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Abstract

In this paper, using a pseudo-Riemannian metric on the base M, of tangent
bundle (T'M, 7, M) and the pseudo-Riemannian Sasaki lift, the results from
propositions on the paragraphs 2 and 3 are obtained.
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1 Introduction

Let consider the tangent bundle £ = (T'M, 7, M), where M,, = (M, [A]; R") is a C°°-
differential manifold, paracompact, connex. Moreover, in the general theory knowing
of the tangent bundle, an important role has the case that a Riemannian metric g,
on M, is "lifted” to the Sasaki metric G, on T'M. For this case are working: Kentaro-
Yano, Sasaki, lanus Stere, R. Miron, etc. A generalization for the cotangent bundle
is given by P. Stavre.

Now, let be a pseudo-Riemannian structure (M, g) and (V) = (M, g, V) the pseudo-

n

Riemannian space corresponding in these conditions, the Riemannian metrics {g}
exists on M, globally, but generally, the pseudo-Riemannian metrics, {g} do not glob-
ally exist. An example is given by Steenrod for n = 2, g—compact. In this case, only

the torus and the Klein bottle admit pseudo-Riemannian metrics. For instance, the
existence of an everywhere non-zero vector field is a condition for the existence of
pseudo-Riemannian Lorentz metrics, which are essential in the generalized relativ-
ity theory. As well, Steenrod showed that this is equivalent with the vanishing of a
topological invariant (the Euler-Poincaré characteristic).

We will extend the Sasaki lift in the case of pseudo-Riemannian structure (M, g).
The study is difficult because now we have: vectors with zero length; curves (differen-
tiable or differentiable on parts) with zero length (or minimal); the curves with zero
length can be or cannot be geodesics; the distance between two points can be zero:
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x,y € M,x # y,d(x,y) = 0. So, the metrization of the topological space (M, 7) is not
possible like in the Riemannian case and so, the Hopf-Rinow theory does not work.

We will define in x € M the pseudo-Riemannian indicator, as follows: ¢, = —1 if
g(X, X)<0;e, =0if g(X,X)=0;¢, =11if g(X,X) > 0.

We will note: C{7) = {Xy; € TuM\ex = —1} (the set of spatial vectors); cl? =
{X; € T,M\ex = 0} (the set of isotropic vectors);

ct = {X, € T,M\ex =1} (the set of temporal vectors) and we will define the
length of vector X, by the real number, | X| > 0, where | X|? = ¢,9(X, X).

Evidently, X, € C\” < |X| = 0. The field X, at z, is unitary if g(X, X) = ,.
The sets C:(E_), C’iﬂ are open and C’g(go) is closed. We can write the partitions: C’g(ﬁ_) =
C;(*) U Ci(*); O;(*) N Ci(*) = 0 C;O) _ C;(O) U Cg(o); C;(O) N Cg(o) = 0 CéJr) _
C’i(ﬂ u 05(”; C;H) N 03(” = (), where C’;(f), Cg(f) are the conexes open sets and
analogously, C;(Jr), C§(+). If X, C;H_) then — X, € C£(+)... Cwl(o), Cg(o) will be
called the isotropic hipercones, with the vertex at x, they are opposite. We consider
C:z— C,.

2 Considerations on £ = (T'M, 7, M)

On the space T M, considered as a paracompact 2n-dimensional differentiable mani-
fold, there exists a pseudo-Riemannian metric, which has the local form:

(2.1) G = gix(z)dz'! @ dz* + g,.s0y" @ 6y°,

where, dy = Vy (the covariant differential, relative to the pseudo-Levi-Civita connec-
tion defined by the pseudo-Riemannian g, for y € T,M, x € M) (u = (2%,y%) €
7 1(U), where z € U has the local coordinates ' = zi(x), 7~1(U) is the geo-
metric zone of a local chart at u, on TM). So, we have a Whitney decomposition,
T.TM = H,TM @V, TM, v € TM and the distributions, H : v — H,TM (hori-
zontal) and V : u — V,,TM (vertical). The metric G is the generalized Sasaki metric
for the pseudo-Riemannian case.
We have globally and locally, for G,

