Einstein and Maxwell equations for a couple of
remarkable generalized Lagrange spaces of type

GLA™ (M7 g0,y D,y @) = 2oy, (w))

Marius Paun

Abstract

The generalized Lagrange space GL*™ = (Osc®*M, gi;(z,y™,4?)) provides a
convenient relativistic model. The purpose of this paper is to study the Einstein
and the Maxwell equations in the case gij(x,ym,y@)) = 62‘7(”’9(1)’?/(2))%]-(31:)
giving the complete calculation for two remarkable metric tensors. On the base
manifold the metric tensor g;;(x) = €27®)~;;(z) was introduced by Watanabe,
Tkeda S. and Ikeda F. Einstein and Maxwell equations for the space

GL"(M, gij(x,y) = > @Y, (x)) were studied by Miron and Tavakol. Gen-
eralized Einstein Yang Mills equations for the same space were studied by V.
Balan.
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1. Preliminaries

The theory developed in this paper relies on the ideas from the generalized second or-
der Lagrange theory of physical fields that naturally generalize the Finsler and Lagrage
one. The geometrical background is formed by the notion of generalized Lagrange
space GL*™) = (Osc?M, Gij (z,y™,5?)) which consist of the Osc?M space whose
coordinates are induced by the coordinates x = (2%);=1..,, of a real n-dimensional C'*®
differentiable manifold M and a fundamental metric d-tensor g;;(z, yW, y(2) globally
defined on Osc?M \ {0}, symmetric, of rank n and having a constant signature.

The field theory developed on GL*™ uses an ”a priori” defined fixed nonlinear
connection N whose coefficients are:

4 1 2 i 1 2
= Nj (x,y()’y( ))’ Nj (x’y()’y( ))

€] (2)
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This nonlinear connection plays the role of mapping operators of ”‘internal”’ fields
y, y@ to the "‘external”’ x field and ”‘prescribes”’ the interaction between x and
y fields. It allows the construction of an adapted basis

) 0 ] .
(11) {M,W,W} (221,,71)

where:
) _ 0 j _0 i _0
- _ Nd 9 Ni O
o’ oz’ i Gy(Di i Gy
’ oo W @ %
(1.2) S _ 0 N
Sy QyD1 (1)1 dy(2i
0 _ 0
oy 2 Qy(2
and of the dual basis:
(1.3) {&ci, Sy?, 5y(2)i} (i=1,..,n)
where:
szt = dot
syt = gy(Mi 4 Mij da?
(1.4) (1)
(1) (2)

We have the relations:

. o S
(1.5) N, = MY ; N, = M, — M, M~

(€] 1 (2 (2) n

From the geometrical point of view it is important to determine the canonical metrical
connection (the Cartan connection) which respects Matsumuto’s axioms:

(4)
Gijlm =05 gij | ,=0; T";=0; ST, =0 A=1.2
(4)

This canonical connection plays an important role in the generalized Lagrange theory
of physical fields. Concerning the generalized Lagrange gravitational theory we point
out that the Einstein equations of the gravitational potentials g;; (x,y(1)7y(2)) are
postulated as being the abstract geometrical Einstein equations attached to CT(IV)
and G, whose local expression are given by Miron and Atanasiu in [5] with the cor-
responding conservation laws. As for the metric we have to say that on the base
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manifold M, this type of metric was introduced and studied by Watanabe S., Tkeda
F., Ikeda S. in 1983 [9], Einstein and Maxwell equations on TM for the metric
gij(z,y) = e??@¥),;(2) make the object of study of Miron R. and Tavakol R. First
approach of this study was presented in Brasov at Seminarul National de spatii Finsler,

Lagrange si Hamilton, feb. 1992 by prof. V. Balan. We remark that if % then

the space GL*™ is not reducible to a Lagrange space or to a Finsler space.

2. The coefficients of the canonical metrical N-linear
connection

Let M be a n dimensional C*° differentiable manifold endowed with the metric tensor
gij(z,yM, y?)) = ezg(w’yu)’y@))%j(x) defined on Osc?M \ {0} where o € F(Osc*M)
is a given function and 7;;(z) is a Riemannian metric tensor field. Consider also N
the canonical nonlinear connection with the coefficients:

(2.1) W :

, ovE . ,

Proposition 2.1. The nonlinear connection N is integrable iff the Riemannian met-
ric is flat.

