(z1,22) € By X Es | p1(21) =p2(22)} and
(pl @pg) (21,22) =D1 (Zl) s (V) (21,2,’2) S E1 D EQ. Also P11t E1 — TM and P2 EQ —
TM are M- morphisms of vector bundles with property that :

Im Pl,x + Im P22 = Tva (V)’I} € Ms

since pg 5 @ Fo , — T, M is surjective.
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Let E1@®7pEs = {(21,22) € By @ Es | p1(21) = p2 (22)}. It is known (see, Macken-
zie, 1987,[6]) that (Ey @7 Eo, p1 @ pa2, M) is a un vector bundle over M, called direct
sum of vector bundles FEy and Eo over the tangent bundle TM .

Consider the map pg,.,, : E1 &1y B2 — TM given by pag,,, (21,22) = p1(#1),
(V) (z1,22) € E1 ®prym Ea. We have that (Ey @y Ea,p1 @ p2, M) is an anchored
vector bundle with anchor pg,,, : E1 ®rm E2 — TM. O

The prolongation of an anchored vector bundle over a surjective sub-
mersion. Let m : P — M be a surjective submersion. It follows that = is a fibration,
that is P is a fibred manifold over M. Let (E, pg, M) an anchored vector bundle with
anchor p : E — T'M. Consider the subset

PTE ={(z,v) e EXTP | p(z) =Tn (v)}

where T'm : TP — T M is the tangent map to 7 : P — M.

Denote by 7™ : P™E — P the canonical projection, i.e. 7™ (z,v) = 7p (v),
(V) (z,v) € P™E, where 7p : TP — P. It is easy to prove that (P"E,7™,P) is a
vector bundle over P with projection 7™. For every point p € P with property that
m(p) = z, the local fibre (P™E), of bundle (P"E, 7™, P) is

(P™E), ={(z,v) € E; x T,P | p(z) = Tpm (v)}.

We will use sometimes the notation (p, z, v) for (z,v). Thus the map 7™ : P"EF — P
is given by 77 (p, z,v) = p, (¥) (p, z,v) € (PTE),, i.e. 77 is the projection on first
factor.

Define the map p™ : P"E — TP, p™ (p, z,v) = v, (V) (p, z,v) € (PTE),, i.e. p™ is
the projection pe on third factor. We have that p™ is a morphism of vector bundles
between (P™E, 7™, P) and (T'P,7p, P).

We verify that (P™E, p™) is an anchored vector bundle with the anchor p™.

Let the map 77 : PTE — E given by T7 (p, z,v) = z,(¥) (p, 2,v) € (PTE),, ie.
T is the projection on second factor.

Then (Tm,7): (P"E, 7™, P) = (E,pg, M) is a morphism of anchored vector bundles.
O

3 Lie algebroids

We start this section with the concept of Lie algebroid.

Definition 3.1. (/6/)Let (E,p, M) be an anchored vector bundle with the anchor
p: E — TM. The anchored vector bundle (F, p) endowed with a Lie bracket [, |g
on the space I'(E) of sections of E such that the following conditions are verified:
(1) T(P) has Lie algebra structure to respect the bracket |-, | g;
(2)  the morphism p : I'(E) — I'(TM) = X(M) induced from anchor p, is a
homomorphism of Lie algebras, that is

(31) p([aa 77]E) = [ﬁ(o—)ap(n)]v (V) o,n € F(E)a
(3)  the anchor p verify the Leibnitz identity:
(32) o, fnle = flo,nle +p(o)(f)n, (V) f€F(M),o,neT(E)

is called a Lie algebroid over M. O
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A Lie algebroid (E, p, M) over M with the anchor p and the bracket [-,-|p will be
denoted with (E, [, | g, p).
A Lie algebroid Lie (E, [, ]k, p) is said to be transitive, if p is surjective.

Definition 3.2. Let (E,[-,-]g, p) and (E, [-,-] 5, p ) be two Lie algebroids over M. A
morphism of Lie algebroids over M, is a morphism ¢ : (E, p) — (E,7 p/) of anchored
vector bundles with property that:

(3.3) ¢ (lo,nle) = [p(o), e()]e, (V)o,n e T(E).
@ it also called a M - morphism of Lie algebroids .
Using Proposition 2.1, it is easy to prove the following proposition.