(2.2) G = hG + G,

(2.3) hG = gix(z)da’ @ da®,

(2.4) vG = gro(dy” + Nj (z,y)dz*) (dy® + N} (z,y)dz’),
with,

the coefficients of a nonlinear connection in £, defined by g from the Levi-Civita
coefficients {v}, of the Levi-Civita connection V. Evidently, N is 1-homogeneous
relative to the vertical fibres, that is relative to y.

G is the Sasaki lift for the Riemannian g. It seems that there are no differences.
But, now, we cannot achieve g(X, X) = ex|X|?, ex € {—1,0,1}.
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Definition 2.1. Let note V,, = (T'M, g, V) the pseudo-Riemannian space, base, Va,, =
(TM, G, D) the tangent pseudo-Riemannian space. The submanifold of Vs, defined by
the restriction, g.(y,y) = €, will be called the tangent bundle (TM,7, M), on M, of
the pseudo-spheres.

A locally map, in ueT'M will be with the geometric zone # }(U); u € 7 *(U);
uen Y U); 7(u) =2 €U, n(u) = x € U. Result:

Proposition 2.1. The metric G, induced by G, on TM is 0-homogeneous, though G
is not 0-homogeneous.

So, let be Va,,_1 = (T'M, G, D), the pseudo-Riemannian subspace (or the Rieman-
nian subspace if € = 1).

Proposition 2.2. The horizontal distribution H, on TM, is the restriction of H in
the points u € T 1(U).

From 2.2 - 2.5 result (vG) o by # vG, that is G is not 0-homogeneous on TM =
TM \ {0} (hy=homothety, t € RT).

Proposition 2.3. a) On the connected components of sets CH), ¢, the metric 2.1
is not 0-homogeneous. b) Its restriction, on C) is 0-homogeneous. ¢) Its restriction,
on T'M is 0-homogeneous.

A generalization of Miron’s results ([4]) is obtained in this way.
For the tangent bundle, having fixed N, for each X € X (M), exists X" € H, XV €
V', uniquely. Let be the almost complex structure, natural, F, defined by,

(2.6) F(X") = -Xx"; F(X") = X" (F% = —T),

which is G(FX,FY) = G(X,Y), VX,Y € IN’M, that is, (TM,G,F) is an almost
complex structure, with the 2-form associated, 6(X,Y) = G(FX,Y). In this case,
result:

Proposition 2.4. a) For 2.1, 2.5, 2.6 we have: df = 0, that is, the structure is an

almost kdhlerian structure. b) The structure (% M, G, F) is kdhlerian if and only if
Vi, is a linear Lorentz space, locally (pseudo-euclidian) that is, if and only if the first
fundamental form can be write, locally,

P = Z€i(d.ﬁi)2, £; € {—1, 1}
i=1
The homogenization of G must be making only on the connected components
CH), C). Let be eg(y,y) = |y* (e € {~1,1}); H = VeH.

Proposition 2.5. The 0-homogeneous metric G is given by:

r2

CN}'Z girdr' @ da* + EgrsVyT QVy’sr=ct>0

Proposition 2.6. The 0-homogeneous metric G preserve the signature.
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On the connected components C'(H), C() is defined an almost complex structure,
F, associated to é, locally, from: f‘(ék) = fgak; ﬁ(@k) = %§k, where, (0 =
% — Y5 yi O O = %) in u € 7~ 1(U), who is given, from ¢ = 1 (the Riemannian
case), by R. Miron. Result:

Proposition 2.7. We have, a) g(X, Y)= é(FX, Y); do = rd(%) A0
b) G(FX,FY) = G(X,Y), that is (G, F) is an almost hermitian structure.

For, V,, = (M, g, V) a Riemannian space, ¢ = 1 and (a) (b) are result from [4].