Proposition 2.2. The Berwald connection of the space GL*™) has the coefficients
BT = (v}, 0, 0)
Proposition 2.3. If

oo
(2.2) Sy@i #
then there exists no Lagrangian L : Osc?M — R of class at least 3 on Osc?M \ {0} ,
continuous on the null section of Osc>M such that

1 0L
g (CORPC)) e
g’LJ (.T, Y Y ) - 92 6y(2)zay(2)3 .

Consequently the pair GL*™ previously defined is a generalized Lagrange space
and is not reducible to a Lagrange space or a Finsler space if condition (2.2) is fulfilled.
We know that on the total space E exists a single N-linear connection depending
only on g;; and which satisfies Matsumoto’s axioms. This is the /N-linear canonical
metrical connection (Cartan connection) CT'(N) and it has the coefficients CT'(N) =

Lijk, C]Zk , C]’:k with the expressions:

1) (2
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i L, 5gks 593]’ (;gjk
2. Z. - _ 18 - _
(2:3) ik =99 <5x3 * sxk bt

i 1o Ogks 09sj 09k B
k= 5Y <5y<a>j T er s ) @=12

(@)

Proposition 2.4. For the considered metric the coefficients of CT'(N) are:

(2.4) L=+ Ay s Cj = Aj (a=1,2)
0 () o
where A% =0y o5 +0% ok — 7k 0 (8=0,1,2) and
B
B B B _
o; = oo L= gy s, g0 =g o7 1s the Kronecker symbol.

Sy(®)?

Corollary 2.1. A}k =0 a=0,1,2 if and only if o is constant.

(03

Proposition 2.5. With respect to CT'(N) we have:
- the h-paths are given by the equations:

d*z’ ; i da? da*
0
ar + ’YJz‘k?J(l)JW =0;

dy@)i i (Dk dy(l)j j (1)md$s
gt Ty g T ms¥ T |t

V(0 Ve, e 4 i @k | 427
+[2<8xr_7rh7kj y Wy 4y @ —e =0
- the vi-paths are given by:

(2.6) P =l =0
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d2y(1)i+ i dy(l)jdy(l)k: .
dt? lf’f dt  dt ’

d2y(2)i Y dy(l)k

_— . = O M
dt2 7]ky dt )
- the vo-paths are given by the following equations:
i s dx’
(2.7) v =g =0
. (1)
(Wi () — o(Di dy 0
y ( ) yO 1) dt ]
2,,(2) , (2)i gy
d~y Ao WAy TR

de? 23"“ At dt

3 Torsios and curvatures

Let T be the tensor of torsion of an N-linear connection D. For any vector fields
X,Y € x(F) we have:

(3.1) T(X,Y) = DxY — DyX — [X,Y]

This tensor can be evaluated for the pairs of tensor fields (XH YH) (XH yVa)
(XVa YY) and for the canonical metrical linear N-connection CT(N). By direct
calculations we obtain:

Theorem 3.1. The d-tensor field of torsion for CT(N) has the local components
given by:

1

(32) Tijk =0, Tijk: _ r’ﬂi i y(l)m
(0)
’ 1
T, = b} (qumj%?; - qumk’Y?;;) yMayhp 4 T'm jky(l)m

(0)

0 1 2
Pl = AN (a=1,2) P, =- A, ; P7 =ymalyWF -
(o) a (1) 0 (1)
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1 2
(3.3) Pl == Ny s Po=aiahy™t -5
@) 0 M
1. 2. . 04 a, .
Py =0 Py =- A;k ; Py =0 Py = C;k ;
@ @ 0o ay (2) (@)
ﬁ.
(3.4) St =0 (a=1,28=0,1,2)

(@)

Theorem 3.2. The d-tensor field of curvature of the N-linear canonical metrical
connection CT(N) are locally expressed in the shape:

0 0 0 0
(35) Rbapq = rbapq + 5; Obg — 5; Obp — ’yas’ybp Osq + ’yasqu Osp +
0 0 1 1
+ 51?( Opqg — Oqgp ) + Wbt(rsapq Ut - Tstpq o’ )y(l)b—’_
2 2

t .t (2)
+rybt(rsapq o T's pq o )y ®

01 10 01 10
a _ ga a as
(3.6) b, pq —5p Obg _5q o =" (Vop Osq — Vo Tsp )t
(1)
0o 1 0o 1 01 10 0o 1 0o 1
as a as
Y (Yop Tq s =g Ts Tp )+ ( Opg — Ogp ) =27 pe( Op 05 — 05 0 )—
0o 1 0o 1
=0, op Ob — 05 Op O
01 20 02 20

(3.7) P,y =0y 0bg — 0 Opp =Y (Yp Tsq — Vog Tsp )+
(2)



Marius Paun

98
0o 2 0o 2 02 20 0o 2 0o 2
Y (Yop Tq s =g Ts Tp ) H 0 ( Opg — Ogp ) =27 pe( Op 05 — 05 0 )—
0 2 0 2
—6, op Op 8g op Ob
12 21 12 21
(3.8) Py =05 0bg =05 0y =7 (Wp Tsq — Tog Tsp )T
(12)
1 2 1 2 12 21
Y (Vgp 05 b —Vgp Ob Ts )+ ( Opg — Ogp )

1 1

1 1
— Y (Yop Osq — Vg Tsp )+

(39) Sbapq :5; Obq 75; Obp
1)

12 12

+6g( Opt ’Yth - Oqt P)/ltp)y(l)l

2 2 2 2
(3.10) Sy =0y Obqg — 05 Top — Y (Vep Tsq — Vg Tsp )
(2)
where
0 o,
. t _
Ocd = W_ Oc 04 +§’ch g o (a=1,2)
d o,
af B « 1 B @
t (a, 3=1,2; a#P)
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Considering this shape of Bianchi identities:

Y {DxT(Y.Z2)-RX,Y)Z+T(T(X,Y),Z)} =0

XY, Z

(3.11)

XY, Z

we can rewrite them, using the projectors h, v1,ve and taking the vector fields X, Y, Z
as in the table:

N| | >
= |

AlA|A|/A|A|B|B|B|C
AJA/B|B|C|B|B|C|C
B|j¢c|B|C|C|B|C|C|C

) __9d __9d 6 ) 4
5ot B = 5y C= 5y(2)i.F0r U we take, one by one, 52T’ Gy 0% 5y
Hence, we can obtain all Bianchi identities. Those we use in this paper, we can group

m:

where A =

Proposition 3.1. For the space GL*™) | endowed with the considered metric tensor,
for the N-linear canonical metrical connection, these Bianchi identities hold:

1 2
(3.12) > | Ry - T C% — T4, C4 | =0;

T qp qp
cicl p,q,r (1) (2)

Z Sl =05

cicl p,q,r ()

(@)

Z Sl b =05

cicl p,q,r (o)

1 2
Z Rraqplb - Tlpr Pb aqi - szr Pb aqi =0;
cicl p,q,r (1) (2)
1 (1) 1 1) 2 2

a a a a b a b a
Pqpr o Prpq +qu lr = Ppr lq +qu Ch = Ppr Cqb+
(1) (1) (1) (1) (1) (2) (1) (2)

1 1

ry, C', - Py C',, =0;

Pq

(€] ) (€] )
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2 (2)
anpT - Prapq + P%q |7”
(2) (2) (2)

2 (2)
anpr Prapq + P%q |T
(12) (12) (12)

a
- P,

Marius Paun

2 (2) 2 2
b a b a _ .
|q + P Pq C rb P pr C qgb 0 )
(2) @ @ @ (@
2 (2) 2 2
— P‘;T g + Pbpq ct, — Pbpr C’aqb =0.
(12) (12) (2) (12) (2)

By a straightforward computation we obtain the Ricci tensors and the scalars of

curvature and by consequence we can write the Einstein equations.