Proposition 3.1. If (E;,[-,"|g,,pi), ¢ = 1,2,3 are Lie algebroids over M and ¢ :
(E1,p1) — (Ea,p2) and v : (Ea, p2) — (Es, p3) are M - morphisms of Lie algebroids,
then ¥ o : (E1,p1) — (Es,p3) is a M- morphism of Lie algebroids . O

The Lie algebroids over the same manifold M and all M - morphisms of Lie
algebroids form a category, denoted by LAoid(M), and called the category of Lie
algebroids over M. Since every Lie algebroid over M is an anchored vector bundle
over M, follows that LAoid(M) is a subcategory of the category AVB(M).

Example 3.1. (i) Every real Lie algebra of finite dimension (A, [+, -] 4) over a manifold
M formed from one point is a Lie algebroid (4, [, |4, p) with p = 0.

(#¢) The anchored vector bundle (T'M, idry) (see, Example 2.1(i1)) with usually
Lie bracket [-, -] is a Lie algebroid (T'M, [-, -], idrar) over M.

(#i7) Let M be a manifold and A4 a Lie algebra of finite dimension. The trivial
fibration of Lie algebras (F = M x A, pri, M) has a Lie algebroid structure over M
having zero map as anchor p. If ¢ : A — A’ is a morphism of Lie algebras, then
idy X o« M x A — M x A is a morphism of Lie algebroids over M between

(E =M x A,pri, M) and (E — M x A’,prl,M).

Let us we construct some new Lie algebroids starting from given Lie algebroids.
The direct sum of two Lie algebroids with same base over tangent bundle.
Let (Ev, [, |g,,p1) and (B, [, ]E,, p2) be two Lie algebroids over M with property
that (Ea, [, | g,, p2) is transitive. Consider (Ey @7y Ea, p1 @ pa2, M) the direct sum of
anchored vector bundles (E, p1) and (Es, p2) over tangent bundle TM IM M with
anchor pg,.,, : E1 @71y Ea — TM (see, Section 2). Hence (Ey @1 Fa, payyy, ) is an
anchored vector bundle.

A section of vector bundle Ey @7 E2 will denoted by X1 @ X, where X7 € I'(E4)
and Xy € T'(Es). Hence X1 @ X3 € T'(Ey @1 E2). On the space T'(Ey @1y Ea) define
the Lie bracket [, ‘]@.,, by

(3.4) (X1 ® X2, Y1 © Yoo, = [X1,Y1]E @ [X2, YR,

We prove that (E1 @rar Ea, [y J@ra» Pora ) 18 @ Lie algebroid over M, called the
direct sum of Lie algebroids (E1, [, |g,,p1) and (Fa, [, &y, p2)- O
The prolongation of a Lie algebroid over a surjective submersion. Let
m : P — M be a surjective submersion and (F, [, |g,p) a Lie algebroid over M
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with anchor p : E — TM. Consider (P™E, p™) the anchored vector bundle with
anchor p™ (see, Section 2). Let T'(P™E) the space of sections of bundle P"E. An
element Z € T'(PTE) can be written in the form Z(p) = (p,o(w(p)), X (p)) where
cel'(E),X e X(E),(V)pe P.

On the space I' (P™E) we define the bracket [-,]™ by

(3.5) (21, Z2]" (p) = (p; [01, 026 (7(p)), [X1, X2](p)), (V) p € P.

We have that [Z1,Z2]"(p) € T'(PTE) for (V)p € P. It is easy to prove that
(P™E,[,-]™,p™) is a Lie algebroid over M, called the prolongation of Lie algebroid
(E,[-,-]g,p) over w: P — M. O

Let (E,[,"]E, p) be a Lie algebroid over M. If (x%), i = 1,m is a local coordinates
system on M and {e,|a = 1,n} is a local basis of sections on the bundle E (dim M =
m, dim E =n), then (2°,2%), i = 1,m,a = 1, m are local coordinates on E. For an
element z € E such that © = p(z) € U C M, we have z = z%,(p(z)).

In the chosen local coordinates system, the anchor p and the Lie bracket [, -] are
determined by the differentiable functions pi, and C¢, € F(M) given by:

(3.6) pleq) = pl a?gi and leq,ep)p =CSee, i =1,m,a,b,c=1,n

The functions p}, and C¢, € F(M) given by the relations (3.6) are called structure
functions of Lie algebroid (E, [-,]g, p) in the chosen local coordinates system.