Proposition 2.8. If Nz = 0, (Ng is the Nijenhuis tensor) that is ﬁ, is complexz,
then we have, equivalently:

i € i i
(2.7) T (T) = 72(93‘1451 —gj10%), € € {—1,1},

where r(X,Y)Z =VxVyZ —VyVxZ -V ixy)Z, X,Y,Z € X(M) is the curvature
tensor of the pseudo-Riemannian space, base, V,, = (M, g,V) .

Proposition 2.9. If H is an integrable distribution, then we have 2.7, that is on
the connected components, the curvature is R = -5, € € {—1,1}, constant but with
contrary sign.

Proposition 2.10. If (é, 13) is a hermitian structure, then the first fundamental
form ), of Vi, will be bring in to the Riemann form:
n n 2
S % S ei(dxt)?; g5 € {—1,1}, where, A = (1 + =) Ei(xi)g)
i=1 i=1
In the case (T*M) these results will be much difficult to obtain. We will study

the generalization of these results in the Lagrange theory in to another paper (the
pseudo-Lagrange case).

3 The pseudo-Riemannian associated isometries

We will start with the observation that, for n = 2, Ms-compact is not possible to
talk about the pseudo-Riemannian isometries or the pseudo-Riemannian infinitesimal
isometries, only if Ms is the torus or the Klein bottle.

In the relativistic mechanic, a vector field £ € X (M), with the null divergente,
divé = 0 has an important roll (will be called incompressible). As is known any
¢-Killing has this property.

Let be (V) = (M, g,V) a pseudo-Riemannian space and (M, g) the group of all

n

isometries of (M,g). Like in the Riemannian case, I(M,g) is a Lie group who act
differential on (M, g), it is a subgroup of the diffeomorphisms group on M. Like in the
Riemannian case, because, ¢ € I(M, g) preserve g, hence preserve V (the Levi-Civita
connection) and also preserve the geodesics of V, the elementary volume, etc. When
g is Riemannian, ¢ also preserves the distances (the property is reciprocal). But, in
the pseudo-Riemannian case for g, we cannot talk about such property. Tis is another
difference between the g-Riemannian and the g-pseudo-Riemannian cases.
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Let be € and (ug), dual 1-form, given by g(§, X) = (og)(X);VX.
We have, divé = § w (the codifferential of w ).
(&) 9

Lemma 3.1. If ¢, € Cg(go), then, locally, the equation, w = 0, admit a set of (n-

x

1)-uples {( & ,...., & )}, where & ,..., &  arein x, linear independent and the
1 (n-1) 1) (n-1)
directions given by £ , (a = 1,n — 1), through x, cannot be g-conjugate, mutually. We
(a)
have, locally, gi€'€F = 0; g€ €8 = 0(a =T1,n — 1), and € is a linear combination of
(a)
(§) (a=1n—1).
(a)

Lemma 3.2. Let be a frame, in 2,{V } (a =1,n—1) orthogonal, g(V , V)
(a) (a) (b)

= 0;Va # b;a,b =1,n. Then we have, (V) ¢ ¢ va #b; a,b=1,n.
a

That is neither of vectors from the orthogonal frame cannot be with null length.

v

= Jeqg(V , V) #0. Let be this (U , ..., V).
@ =y @) YL

U,U)=0Ya#bja,b=1,n;,9(U,U)=¢q;a=1,n,¢e, -1,1
9((a) (b)) # g((a) (a)) 2 €. € {-1,1}

So, it can be normalized, because

We can write:

n n
div€ = cag(Vu & U)=0w = eaVuy w)(U

R P P PRt )

Remark. Sometimes, in the geometry, the codifferential is with (-).

In the case when g is Riemannian, we have e, = 1 (a=1,n) and we will obtain the
formula for div€ in the orthonormal frame.

We consider a Killing vector field ¢ defined with by means of infinitesimal isome-
tries. Let be V(,) a pseudo-Riemannian space and let { € X(M). If the local 1-
parametric group of diffeomorphisms, generated by £ is locally given by isometries,
then ¢ is called Killing vector field. The local isometries will be called the infinitesimal
isometries or infinitesimal motions.