Theorem 3.3. With respect to the N-linear canonical metrical connection the Ein-
stein equations for the space GL?" endowed with the metric tensor gij(x,y(l),y(z)) =

Ly @ ,
e2o@y =y )%j(a:) are given by:

0
1
(3.13) Ry, — §’ypr =xT bp
1 ! 1 2
S —gmB=x Ty 3 Sy —gmBR=xTy,
(1) (2)
1 01 2 02
(3.14) Py =xTy ;5 Py =xTy, (a=12)
(@) (@) (a) (a)
1 12 2 12
Pbp :Xpr ; Pbp :Xpr
(12) (1) (12) (2)

Theorem 3.4. We have the following conservation law:

1

1
b b b
(3.15) (Rp — 2R5p> + P
b
(@)
summation on o, o« =1,2
, 1. (1)
S°, = §R6p b —
(1)
, - (2)
S D §R6p |b -

(@) 2 (@)
b+ Pbp lb
(@)

2 2 2)
Pbplb + Pbp lo

1) (12)
2 2 (1)
Pbplb + Pbp lo

(2) (12)

=0
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Corollary 3.1. If the nonlinear connection N is integrable, then the conservation
law 1is:

1 (o) 1 (a)

“R,=0; S°% | -3k l, =0 (a=1,2)

(3.16)  RD, — 5
(@)

4 Maxwell equations

Let us consider the Liouville vector fields z(V?, 2(2)7 given by

20 =y (i @i =y @i L g (05

1)
With respect to the canonical nonlinear connection N, this fields depend only on the
Riemannian metric v;; and are defined by:

(4.1) S LIRS WO
The deflection tensors of CT'(IV) are given by:

a . aB (8
(4.2) D, = di =@ (a,8=1,2)

i i :

and the covariant deflection tensors are given by the formulas:

a o ap ap

(43) Dij = gik ij N dij = gik dkj (Oé, ﬂ = 1, 2)

Their local components can be obtained by direct computations.

Proposition 4.1. The deflection tensor fields satisfy the following identities:

« « a 1 al 2 a2
(4.4) Diji — Digly = Roijk =T}, Dim — T dim — Ty dim
(0) (0)

a (8) ap a 1 al 2 a2
Dij |k — diy = Poyjx — C% Dim — P dim — Py dim
(8) (8) (8) (8)
al () a2 (1) 1 al 1 a2

dij |k — dix |j = Sojp — C% dim — Py dim
(2) (2) (12)
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Ba () Ba (e) « 81 B2
dij e — die ;. = Soyx — S dim — R dim (a,8=1,2)
(@) (@) (@)

where index 0 means the contraction by z()™.

Definition 4.1. The h- and vo,— components of the electromagnetic tensor fields are:

o 1
(4.5) Fz‘(j):§ Dij — Dji |
af af
wg) 1
= dy - di

2

By straight calculation we obtain the h- and v,— components of the electromag-
netic tensors.

Theorem 4.1. The electromagnetic tensor fields of the space satisfy the following
generalized Maxwell equations:

20 1
(&
(4.6) ) Fz(gl\)k =5 oo |FWh ¢ty Ry
cicl (i,5,k) cicl (i,5,k) (1) (0)
2 11 1 12 2
+2Wlyy Oy Ry + djs Ry 4+ dis Ry,
(2) (0) (0) (0)

20 1
e
F(Q\)k = E : Z(w%'t ch, R +

1) 2
ciel (3,5,k) cicl (4,5,k) &) ©)
2 21 1 22 2
+23By, O, R, + djs R, 4+ djs RS,
©)) (0) (0) (0)
(@ (1) (al) 62(7 . a2 L
a @ « g
Z Fyt e + Z ZILES Z AN Clig + dis | 7P
cicl (i,jk) cicl (i,j.k) cicl (i.j,k) @)

(2)
>R kv X =0 (a=12)

cicl (i,5,k) cicl (i,5,k)
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()
S P =0 (aB=12)

cicl (i,5,k)

2

(2) (1)
al a2

cicl (i,7,k) cicl (i,7,k)

5 Applications

We present a complete calculations for two remarkable cases.
First let us consider the function o given by:

(5.1) g(mivy(l)i7y(2)i) - %”y(l)iHQ _ %%jzzgl)zy)
The following results holds:
Proposition 5.1.
0 1 2
(5.2) or =0; o =2 G =0