Proposition 3.2. Let (E, [, |k, p) be a Lie algebroid over M, (z%), i = 1,m a local
coordinates system on M and {e,|la = 1,n} a local basis of sections on E.

The structure functions p, CS, € F(M) of the Lie algebroid E verify the following
relations:

a9pi Py Oxi - pccab

c _ c % BC? e vd ) —
(38) Cab - _Cba and ) l'z(: b (paw + Cabcce) =0 .

Proof. By condition (3.1) from Definition 3.1, taking o = e, and 7 = ¢, we have
p(leq,ev)E) = [p(eq), plep)]- Taking account into the relations (3.6) and the fact that
p is a morphism of F(M)- modules, we obtain p([eq, ep]) = p(CSpec) = C5p(ec) =
Cavpici-

On the other hand, applying the properties of the usuiil Lie bl;acket in the Lie
algebra X (M), we have [5(ea), B(es)] = [phes, pler] = (04 32 — p} 32 ey

Equaling the local expressions of two sides, we obtain the relation (3.7).

Using the fact that the bracket [-,-]g is antisymmetric, that is [eq,ep]p =
—[es, €a]E, and applying the second relation from (3.6) it follows immediately the
first equality from (3.8).

Using the Jacobi identity for the bracket [-,-]g and the antisymmetry property of
structure functions C¢;, we can obtain by direct calculation the second equality from
(3.8). O

The equations (3.7) and (3.8) are called the structure equations of Lie algebroid
(E. [ 1B p)-

For more information about vector bundles and Lie algebroids, see [3],[7],[8].
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4  Linear connections on Lie algebroids

Definition 4.1. (/2/) Let (E,[-,"|g,p) be a Lie algebroid over M with the anchor
p: E — TM and the projection p : E — M. A linear connection on the Lie algebroid
E,isamap V:T'(E) x I'(E) — T'(F), (0,n) — V(o,n) = Vsn € I'(E) such that
the following conditions hold :

(1) V is R-bilinear;

(2) Vyen=[fVyen, forall feF(M)ando,nel'(E),
i.e. V is F(M)-homogenous to respect the first argument;

(3) Volfn) = (3(0)f)n+ fVon, for all f € F(M) and o, € D(E),
i.e. V satisfy a rule of Leibniz type with respect to the external operation which define
the structure of F(M) - module on I'(E).

For o,n € T'(E), the section V,n € T'(E) is called the covariant derivative of the
section m with respect to section o.

Proposition 4.1. Let V be a linear connection on the Lie algebroid (E,[-, g, p).
Then for all a,b € R and o,n,w € T'(E) we have:

(4.1) Voo +bnw = aVew+bVyw and
’ Ve(an+bw) = aVen+bV,w.

Proof. Taking account into V is a map R -linear to respect the first argument, can
write Vaotomw = Vo(ao + bn,w) = aV(o,w) + bV (n,w) = aVew + bV,w. Similarly
can prove the second relation. O

Proposition 4.2. Let (E, [, |g,p) be a Lie algebroid over M with the structure

functions p’, and CS, € F(M) in a local coordinates system (z%), i =1,m on M and

a local basis of sections {eq,la = 1,n} on E. Let o,n € T'(E) such that ¢ = 0%4,n =
b

7" €p.

(7) The Lie bracket of sections o and n is expressed locally in the following
manner:
i on® c i do® a c
(4.2) lo,nlp = (prb aZi — M Pc gmz + Cchbﬂ ) €a

(i)  IfV is a linear connection on E, then the local expression of the covariant
derivative V,n of the section n with respect to section o is given by:

on°
ozt

(4.3) Von = (c"p’, +T¢,0n")e., where TS, € F(M).

Proof. (i) Using the fact that p is a morphism of F(M)- modules and applying
the relations (3.2), (3.6), (3.8) we have successively :
lo:nle = [o,n°¢c]r =1%o, ecl & + plo) (n°)ec =
= —n°lec; ol + P(0) () ec = —nlec, aev] i + Ploen) (n°)ec =
= —n°(0"[ec, e] e + Dlec)(0”)es) + o¥Blew) (n)ec =
= "0 lev, ec]E = n°Plec)(0”)es + o"pley) (n°)ec =
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_ bocrva c i o’ b i 9n° _
=0"n°Cy.ea —Npegerer + 0 pygee =

__ va b c i 0c® b i On® _ b i On® c i 0c® a -b,.c
= Cp.o'ne — 1 Pe'gpmCa T 0 Pygpra = (o Po ozt — N Pcpgr + Cy.07n°)eq.

(19) Because eq, e, € I'(E) and V(eq, ) € T'(E) follows that
Ve.er = Veq, ) =T e with 'S, € F(M).

