Hopf bifurcation for the rigid body
with time delay
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Abstract

In this paper we define the differential equations with time delay for the rigid
body by using eight 2-covariant tensor fields on R® x R®. We prove the exis-
tence of the revised system and investigate the existence of a Hopf bifurcation
in the neighborhood of the equilibrium point Mj(m,0,0). The normal form is
described.
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1. The differential equations for rigid body with time delay

The differential equations for the rigid body in R? are described by a 2-contravariant
tensor field Py and by the Hamiltonian function hq given by:

0 3 —a?
ij _ 43 0 1
Py = (Fy'(z) = | ~* v (1)
z2 =2t 0
1 2 1 22, 1 3\2
ho(x) = —a1(z1)” + —as(z?)* + =asz(z?)
2 2 2
where (21,22, 2%) € R3, a1, a2,a3 € R, a; > as > a3. These differential equations are
L(t) = Po(x(t)) Ve ho(z(t)) (2)

where () = (&1(t),#2(t),#3(t))T and vho is the gradient of hy with respect to the
canonical metric on R3. The differential equations (2) have the equilibrium points
M1(m,0,0), M2(0,m,0), M3(0,0,m), m € R* and have been studied in [5].

The revised differential equations for the rigid body have been studied in [6] and
[3]. They are described by: two 2-contravariant tensor fields Py, go, the Hamiltonian

Thé Fifth Conference of Balkan Society of Geometers, Aug. 29 - Sept. 2, 2005, Mangalia, Romania;
BSG Proceedings 13, Geometry Balkan Press pp. 83-91.
(© Balkan Society of Geometers, 2006.



84 M. Neamtu, D. Opris, M. Popescu

function hy and the Casimir function Iy, where Py and hg were given by (1) and g is
defined by:

90(x) = (68 (@), Io(a) = £ (") + 3 (a2 + 5 (a°)
g () = PR D)

ij - 3 8}10(33) 2 .
90 (J?) - _k:—1< 8:5’“ ) 4] = 1a273-

The revised differential equations for the rigid body are:
L(t) = Po(x(t))Vaho(z) + go(x(t)) Valo(x(t))- 3)

The equations (3) has the same equilibrium points M;(m,0,0), M2(0,m,0),
M5(0,0,m), m € R*.

The differential equations with time delay are described with the vector field X €
X (R? x R3) that satisfy the property X (7} f) = 0, for all f € C*(R?), where m; is
the canonical projection on the first argument 7; : R? x R?* — R? and we denote by
C*>°(R?) the ring of smooth real valued functions on R® and by X (R? x R3) the Lie
algebra of all smooth vector fields on R? x R3. The differential equations with time
delay associated to vector field X (Z, x) are

o(t) = X(a(t — 1), z(t)) (4)

where (Z,z) € R3 x R3, #(t) = x(t — 7),7 > 0, with initial value x(0) = ©(0),
0 € [—7,0], where o : [-7,0] = R3 ¢ € C>(R3).

The definition of differential equations with time delay on differential manifolds
was given in [4] and it was studied by [1,2].

The differential equations with time delay for the rigid body are generated by an
antisymetric 2-contravariant tensor field P on the manifold R? x R? that satisfies the
following relations:

P(ridfi,midf2) =0, P(nidf1,m5dh) =0

for all fi, fo € C°(R3), where 71,72 : M x M — M are canonical projections and
h € C®(M x M). The 2-contravariant tensor field P is:

7
P(&,z) = Z e Py(&, ) (5)

where
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0 x3 —F2 0 [
Py(za)=| 2" 0 @ | pGgay=| - 0 2| ()

(- 0 [a— 0

0 3 —F2 0 B —z?
P@a)=| % 0 | pga=|-¥ 0 @ |

[a— 0 [a— 0

0 73 32 0 73 32
P(z,a)=| % 0 & | p@ae=|-C 0 & |

[R— 0 [ 0

7
and € = (g;) € [0,1]%,i=0,1,2,...,7 with > & = 1.
i=0
The function h(Z,x) is called the Hamiltonian function and it has the following
form:

M) = 3 bhi(na) 7
i=0
where 1 ) 1
ho(w) = 51 () + 5 a2(2)* + S as (@),
hi(Z,z) = %alxlil + %ag(acQ)z + %ag(m3)2,
ho(Z,2) = %al(xl)Q + agx®i? + %a;;(x?’)?,
hs(Z,z) = %al(ocl)2 + %ag(x2)2 + az2®33,

1
ha(%,2) = a12t @t + aa®3? + §a3(x3)2,
1
hs(Z,x) = a1z’ &' + 5&2(372)2 + azx37,

1
he(Z, ) = §a1(x1)2 + 02?7 + azx®E3,

he(Z, 1) = a12' 3! + ax®3? + aza?

a3,
7
and ¢ = (6;) € [0,1]®, with > 6; = 1.
The differential equatiorzlgowith time delay for the rigid body are given by:
() = P(Z(t), z(t)) Vah(2(t), (1)) (8)

where Z(t) = z(t — 7), 7 > 0 with initial value x() = ¢(0), 6 € [—7,0], where
¢ : [-7,0] = R3, ¢ € C>(R3). The differential equations (8) have the equilibrium
points Mj(m,0,0), M3(0,m,0), M3(0,0,m), m € R*.



86 M. Neamtu, D. Opris, M. Popescu

In what follows, we consider the function [ € C°°(R? x R?) given by:

7
where
lo(z,2) = = (z')? + 2(952)2 jlu %(x?’) (&, z) = otEt + g(ﬁ)‘é’ + 2(303)2,
Io(Z,2) = =(z")* +2°2° + 5( 2, 13(8,2) = = (1) + =(2)? + 2373,

1, .
(2, 2) = 213 + 2232 + §(z5)2,l5(£, x)=xT + 2( 2 4373,

5( D2 42232 4 2383 17(2, ) = 213" + 2222 4 2333

16(j7 1') =
Proposition 1. (i) The function l(Z,x) given by (9) satisfies the following relation
Vi l(Z,2)P(Z,2)V, f(Z,2) =0 (10)

for all f € C*(M x M).
(i) The revised differential equations with time delay have the form:

#(t) = P(2(t), (t)) Vo h(2(t), 2(t) + g(2(), (1)) Val (Z(t), x(t)) (11)

where £(t) = x(t — 1), 7 > 0 and g(&,x) is a 2-contravariant tensor field given by:
(9

o = 8i§i~ )g oh(z,x)
97 (&,x) = ax:’; g%j( 71)#21
gu(gj,x) = h:%;c?él ( 81';9 )

The system (11) has the equilibrium points M (m, 0,0), M>(0,m,0), M5(0,0,m),
m € R*.

In order to analyze system (11) in the neighborhood of equilibrium point M (m, 0, 0)
we will consider &1 = g4 = &5 = g7 = 0, €g,€2,63,66 € [0,1] with a3 =
eoteatest+eg=1andd; €[0,1],¢=0,...7 so that

7
50+(51+52+(54=%(50-‘1—62),(504-51-‘1-(534-(55 €0+€3 Z = (12)
3 i—0

From the above conditions we obtain:

ar=1, p1 =0, az=c¢co+e3, P2=¢2+es, a3=¢eg+ea,

B3 = €3+ €6, a3043 = a1z, Qoflo = G102, 3 = 0o + 01 + J2 + d4, (13)
ng=1—p3, p2=20 +0d +d3+3d5 ne=1—pa,

,LL1:50+52+§3+56, u1:51+54+55+57.
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The Hopf bifurcation in M;(m,0,0)

Fist we consider the linear system associated to the differential equations with time
delay (11) in M;(m,0,0):

u(t) = Aju(t) + Biu(t — 1) (14)
where
0 O 0 0 0 0
Ay=| 0 axn 0 Bi=| 0 0 b | (15)
0 0 ass 0 b32 0

u(t) = (ur(t),uz(t),uz(t))? and
azo=—P2aim?, asz=—Psaim?, bag=m(az —a1), bzg2=m(a; — az).
The characteristic equation corresponding to (14) is given by
det(\ — Ay — Bie ) = =AA (A, 7) =0 (16)

where
A(NT) =X aX+ b+ ce™ (17)

and
a= B+ ﬁg)a%mg, b= ﬁgﬁga‘fm‘l, c= m2(a1 —az2)(a; — as).