Ti i ~i i (1 i (1 i ~i
ij = Yjk> Ojk = 51«2](' ) + 53'212. ) - ’ijz(l) ; Cjk =0

) 2
0 01 02 0 «@ 0 «
oij =0; Gy =0, oy =0, & o =45 o =0 (x=0,1,2)
1 1 1 1 1 @
— i 1 1 — — — _
oy =0+ 3wy IP -2V ot e =yl o' 6 =0 (a=0.2)
la 2
C_Tij ZO7 0&21,2; 5’1‘]' =0

Proposition 5.2. The torsion d-vector fields are:
o o 0 ) o

(5.3) T = T Py = Ch; Py =0
(0) (0) 1) (1) (2)
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1 2 2 1 ,
(5.4) Pljk. = 0; Pljk = Pljk ; P’jk = le'k
) ) (€] (21) )
1 2 0 2
Pljk = Pljk = szk = P%jk =0
(2) (2) (21) (21)
s
(55) Szjk 05 (Oé, 5 = 07 17 2)
(@)
Proposition 5.3. The curvature vector fields are:
(56) Rbapq _ T,bapq + goe (T(gapqy(l)ty(l)s _ Tstpqy(l)ay(l)s)
(5.7) B, =0 (a=12); B =0
(e) (12)
~ 1 1 1 1
(58) Sbapq :55 6'17(1 _55 a'bp +gas Jvq 6'517 — Gbp 5sq
(1)
Sbapq - 0

(2)

Proposition 5.4. Ricci tensors and curvature scalars have the following expressions:

(59) Rbp = Tbp + Vot (Toapay(l)t - TOtpay(l)a>
L S
(510) Pbp = Pbp =0 (Oé = 172)7 Pbp - Pbp - 07
(@) (@) (12) (12)
(511) S bp = (1 — Tl) 6bp —+ ’YaS Yop 5sa — Yba 6517 ; S bp =0

1)

and:
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1

(5.12) R=[r+2ray®yMt 201 =)y oy, | e
17 27 17 1
(5.13) P = P =0, P = P =0 (a=12)
(a) (o) (12) (12)
— 1 —
5.14 S =2(1—n)y"? Gy e 2, S =0
P

1) (2)

Proposition 5.5. Finstein equations for the space endowed with this metric are:

(5.15)
1 1 0
3+ [(n =17 oy —ray Dy =X Ty — e (’“o“pay“” - TOtpay(l)a)

0

1
igpr =—xT bp
0

We write the first equation in this shape in order to emphasise the relation between
Einstein equations of the space and Einstein equations of the riemannian space V™" =
(M, 75 (x)).-

Proposition 5.6. h—, and v,— components of the electromagnetic tensor fields have
the expressions:

@ _ o 2@ _ 20 (e Viea | (1p, (1)
(5.16) FP =0, F? = (axq = )y y

i ij

(11) _ p(21) _ fQQ) —0
ij

(22) _ 20/0.(2), (1) _ (2 (1)
fij  =e (2 z; ' — 2 % )

and the generalized Mazwell equations are satisfied.
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For the second application we consider that ¢ is given by:
(5.17) o(zt, y WV, y@i) = A (x)z(DF
where Ag(x) can be regarded as a potential.

Proposition 5.7. In this context we obtain:

0 1 2
(5.18) 5'k :y(l)sAs‘k; (~Tk ZAk; 5'k =0

Ll =i + (53 Apik + 01 Ap; — viky™ Apps) yP

T =01 Ap + 0L A — vy A, Cl =0

(1) (2)

Proposition 5.8. If the vector Ay(x) is parallel with respect to Berwald connection
then we have:

0 1 2
(5.19) Gr =0, 6 =Ay, 6x =0

Lik =" Ch =0tA; + Ak =y Ay Gy, =0
(1) (2)

1
1
i :iwﬂtsAsAthiAj; gt 6 =A% & 6 =0 (a=0,2)

2
&ij =0

Observe that in this case the coefficients of the N-linear canonical metrical con-
nection does not depend on the directional vectors y™), y(® and Aj; = 0 implies
that the covector Ag(x) is a gradient.
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Proposition 5.9. If the vector Ay (x) is parallel with respect to the Berwald connec-
tion then the following relations hold:
i) the d-vector fields of torsion are:

[ « 0 0
(5.20) T = Ty Py = Cho Py = Ciy
(0) (0) ) 1) (2) (2)
1 2 2 1
Py =0; Py = Py Py = Cjk
&) &) (€] (21) (&)
1 2 0 2

8
(5.21) Sin =0 (a,8=0,1,2)
()

i) the d-vector fields of curvature are given by:

(5.22) Ry =1y % + €2 (1 Ay — vyt g Ar) y D
0
(5.23) B, =0 (x=12); B =0
(@) (12)

B 1 1 1 1
(5.24) Sp%g = 0p Tbg =0 Top + 9% | Gog Tsp — Gop Tsq

)

S’b“pq =0

©)
ii1) Ricci tensor fields are:

(5.25) Rbp = Tpp + roapaAb - ’ybt’yalrotpaAl
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1 2 1 2
Py, = P, =0 (a=1,2); P, = Py, 0;
() () (12) (12)
} 1 1 1 3
pr :(1—n) &bp +')/as Yop Osa — Yba C~Tsp ; bp =0
&) (2)
iv) the curvature scalars have the following expressions:
} 1
(5.26) R=|r+2ray VA, + 201 —n)"? &y | e
1 2 1 1
P = P 0; P P 0; (a=1,2)
(@) (@) (12) (12)
~ 1 ~
S :2(1—n)7bp Ovp € 20, S =0
) (2
v) Einstein equations are:
(5.27) Fop — PYop + top = Xpr
_ 1 - !
Sop ~9mlt=x Ty
)
. 2
§9pr =—xT bp
where
1
(5.28)

tp = p |(n— )77 Gij — Py Ay D®

0

- 1
TbP =T bp ;fybt (ToapafyltAl - TOtpafyalAl)

and the following conservation laws are verified:

04 1 ‘ (1) 2 . (2)



FEinstein and Maxwell equations 109

Because Ag(z) is a gradient we obtain that:

Proposition 5.10. The components of the electromagnetic tensor field are expressed
by:

(5.30) FP =0 FY =0 70 =157 =£3V =0

f(22 (glsA gjsAi)y(l)s

and the generalized Mazwell equations are trivially satisfied.

References

[1] M. Anastasiei, Vector bundles. Einstein Equations, An. St. Univ. ALI.Cuza lasi,
32 (1986), 17-24.

[2] V. Balan, Generalized Finstein Yang Mills equations for the space GL™ =
(M, gi;(x,y) = €2 @¥),(x), Tensor N.S. 52 (1993), 199-203.

[3] R. Miron, The geometry of higher order Lagrange spaces. Applications to Me-
chanics and Physics, Kluwer Acad.Publ. FTPH, 1996.

[4] R. Miron, Gh. Atanasiu, Compendium sur les espaces Lagrange d’ordre supe-
rior, Sem. Mec. Univ. Timigoara, nr. 40 (1994), 1-27.

[5] R. Miron, Gh. Atanasiu, Geometrical Theory of Gravitational and Electromag-
netic Fields in Higher Order Lagrange Spaces, Tsukuba J. Math. 20, 1 (1996),
137-149.

[6] R. Miron, M. Anastasiei, The geometry of Lagrange spaces. Theory and Applica-
tions, Kluwer Acad. Pub. FTPH 59, 1994.

[7] R. Miron, R.K. Tavakol, V. Balan, I. Roxburgh,, Geometry of space-time and
generalized Lagrange gauge theory, Pub. Mathematicae, Debrecen, 42, 3-4 (1993),
215-224.

[8] Paun, M., Study of the generalized Lagrange space of order two
GL*>"(M, gij(z,yM,y?))) = €?7;;(x)) Novi Sad Jour. Math. 35, 1 (2005), 79-
94.

[9] Watanabe, S., Tkeda, F., Ikeda S., On a metrical Finsler connection of a gener-
alized Finsler metric g;; = €2°(*)~,;:(x), Tensor, N.S. 40 (1983), 97-102.

Author’s address:

Marius Paun

University Transilvania of Brasov,

Faculty of Mathematics and Informatics.

50 Tuliu Maniu Str., 500091 Brasov, Romania.
email: m.paun@unitbv.ro



