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Abstract

The generalized Lagrange space GL2(n) = (Osc2M, gij(x, y
(1), y(2))) provides a

convenient relativistic model. The purpose of this paper is to study the Einstein

and the Maxwell equations in the case gij(x, y
(1), y(2)) = e2σ(x,y(1),y(2))γij(x)

giving the complete calculation for two remarkable metric tensors. On the base
manifold the metric tensor gij(x) = e2σ(x)γij(x) was introduced by Watanabe,
Ikeda S. and Ikeda F. Einstein and Maxwell equations for the space
GLn(M, gij(x, y) = e2σ(x,y)γij(x)) were studied by Miron and Tavakol. Gen-
eralized Einstein Yang Mills equations for the same space were studied by V.
Balan.
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1. Preliminaries

The theory developed in this paper relies on the ideas from the generalized second or-
der Lagrange theory of physical fields that naturally generalize the Finsler and Lagrage
one. The geometrical background is formed by the notion of generalized Lagrange
space GL2(n) = (Osc2M, gij(x, y

(1), y(2))) which consist of the Osc2M space whose
coordinates are induced by the coordinates x = (xi)i=1..n of a real n-dimensional C∞

differentiable manifold M and a fundamental metric d-tensor gij(x, y
(1), y(2)) globally

defined on Osc2M \ {0}, symmetric, of rank n and having a constant signature.
The field theory developed on GL2(n) uses an ”a priori” defined fixed nonlinear

connection N whose coefficients are:

Γ =

 N i
j

(1)

(x, y(1), y(2)), N i
j

(2)

(x, y(1), y(2))


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This nonlinear connection plays the role of mapping operators of ”‘internal”’ fields
y(1), y(2) to the ”‘external”’ x field and ”‘prescribes”’ the interaction between x and
y fields. It allows the construction of an adapted basis{

δ

δxi
,

δ

δy(1)i
,

δ

δy(2)i

}
(i = 1, ..., n)(1.1)

where: 

δ
δxi = ∂

∂xi − N j
i

(1)

∂
∂y(1)j

− N j
i

(2)

∂
∂y(2)j

δ
δy(1)i

= ∂
∂y(1)i

− N j
i

(1)

∂
∂y(2)j

δ
δy(2)i

= ∂
∂y(2)i

(1.2)

and of the dual basis:{
δxi, δy(1)i, δy(2)i

}
(i = 1, ..., n)(1.3)

where: 

δxi = dxi

δy(1)i = dy(1)i + M i
j

(1)

dxj

δy(2)i = dy(2)i + M i
j

(1)

dy(1)j + M i
j

(2)

dxj

(1.4)

We have the relations:

N i
j

(1)

= M i
j

(1)

; N i
j

(2)

= M i
j

(2)

− M i
k

(1)

Mk
j

(1)

(1.5)

From the geometrical point of view it is important to determine the canonical metrical
connection (the Cartan connection) which respects Matsumuto’s axioms:

gij|m = 0; gij
(A)

| m= 0; Tm
ij = 0; S m

ij

(A)

= 0 A = 1, 2

This canonical connection plays an important role in the generalized Lagrange theory
of physical fields. Concerning the generalized Lagrange gravitational theory we point
out that the Einstein equations of the gravitational potentials gij(x, y

(1), y(2)) are
postulated as being the abstract geometrical Einstein equations attached to CΓ(N)
and G, whose local expression are given by Miron and Atanasiu in [5] with the cor-
responding conservation laws. As for the metric we have to say that on the base



94 Marius Păun

manifold M, this type of metric was introduced and studied by Watanabe S., Ikeda
F., Ikeda S. in 1983 [9], Einstein and Maxwell equations on TM for the metric
gij(x, y) = e2σ(x,y)γij(x) make the object of study of Miron R. and Tavakol R. First
approach of this study was presented in Brasov at Seminarul National de spatii Finsler,
Lagrange si Hamilton, feb. 1992 by prof. V. Balan. We remark that if δσ

δy(1)i ̸=0
then

the space GL2(n) is not reducible to a Lagrange space or to a Finsler space.