Applying (3.2) and (3.3) from Definition 4.1 and the first relation from (3.6) we
have:

Vo = Vgae,n = 0Ve, (nbeb) = Ja(ﬁ(ea)(nb)eb + nbveaeb) =

i on® b  Onb b  One b
= Ua(pz 921‘ e +1n szec) = UGPZ 527‘, ey +0n F(Clbec = (aapfz 527‘, + FZM )ec~ o

The functions I'S, € F(M) from the relations (4.3) are called coefficients of con-
nection of the linear connection V in the chosen local coordinates system.

If V is a linear connection on the Lie algebroid E, define the map
T:T(E)xT(E)—T(E) by:

(4.4) T(o,n) =Von = Vyo —[o,nlg, (V)o,n e L(E).

Proposition 4.3. Let (E,[-,"]g,p) be a Lie algebroid with the structure functions
C¢, € F(M). If V is a linear connection on (E,[-,-|g, p), then :

(1)  the map T given by (4.4) is R -bilinear and antisymmetric ;

(ii)  For all o,m € T(E) such that o = 0%, and 1 = ne;, the following relations
hold :

(4.5) T(o,n) = (T — Ths — Cop)on’ec;

(4.6) w =1Lay —Tpe — Cop and 1o, = —Ty,

Proof. (i) For all a,b € R, o,n,w € T'(E) we have T(ac + bn,w) = aT(o,w) +
bT'(n,w), that is T is linear with respect to the first argument. Indeed, applying the
properties of Lie bracket [-,-]g and the relations (4.1) we have successively:

T(ao + bn,w) = Vagrmw — Vy(ao 4+ bn) — [ac + by, w]p =
=aVow+ bV, w — (aVyo + bV,n) — (alo,wlg + b[n,wlg) =
=a(Vew — V0 —[o,w]g) +b(Vyw —Vun — nwlg) = aT'(o,w) + bT'(n,0).

Similarly prove that T is linear with respect to the second and the third argument.

Applying (4.4) follows immediately that T'(o,n) = —T'(n, o), i.e. T is antisymmet-
ric.

(74) Using (4.4) and (4.3) we have suasively:
T(0,n) = Von — Vo = [o,n]z = (090, 52 + T30 0" )ec — (n°pl 5% + Ty o)ec —
(0Pl 5k — 10 957 + Coyon®)e. = (TG, — Tf, — Co)a"n e,
Therefore, the relation (4.5) holds.
From the fact that T'(eq, e5) € I'(E) follows that (3) TS, € F(M) such that T'(eq, e5) =
TS ec.

On the other hand, in the relation (4.5) replace o = e = ey, n = €, = 0j €, and
we obtain T'(eq,ep) = 000y (LS, — TS, — CS)ec = (T, — T, — CSy)ee.
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Therefore TS, =T1¢, — 'y — C¢,. Hence the first relation from (4.6) holds.
From C¢, = —C¢, and the first equality of (4.6) follows

Toy = Loy = Tha — Cop = Vo — 5, + Gy = — T 0
From Proposition 4.3 implies that T is a tensor of type (2, 1). The tensor T is called

the torsion of the linear connection V. The differentiable functions T¢, € F(M) are
called coefficients of torsion of the linear connection V.

Proposition 4.4. Let V be a linear o connection on a Lie algebroid Lie (E, [, | g, p)-
Then for every o € T'(E) such that o = o%e, the following relations hold:

(4.7 CSo%°" =0 and (TS —T%, —C%)o%" =0, for all a,b,c =1, n.

a

Proof. Applying the relations (4.2) and taking account into [, o] = 0, we obtain
the first equality from (4.7).

For o = o%,, apply (4.5) and obtain T'(o,0) = (I'¢, — I'¢, + C¢,)o%aPe.. Since
T(o,0) = 0, follows immediately the second equality from (4.7). O

If V is a linear connection on Lie algebroid F, define the map

R:T(E) xI(E) x I'(E) = I'(E), (0,n,w) — R(o,n,w) = R(o,n)w,
where the section R(o,n)w is given by:
(4.8) R(o,nw =V,Vyw =V Vow — Vg yw, forallo,nwel(E).