Proposition 2. (i) If 7 = 0 then the equation A1(\,0) = 0 has the roots with
negative real parts.
.. a; —ag ap —az
(i) If m € < 5 Byl
negative real parts for any T > 0.
(iii) If m € (0,p) then there exists 7o and wo such that \| = iwg, Ay = \; are
simple roots for A1(\,79) = 0 and the other roots have negative real part, where

> then the equation Ay (A, 7) = 0 has the roots with

1 _ _
p=— (a1 = az)(ax a3)7 To = ——arctan

ay B283 2wo wd—b

(18)

and wy is one positive Toot of the following equation:
wh + (a® = 20)w? + b* - = 0.

Proposition 3. For my € (0,p) and 19 = 719(wo) given by (18), T is a Hopf
bifurcation for system (11).
Proof. The roots of equation A;(\,7) = 0 are continuously dependent on 7 so that
we consider A = A(7). Deriving (21) with respect to 7 and computing the derivative
in 7 =79, A1 = iw, it results that:

dX 2woTo[ala + b — 2wd) + 2wo(a + 1)(wg — b)]
M = Re | — = 2\2 2 2
dr T=T0,A\=\1 (a’ =+ b— 2w0) + 4w0 (Cl + 1)
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N = TIm (d)\) _ 2woTo[(wd — b)(a + b — 2w3)? — 2a(a + 1)wd]
T=T0,A=\1

dr (a+b—2w)?+ 4dwd(a+1)2

Because M is a positive number then 7y is a Hopf bifurcation.

Remark 1. Characteristic equation (16) has one zero eigenvalue corresponding to
the eigenvector with the direction along the line of equilibria. Thus the equilibria on
this line will not be asymtotically stable. However, applying the results from [/] they
will be orbitally asymptotically stable if all the other roots of A1(\,T) have negative
real parts. Using Propositions 2 and 3 we obtain that if 7 € [0,7,) and m € (0,p), the
point My(m,0,0) is orbitally asymptotically stable.

The normal form for the system (11)

From (12) and (13) and by using the translation 2! = y! + m, 2% = 32, 2% = °

system (11) becomes:

y(t) = Avy(t) + Bay(t — 7) + F(y(t), y(t — 7)) + G(y(t), y(t — 7)) (19)

where A;, By are the matrices given in (19), y(t) = (y'(t),v*(t),v> ()T, y(t — 1) =
(W't —7), 97t = 7), 3t —7)", Fly(t),y(t — 7)) = (F*(y(t),y(t — 7)), F>(y(t), y(t —
7)), F3(y(t), y(t — 7)), with

FLy(0) (¢~ 7)) = |
dosy® ()Y (1) + easy®(t — 7)Y (t) + fasy?()y3(t — 7) + hasy?(t — Ty (t — 1),
F2(y(t),y(t — 7)) =
disy' (1)y2(t) + ewsy (¢ — 7)Y (t) + fisy' ()y*(t — 7) + hasy' (t — 7))y (t — 7),
F3(y(t),y(t — 7)) =
dizy' (1)y? () + eray (t — 7)Y (1) + fr2y' (O)y*(t — 7) + haoy* (t — T)y*(t — 7),
(20)
and
do3 = asppiz — azpzae, ez = asppay — azpzBa,
fog = agpofls — agnzo, hag = agnafB3 — aznzfa,

di3 = asps —a1ptiog, €13 = asps — a1 p13s,
fiz = —aipiaz,  hiz = —a1n1 83,

di2 = arpiae — aspia, €12 = aip1Qa,
fi2 = a1p1Bo — asne,  hiz = a1miPo.