2. The coefficients of the canonical metrical N-linear
connection

Let M be a n dimensional C∞ differentiable manifold endowed with the metric tensor
gij(x, y

(1), y(2)) = e2σ(x,y
(1),y(2))γij(x) defined on Osc2M \ {0} where σ ∈ F(Osc2M)

is a given function and γij(x) is a Riemannian metric tensor field. Consider also N
the canonical nonlinear connection with the coefficients:

N i
j

(1)

= γi
kjy

(1)k

N i
j

(2)

= 1
2

(
∂γi

kj

∂xr − γi
rhγ

h
kj

)
y(1)ky(2)r + γi

kjy
(2)k

,(2.1)

Proposition 2.1. The nonlinear connection N is integrable iff the Riemannian met-
ric is flat.

Proposition 2.2. The Berwald connection of the space GL2(n) has the coefficients

BΓ = (γi
jk, 0, 0)

Proposition 2.3. If

δσ

δy(2)i
̸= 0(2.2)

then there exists no Lagrangian L : Osc2M → R of class at least 3 on Osc2M \ {0} ,
continuous on the null section of Osc2M such that

gij(x, y
(1), y(2)) =

1

2

∂2L

∂y(2)i∂y(2)j
.

Consequently the pair GL2(n) previously defined is a generalized Lagrange space
and is not reducible to a Lagrange space or a Finsler space if condition (2.2) is fulfilled.

We know that on the total space E exists a single N -linear connection depending
only on gij and which satisfies Matsumoto’s axioms. This is the N -linear canonical
metrical connection (Cartan connection) CΓ(N) and it has the coefficients CΓ(N) =Li

jk, Ci
jk

(1)

, Ci
jk

(2)

 with the expressions:
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Li
jk =

1

2
gis
(
δgks
δxj

+
δgsj

δxk
− δgjk

δxs

)
(2.3)

Ci
jk

(α)

=
1

2
gis
(

δgks

δy(α)j
+

δgsj

δy(α)k
− δgjk

δy(α)s

)
(α = 1, 2)

Proposition 2.4. For the considered metric the coefficients of CΓ(N) are:

Li
jk = γi

jk + Λi
jk

0

; Ci
jk

(α)

= Λi
jk

α

(α = 1, 2)(2.4)

where Λi
jk

β

= δik

β

σj + δij

β

σk − γjk

β

σi (β = 0, 1, 2) and

β

σj = δσ

δy(β)
j ,

β

σi = γis
β

σs ;, y(0) = x; δij is the Kronecker symbol.

Corollary 2.1. Λi
jk

α

= 0 α = 0, 1, 2 if and only if σ is constant.

Proposition 2.5. With respect to CΓ(N) we have:
- the h-paths are given by the equations:

d2xi

dt2
+

γi
jk + Λi

jk

0

 dxj

dt

dxk

dt
= 0 ;(2.5)

dy(1)i

dt
+ γi

jky
(1)j dx

k

dt
= 0 ;

dy(2)i

dt
+ γi

jky
(1)k

(
dy(1)j

dt
+ γj

msy
(1)m dxs

dt

)
+

+

[
1

2

(
∂γi

jk

∂xr − γi
rhγ

h
kj

)
y(1)ky(1)r + γi

kjy
(2)k

]
dxj

dt
= 0 ;

- the v1-paths are given by:

xi(t) = xi
0;

dxi

dt
= 0 ;(2.6)
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d2y(1)i

dt2
+ Λi

jk

1

dy(1)j

dt

dy(1)k

dt
= 0 ;

d2y(2)i

dt2
+ γi

jky
(1)j dy

(1)k

dt
= 0 ;

- the v2-paths are given by the following equations:

xi(t) = xi
0;

dxi

dt
= 0 ;(2.7)

y(1)i(t) = y
(1)i
0 ;

dy(1)i

dt
= 0 ;

d2y(2)i

dt2
+ Λi

jk

2

dy(2)j

dt

dy(2)k

dt
= 0 .