Proposition 4.5. If V is a linear connection on the Lie algebroid (E, |-, |, p), then
the following assertions hold :

(i)  the map R is R -linear in every argument ;

(ii) the map R is antisymmelric with respect to the first two arguments, that is :

(4.9 R(o,n,w) = —R(n,0,w), forall o,n,weTT(E);
(it) R has the property :
(4.10) R(o,0,w) =0, forallo,weTl(E).

Proof. (i) The equality R(acy + bos,n,w) = aR(o1,n,w) + bR(02,n,w) for all
a,b € R and 01,09,n,w € ['(E) can verified by direct calculation, using the properties
of covariant derivative and the properties of the Lie bracket. Hence, R is linear with
respect to the first argument. Similarly can prove that R is linear with respect to the
other arguments.

(1) Because Vi, 1, = —V[y,0], We have R(o,n,w) = R(0,n)w =

=VoVyw —VyVow = Vg ppw = Vo Vyw =V Vow + Vi, 5w =

= —(VoVyw = VoVyw — Vi o,w) = —R(n,0)w = —R(n,0,w).
Hence (4.9) holds.
(791) Equality (4.10) follows immediately from (4.9). O

The map R defined by (4.8) is called curvature of the linear connection V.
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Proposition 4.6. Let (E;,[-,|g,,pi),t = 1,2, be two Lie algebroids over M with
property that (Ea, [+, ] g,, p2) is transitive.

If VI:T(E) xT(E;) — T(E;),i = 1,2 is a linear connection on Ey resp. Es,
then the map YV :T(Ey ®71py E2) x T(Ey ©7yp E2) — T(EL &1 Es) given by:

(4.11) VE(X) 8 X0,V 8 V) = VE, 4, (V1 ©Y2) = Vi, Y1 & Vi, Vo

for all X1 ® Xo,Y1 @ Ys € T(Ey &1 Eo) is a linear connection on the direct sum
FEy &1y Eo of Lie algebroids Ey and Eo over TM.

Proof. It is not hard to verify the conditions from definition of a linear connection.
For instance, verify the condition (2) of Definition 4.1.

Denoting E = E1®7pp Es, for f € F(M), X = X10X, e (E)and Y =Y 0Ys €
I'(E) we have:

V?XY =VO(fX,)Y)=VO(fX1® fX2, Y1 ®Y2) =
= V}lel D v?CXZY2 = (fVi, V1) ® (fVX,Y2) =
= f(Vk,Y1© V3, Y2) = [V ox, (Y1 @ Ys) = fUXY. O

Proposition 4.7. Let (E, [, | g, p) be a Lie algebroid over M, 7w : P — M a surjective
submersion and (PTE, [-,-]™, p™) the prolongation of E by .

If V:T'(E)xT'(F) = T(E) is a linear connection on E, then the map
V™ T(PE) x I(P7E) — D(PTE), (Z,W) —s V™ (Z,W) = VLW defined by :

(4‘12) v™(Z, W)(p) = (p, Van(ﬂ—(p))v [X7 Y](p)), V)peP

where Z(p) = (p,o(o(p)), X(p)), W(p) = (p,n(r(p)),Y (p)) with o,n € T'(E) and
X,Y € X(E).

Proof. It is easy to verify the conditions from the definition of a linear connection
for V™, taking account of the properties of the linear connection V and the properties
of the Lie brackets [-,-]|g on F and [, -] on X (F). For example, we verify the condition
(2) of Definition 4.1. For f € F(M),(Z,W) € F x F, where F = T'(P™E) we have:

F2W ) = (p, Vion(m(p)), [X.Y](p)) = (p, f(7(p))Von(m(p)), [X,Y](p)) and

fNZw(p) = f(x(p))(p, Von(m(p), [X, Y(p)) = (p, f(w(p)) Von(m(p), [X, Y](p))-
Then V7, W(p) = fV3W(p) for all p € P. Hence Vi, W = fV7W. O
For more details concerning the applications of Lie algebroids in differential ge-

ometry and quantum mechanics, the reader can consult the papers [1],[2],[5],[9].
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