The function G(y(t),y(t — 7)) has as components polynomials of third degree in the
coordinates of y(t) and y(t — 7).
Let 7 = 79 4+ € be with € > 0 sufficiently small and the center manifold in 7 given
by:
1 1
y(0) = zp(0) + z¢(0) + §w20(9)z2 +wi1(0)2Z + §w02(9)22 +... (21)
where 0 € [—7,0], z € C2, ¢(0) = ¢(0)e*?, and $(0) is the eigenvector of the matrix
A+ 67)\17031.
By direct computation it results ¢(0) = (0, vz, 1) where
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m(a; — ag)e M7

Bga%mQ + )\1

Vg = —

The eigenvector of 1(0) of the adjunct matrix A; + e~ By is ¥(0) = (0, ws, w3),
where
m(ay — as)e  20ws

Wy = ﬂQQ%TnP T )\2 ws.
Using the following scalar product :
< (s),6(5) >= (0 /1/JS+7031¢()

we can determinate ws so that < ¥(s), ¢(s) >=< ¥(s),d(s) >= 1, < ¢(s),d(s) >=
P(s), d(s) >= 0.

By direct computation it results:

ws=2,n=1- m(a — as)(a1 — a2)

n Braim* + w2 (14 B2a1m®7o + Aa7o + To(Baarm® + Aa)e? M1 7).
2% 0

Replacing y with y(0) and ¢ with y(¢ — 7) given by (21) in (20) we have:

_ 1 1 5 5 1 _
Fly,5) = ?21022+F11122+5F01222+§F21122z+...
F(y,5) = -F32°2+...

R = g

where
F211 = 2(d23 —+ (623 + f23)€7/\1T0 + h23672/\170)1}2

F3 = diz(wi(0) + 2wi;(0)) + e13(wyg(—70) + 2wi; (—70))+
+ fra(wgo(0)e ™ + 2wi; (0)eM70)+
+ hag(wsg(—70)eM ™ + 2“’11(*7'0)67)\170)
i = dia(wi(0)0g + 2wi; (0)va) + e12(wsg(—70)02 + wiy (—70)v2)+
+ Q(UJ%O( ) )‘ITOUQ -+ 211)11(0)67)‘17—0112)‘?
+ hlg(wéo( 70)eM 0Ty + 2wl (—70)e M 0vy).

The invariance property of central manifold [4] leads to:

1
wyo(0) = I ——Fpe®? wi; () =0, 0 € [—7,0].

Proposition 4. (i). The normal form of the system (19) on the central manifold
18:

A1) = M=) + gon=(1)2(0) (22)

where
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_ 2 3
g21 = wa kg + w3k

1
F221 = K}7‘210(6513 + 6136_2)‘2T0 + f13€/\1‘ro + h13e(>\1—2>\2)ﬂ))
2
1
F231 = KFQOEQ(d12 + 612672)07-0 + f126>\17'0 + hlze()‘1*2>\2)'rﬂ)'
2

(i) The solution of differential system with time delay (11) in the neighborhood of
M;(m,0,0) is:
2 (8) = m + Re(why(0)22(1))
22(t) = 2Re(2(t)va)
23(t) = 2Re(x(t)),

where z(t) is a solution of equation (22).
(#i) The Lyapunov coefficient is Cy = % The elements which characterize the

limit cycle are:
Re(Cl)

fla=—
Re (d)\)
dr T=T0,A\=A\1

d\
dr T=T0,A=A
0, 1

, B2=2Re(Ch)

Ty=—

wWo
(iv) If fia > 0(< 0) then the Hopf bifurcation is supercritical (subcritical) and the
bifurcating periodic solutions exist for T > 1o(< 79); the solutions are orbitally stable
(unstable) if B2 < 0(> 0); the period increases (decreases) if To > 0(< 0).
For eg = 02,61 =0,e5 =02,e3 =03,e4 =0,65 =0, =03, e7 =0,
a a a
a; = 0.6, ap = 0.4, ap = 0.2, §y = a—Q(so +e3), 6 = ai(eo +e) — aﬁ(eo + &3),
1 3 1
(52 = (53 = 54 = 56 = 57 = 07 (55 =1- 50 — (51 it results: p= 0.860662958 and m = 066,
wo = 0.16557, 7 = 2.9090, By = 1.145, py = —4.524, Ty = —10.046. There is a
subcritical bifurcation, orbitally unstable solution with decrease period.
The phase plot (z(t), z2(t), z3(t)) is given in fig 1:

Fig1. Phase plot (x(t)1,x(t)"2,x()*3)

0.02

0.01
2*x

-0.01

0.02]

The analysis of the system (11) in the neighborhood of the equilibrium points
M5(0,m,0) and M3(0,0,m) will be given in the next papers.
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