3 Torsios and curvatures

Let T be the tensor of torsion of an N -linear connection D. For any vector fields
X,Y ∈ χ(E) we have:

T (X,Y ) = DXY −DY X − [X,Y ](3.1)

This tensor can be evaluated for the pairs of tensor fields (XH , Y H), (XH , Y Vα),
(XVα , Y Vβ ) and for the canonical metrical linear N -connection CΓ(N). By direct
calculations we obtain:

Theorem 3.1. The d-tensor field of torsion for CΓ(N) has the local components
given by:

T i
jk = 0,

1

T i
jk

(0)

= r i
m jk y(1)m(3.2)

2

T i
jk

(0)

=
1

2

(
r i
q mjγ

m
kp − r i

q mkγ
m
jp

)
y(1)qy(1)p + r i

m jky
(1)m

0

P i
jk

(α)

= Λi
jk

α

(α = 1, 2)
1

P i
jk

(1)

= − Λi
jk

0

;
2

Pm
ij

(1)

= γm
krγ

r
ijy

(1)k − γm
ij ;
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1

P i
jk

(1)

= − Λi
jk

0

;
2

Pm
ij

(1)

= γm
krγ

r
ijy

(1)k − γm
ij ;(3.3)

1

P i
jk

(2)

= 0;
2

P i
jk

(2)

= − Λi
jk

0

;
0

P i
jk

(12)

= 0;
α

P i
jk

(12)

= Ci
jk

(α)

;

β

Si
jk

(α)

= 0 (α = 1, 2;β = 0, 1, 2)(3.4)

Theorem 3.2. The d-tensor field of curvature of the N-linear canonical metrical
connection CΓ(N) are locally expressed in the shape:

R a
b pq = r a

b pq + δap

0

σbq − δaq

0

σbp − γasγbp

0

σsq + γasγbq

0

σsp +(3.5)

+ δab (
0

σpq −
0

σqp ) + γbt(r
a

s pq

1

σt − r t
s pq

1

σa )y(1)s+

+ γbt(r
a

s pq

2

σt − r t
s pq

2

σa )y(2)s

P a
b pq

(1)

= δap

01

σbq − δaq

10

σbp − γas(γbp

01

σsq − γbq

10

σsp )+(3.6)

+γas(γbp

0

σq

1

σs − γbq

0

σs

1

σp ) + δab (
01

σpq −
10

σqp )− 2γasγpq(
0

σb

1

σs −
0

σs

1

σb )−

−δap

0

σp

1

σb − δaq

0

σp

1

σb

P a
b pq

(2)

= δap

01

σbq − δaq

20

σbp − γas(γbp

02

σsq − γbq

20

σsp )+(3.7)
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+γas(γbp

0

σq

2

σs − γbq

0

σs

2

σp ) + δab (
02

σpq −
20

σqp )− 2γasγpq(
0

σb

2

σs −
0

σs

2

σb )−

−δap

0

σp

2

σb − δaq

0

σp

2

σb

P a
b pq

(12)

= δap

12

σbq − δaq

21

σbp − γas(γbp

12

σsq − γbq

21

σsp )+(3.8)

+γas(γqp

1

σs

2

σb − γqp

1

σb

2

σs ) + δab (
12

σpq −
21

σqp )

S a
b pq

(1)

= δap

1

σbq − δaq

1

σbp − γas(γbp

1

σsq − γbq

1

σsp )+(3.9)

+δab (
12

σpt γt
lq −

12

σqt γt
lp)y

(1)l

S a
b pq

(2)

= δap

2

σbq − δaq

2

σbp − γas(γbp

2

σsq − γbq

2

σsp )(3.10)

where

α

σcd =


δ

α

σc

δy(α)d
−

α

σc

α

σd +
1

2
γcd

α

σt
α

σt

 (α = 1, 2)

αβ

σcd =


δ

α

σc

δy(β)d
−

β

σc

α

σd +
1

2
γcd

β

σt
α

σt

 (α, β = 1, 2; α ̸= β)
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Considering this shape of Bianchi identities:
Σ

X,Y,Z

{DXT (Y,Z)−ℜ(X,Y )Z + T (T (X,Y ), Z)} = 0

Σ
X,Y,Z

{DXℜ(U, Y, Z) + ℜ(T (X,Y ), Z)U} = 0

(3.11)

we can rewrite them, using the projectors h, v1, v2 and taking the vector fields X,Y, Z
as in the table:

X A A A A A A B B B C
Y A A A B B C B B C C
Z A B C B C C B C C C

whereA = δ
δxi , B = δ

δy(1)i
, C = δ

δy(2)i
. For U we take, one by one, δ

δxi ,
δ

δy(1)i
, δ
δy(2)i

.

Hence, we can obtain all Bianchi identities. Those we use in this paper, we can group
in:

Proposition 3.1. For the space GL2(n), endowed with the considered metric tensor,
for the N -linear canonical metrical connection, these Bianchi identities hold:

∑
cicl p,q,r

 R a
r qp −

1

T b
qp Ca

rb

(1)

−
2

T b
qp Ca

rb

(2)

 = 0 ;(3.12)

∑
cicl p,q,r

S a
r qp

(α)

= 0 ;

∑
cicl p,q,r

S a
r qp

(α)

(α)

|b = 0 ;

∑
cicl p,q,r

 R a
r qp|b −

1

T i
pr P a

b qi

(1)

−
2

T i
pr P a

b qi

(2)

 = 0 ;

P a
q pr

(1)

− P a
r pq

(1)

+
1

P a
pq

(1)

(1)

|r −
1

P a
pr

(1)

(1)

|q +
2

P b
pq

(1)

Ca
rb

(2)

−
2

P b
pr

(1)

Ca
qb

(2)

+

1

P a
lq

(1)

Cl
pr

(1)

−
1

P a
lr

(1)

Cl
pq

(1)

= 0 ;
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P a
q pr

(2)

− P a
r pq

(2)

+
2

P a
pq

(2)

(2)

|r −
2

P a
pr

(2)

(2)

|q +
2

P b
pq

(2)

Ca
rb

(2)

−
2

P b
pr

(2)

Ca
qb

(2)

= 0 ;

P a
q pr

(12)

− P a
r pq

(12)

+
2

P a
pq

(12)

(2)

|r −
2

P a
pr

(12)

(2)

|q +
2

P b
pq

(12)

Ca
rb

(2)

−
2

P b
pr

(12)

Ca
qb

(2)

= 0 .

By a straightforward computation we obtain the Ricci tensors and the scalars of
curvature and by consequence we can write the Einstein equations.

Theorem 3.3. With respect to the N -linear canonical metrical connection the Ein-
stein equations for the space GL2n endowed with the metric tensor gij(x, y

(1), y(2)) =

e2σ(x,y
(1),y(2))γij(x) are given by:

Rbp −
1

2
γbpR = χ

0

T bp(3.13)

S bp

(1)

− 1

2
γbpR = χ

1

T bp ; S bp

(2)

− 1

2
γbpR = χ

2

T bp

1

P bp

(α)

= χ
01

T bp

(α)

;
2

P bp

(α)

= χ
02

T bp

(α)

(α = 1, 2)(3.14)

1

P bp

(12)

= χ
12

T bp

(1)

;
2

P bp

(12)

= χ
12

T bp

(2)

Theorem 3.4. We have the following conservation law:

(
Rb

p −
1

2
Rδbp

)
|b
+

1

P b
p

(α)

(α)

|b +
2

P b
p

(α)

(α)

|b = 0(3.15)

summation on α, α = 1, 2 Sb
p

(1)

− 1

2
Rδbp

 (1)

|b −
2

P b
p|b

(1)

+
2

P b
p

(12)

(2)

|b = 0

 Sb
p

(2)

− 1

2
Rδbp

 (2)

|b −
2

P b
p|b

(2)

+
2

P b
p

(12)

(1)

|b = 0
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Corollary 3.1. If the nonlinear connection N is integrable, then the conservation
law is:

Rb
p|b −

1

2
R|p = 0 ; Sb

p

(α)

(α)

|b − 1

2
R

(α)

|p = 0 (α = 1, 2)(3.16)

4 Maxwell equations

Let us consider the Liouville vector fields z(1)i, z(2)i given by

z(1)i = y(1)i, z(2)i = y(2)i + 1
2

M i
j

(1)

y(1)j .

With respect to the canonical nonlinear connection N, this fields depend only on the
Riemannian metric γij and are defined by:

z(1)i = y(1)i, z(2)i = y(2)i +
1

2
γi
jky

(1)jy(1)k(4.1)

The deflection tensors of CΓ(N) are given by:

α

Di
j = z

(α)i
|j ;

αβ

dij = z(α)i
(β)

|j (α, β = 1, 2)(4.2)

and the covariant deflection tensors are given by the formulas:

α

Dij = gik

α

Dk
j :

αβ

dij = gik

αβ

dkj (α, β = 1, 2)(4.3)

Their local components can be obtained by direct computations.

Proposition 4.1. The deflection tensor fields satisfy the following identities:

α

Dij|k −
α

Dik|j = R0ijk − Tm
jk

α

Dim −
1

Tm
jk

(0)

α1

dim −
2

Tm
jk

(0)

α2

dim(4.4)

α

Dij

(β)

|k −
αβ

dik|j = P 0ijk

(β)

− Cm
jk

(β)

α

Dim −
1

Pm
jk

(β)

α1

dim −
2

Pm
jk

(β)

α2

dim

α1

dij

(α)

|k −
α2

dik

(1)

|j =
1

S 0ijk

(2)

− Cm
jk

(2)

α1

dim −
1

Pm
jk

(12)

α2

dim
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βα

dij

(α)

|k −
βα

dik

(α)

|j =
α

S 0ijk

(α)

− Sm
jk

(α)

β1

dim − Rm
jk

(α)

β2

dim (α, β = 1, 2)

where index 0 means the contraction by z(α)m.

Definition 4.1. The h- and vα− components of the electromagnetic tensor fields are:

F
(α)
ij =

1

2

 α

Dij −
α

Dji

 ;(4.5)

f
(αβ)
ij =

1

2

 αβ

dij −
αβ

dji

 .

By straight calculation we obtain the h- and vα− components of the electromag-
netic tensors.

Theorem 4.1. The electromagnetic tensor fields of the space satisfy the following
generalized Maxwell equations:

∑
cicl (i,j,k)

F
(1)
ij|k =

e2σ

2

∑
cicl (i,j,k)

z(1)lγjt Ct
ls

(1)

1

Rs
ik

(0)

+(4.6)

+z(1)lγjt Ct
ls

(2)

2

Rs
ik

(0)

+
11

djs

1

Rs
ik

(0)

+
12

djs

2

Rs
ik

(0)



∑
cicl (i,j,k)

F
(2)
ij|k =

e2σ

2

∑
cicl (i,j,k)

z(2)lγjt Ct
ls

(1)

1

Rs
ik

(0)

+

+z(2)lγjt Ct
ls

(2)

2

Rs
ik

(0)

+
21

djs

1

Rs
ik

(0)

+
22

djs

2

Rs
ik

(0)



∑
cicl (i,j,k)

F
(α)
ij

(1)

|k +
∑

cicl (i,j,k)

f
(α1)
ij|k =

e2σ

2

∑
cicl (i,j,k)

z(α)lγjt Ct
ls

(2)

+
α2

dis

 r s
p jkz

(1)p

∑
cicl (i,j,k)

F
(α)
ij

(2)

|k +
∑

cicl (i,j,k)

f
(α1)
ij|k = 0 (α = 1, 2)
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∑
cicl (i,j,k)

f
(αβ)
ij

(β)

|k = 0 (α, β = 1, 2)

∑
cicl (i,j,k)

f
(α1)
ij

(2)

|k +
∑

cicl (i,j,k)

f
(α2)
ij

(1)

|k = 0 (α = 1, 2)

5 Applications

We present a complete calculations for two remarkable cases.
First let us consider the function σ given by:

σ(xi, y(1)i, y(2)i) =
1

2
∥y(1)i∥2 =

1

2
γijz

(1)
i z

(1)
j(5.1)

The following results holds:

Proposition 5.1.

0

σ̄k = 0;
1

σ̄k = z
(1)
k ;

2

σ̄k = 0(5.2)

L̄i
jk = γi

jk; C̄i
jk

(1)

= δikz
(1)
j + δijz

(1)
k − γjkz

(1)i; C̄i
jk

(2)

= 0

0

σ̄ij = 0;
01

σ̄ij = 0;
02

σ̄ij = 0;
0

σ̄t
α

σ̄t =
0

σ̄t

α

σ̄t = 0 (α = 0, 1, 2)

1

σ̄ij = δij +
1

2
γij∥y(1)∥2 − z

(1)
i z

(1)
j ;

1

σ̄t
1

σ̄t = ∥y(1)∥2;
1

σ̄t
α

σ̄t = 0 (α = 0, 2)

1α

σ̄ij = 0; α = 1, 2;
2

σ̄ij = 0

Proposition 5.2. The torsion d-vector fields are:

α

T̄ i
jk

(0)

=
α

T i
jk

(0)

;
0

P̄ i
jk

(1)

= Ci
jk

(1)

;
0

P̄ i
jk

(2)

= 0(5.3)
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1

P̄ i
jk

(1)

= 0;
2

P̄ i
jk

(1)

=
2

P i
jk

(1)

;
1

P̄ i
jk

(21)

= Ci
jk

(1)

(5.4)

1

P̄ i
jk

(2)

=
2

P̄ i
jk

(2)

=
0

P̄ i
jk

(21)

=
2

P̄ i
jk

(21)

= 0

β

S̄i
jk

(α)

= 0; (α, β = 0, 1, 2)(5.5)

Proposition 5.3. The curvature vector fields are:

R̄ a
b pq = r a

b pq + gbt

(
r a
s pqy

(1)ty(1)s − r t
s pqy

(1)ay(1)s
)

(5.6)

P̄ a
b pq

(α)

= 0 (α = 1, 2); P̄ a
b pq

(12)

= 0(5.7)

S̄ a
b pq

(1)

= δap

1

σ̄bq − δaq

1

σ̄bp + gas

gbq

1

σ̄sp − gbp

1

σ̄sq

(5.8)

S̄ a
b pq

(2)

= 0

Proposition 5.4. Ricci tensors and curvature scalars have the following expressions:

R̄bp = rbp + γbt

(
r a
0 pay

(1)t − r t
0 pay

(1)a
)

(5.9)

1

P̄ bp

(α)

=
2

P̄ bp

(α)

= 0 (α = 1, 2);
1

P̄ bp

(12)

=
2

P̄ bp

(12)

= 0;(5.10)

S̄ bp

(1)

= (1− n)
1

σ̄bp + γas

γbp

1

σ̄sa − γba

1

σ̄sp

 ; S̄ bp

(2)

= 0(5.11)

and:
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R̄ =

r + 2rsty
(1)sy(1)t + 2(1− n)γbp

1

σbp

 e−2σ(5.12)

1

P̄
(α)

=
2

P̄
(α)

= 0;
1

P̄
(12)

=
1

P̄
(12)

= 0; (α = 1, 2)(5.13)

S̄
(1)

= 2(1− n)γbp
1

σ̄bp e−2σ; S̄
(2)

= 0(5.14)

Proposition 5.5. Einstein equations for the space endowed with this metric are:

(5.15)

1

2
rγbp + γbp

(n− 1)γij
1

σij − rsty
(1)sy(1)t

 = χ
0

T bp

()

− γbt

(
r a
0 pay

(1)t − r t
0 pay

(1)a
)

S̄ bp

(1)

− 1

2
gbpR = χ

1

T bp

()

1

2
gbpR = −χ

1

T bp

()

We write the first equation in this shape in order to emphasise the relation between
Einstein equations of the space and Einstein equations of the riemannian space V n =
(M,γij(x)).

Proposition 5.6. h−, and vα− components of the electromagnetic tensor fields have
the expressions:

F
(1)
ij = 0; F

(2)
ij = e2σ

(
∂γipj
∂xq − ∂γipq

∂xj

)
y(1)py(1)q(5.16)

f
(11)
ij = f

(21)
ij = f

(12)
ij = 0

f
(22)
ij = e2σ(z

(2)
i z

(1)
j − z

(2)
j z

(1)
i )

and the generalized Maxwell equations are satisfied.
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For the second application we consider that σ is given by:

σ(xi, y(1)i, y(2)i) = Ak(x)z
(1)k(5.17)

where Ak(x) can be regarded as a potential.

Proposition 5.7. In this context we obtain:

0

σ̃k = y(1)sAs|k;
1

σ̃k = Ak;
2

σ̃k = 0(5.18)

L̃i
jk = γi

jk +
(
δijAp|k + δikAp|j − γjkγ

siAp|s
)
y(1)p

C̃i
jk

(1)

= δijAk + δikAj − γjkγ
siAs, C̃i

jk

(2)

= 0

Proposition 5.8. If the vector Ak(x) is parallel with respect to Berwald connection
then we have:

0

σ̃k = 0,
1

σ̃k = Ak,
2

σ̃k = 0(5.19)

L̃i
jk = γi

jk; C̃i
jk

(1)

= δikAj + δijAk − γjkγ
isAs; C̃i

jk

(2)

= 0

0

σ̃ij = 0 :
1α

σ̃ij = 0 (α = 1, 2);
0

σ̃t
β

σ̃t = 0 (β = 0, 1, 2)

1

σij =
1

2
γijγtsAsAt −AiAj ;

1

σ̃t
1

σ̃t = ∥A∥2;
1

σ̃t
α

σ̃t = 0 (α = 0, 2)

2

σ̃ij = 0

Observe that in this case the coefficients of the N-linear canonical metrical con-
nection does not depend on the directional vectors y(1), y(2) and Ai|j = 0 implies
that the covector Ak(x) is a gradient.
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Proposition 5.9. If the vector Ak(x) is parallel with respect to the Berwald connec-
tion then the following relations hold:
i) the d-vector fields of torsion are:

α

T̃ i
jk

(0)

=
α

T i
jk

(0)

;

0

P̃ i
jk

(1)

= C̃i
jk

(1)

;

0

P̃ i
jk

(2)

= C̃i
jk

(2)

(5.20)

1

P̃ i
jk

(1)

= 0;

2

P̃ i
jk

(1)

=
2

P i
jk

(1)

;

1

P̃ i
jk

(21)

= C̃i
jk

(1)

1

P̃ i
jk

(2)

=

2

P̃ i
jk

(2)

=

0

P̃ i
jk

(21)

=

2

P̃ i
jk

(21)

= 0

β

S̃i
jk

(α)

= 0; (α, β = 0, 1, 2)(5.21)

ii) the d-vector fields of curvature are given by:

R̃ a
b pq

()

= r a
b pq + e2σ

(
r a
s pqAb − γbtγ

alr t
s pqAl

)
y(1)s(5.22)

P̃ a
b pq

(α)

= 0 (α = 1, 2); P̃ a
b pq

(12)

= 0(5.23)

S̃ a
b pq

(1)

= δap

1

σ̃bq − δaq

1

σ̃bp + gas

gbq

1

σ̃sp − gbp

1

σ̃sq

(5.24)

S̃ a
b pq

(2)

= 0

iii) Ricci tensor fields are:

R̃bp = rbp + r a
0 paAb − γbtγ

alr t
0 paAl(5.25)
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1

P̃ bp

(α)

=

2

P̃ bp

(α)

= 0 (α = 1, 2);

1

P̃ bp

(12)

=

2

P̃ bp

(12)

= 0;

S̃ bp

(1)

= (1− n)
1

σ̃bp + γas

γbp

1

σ̃sa − γba

1

σ̃sp

 ; S̃ bp

(2)

= 0

iv) the curvature scalars have the following expressions:

R̃ =

r + 2rsty
(1)sγtpAp + 2(1− n)γbp

1

σ̃bp

 e−2σ(5.26)

1

P̃
(α)

=

2

P̃
(α)

= 0;

1

P̃
(12)

=

1

P̃
(12)

= 0; (α = 1, 2)

S̃
(1)

= 2(1− n)γbp
1

σ̄bp e−2σ; S̃
(2)

= 0

v) Einstein equations are:

r̃bp − r̃γbp + t̃bp = χT̃bp(5.27)

S̃ bp

(1)

− 1

2
gbpR̃ = χ

1

T bp

1

2
gbpR̃ = −χ

2

T bp

where

t̃bp = γbp

(n− 1)γij
1

σ̃ij − r̃stγ
tlAly

(1)s

(5.28)

T̃bp =
0

T bp − 1

χ
γbt
(
r a
0 paγ

ltAl − r t
0 paγ

alAl

)
and the following conservation laws are verified:

0

T i
j|k = 0;

1

T i
j

(1)

|k = 0;
2

T i
j

(2)

|k = 0(5.29)
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Because Ak(x) is a gradient we obtain that:

Proposition 5.10. The components of the electromagnetic tensor field are expressed
by:

F
(1)
ij = 0; F

(2)
ij = 0; f

(11)
ij = f

(12)
ij = f

(21)
ij = 0(5.30)

f
(22)
ij = (gisAj − gjsAi)y

(1)s

and the generalized Maxwell equations are trivially satisfied.
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