Equivalently, like in the Riemannian case, we obtain the Killing equations:

3.-6 Vx w)(Y)+ (Vy w)(X) =0,
(3-6) ( (5))()+( (5))()

In the definition of £ being Killing we start from 3.-6, to clarify the infinitesimal
character of the definition. Using the Lie derivative, we have, like in the Riemannian
case, L¢g = 0.

Formally, there are no differences relative to the Riemannian case, while taking
into account the previous remarks. Moreover, we must take into account the case
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Erx — & € C'g(co) and ¢ is Killing, particulary, when V& = 0 and its orbits are
geodesics (the case of infinitesimal translations).

From all these we can observe the difficulty of studying pseudo-Riemannian
isometries, infinitesimal isometries, on Vs, = (T'M,G, D), where G is the pseudo-
Riemannian Sasaki lift.

It is normal not to study the infinitesimal isometries ¢ € I(T'M,G) using the
general model, but using the correspondence with the infinitesimal isometries, ¢ €
I(M,g). The study will be similar with the Riemannian Sasaki case, but now we

shall be using the adapted basis {%, 8%1‘}' This leads to specific results, like in §2,

because: &, € Cg(f) or ¢, € CJ(CO) or &, € Cy).
Consider the infinitesimal transformation on base,

(3-5) & = 3 floalmoi € M. € F(M),

{¢t(x)} is an l-parametric group generate from &, which is generally local (¢ €
(—e,e) =I,e > 0). It is global if £ is complete and conversely. If ¢ is Killing, then the
local group of diffeomorphisms consists of local isometries ¢ € I(M, g).

Let be the infinitesimal transformation on T M,

(3.-4) Euf = %?(@(u))h:o;w(u) =xuer H(U)yzeU,

If € is Killing then the diffeomorphisms of 1-parametric group generate from ¢, are
isometries (local) g € I(TM,G).

Generally, the orbit of  is an immersion v, : I — M given by . (t) = ¢:(x) and
&(72(t)) = ¥z (t) (72 is an integral curve of &, through z). Their family {v,(¢t)}, x € M
(x € U), t € I, is a congruence of curves on M (if £ is complete) or locally, through
each x € U passes one curve of the family, in opposite case. The similar happens for
£.

Problem 1 If ¢ ¢ C©) then we consider the infinitesimal isometries (local),
@ € I(TM, G) natural prolongations of infinitesimal isometries (local), ¢ € I(M, g)?
Problem 2 If these prolongations are infinitesimal translations (infinitesimal motions,
who are translations) local, on the base, what infinitesimal motions (local) correspond
on TM?

Problem 3 In both cases, do they induce induces on Vs, _1 infinitesimal motions?
Problem 4 In this natural prolongation, if the orbits of £ are geodesics (local) of V,,,
then are the orbits of & geodesics of Va,,?

Problem 5 Considering the unique decomposition ¢ = h& + v€ (with respect to
the nonlinear connection N), when do h€ and v€ locally generate the infinitesimal
isometries?

Because ¢ ¢ C(9) we can write, in x € U, g¢ € {~1,1} and £ € C7) or ¢ € O,

(3-3) € 1 = eegug e,
Let be € defined by,

(3—2) E = hg + UE?
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where, in u € 771(U), n(u) =z € U,

gdef .y _ i 0 zdef o py O
(3_1) hf - 5 *5 53;7;’”5 - (y ng )8yr’
if,
i\ 0
(30) £=E(@)5r,

Let note G(u®,u?) = Gup(x,y), where u® = (u' = z*, u"+ = y?).

Theorem 3.1. Let be V,, = (M, g, V)-pseudo-Riemannian and

Vo = (TM,G, D), with the pseudo-Riemannian Sasaki lift G. The necessary and
sufficient condition for to exists infinitesimal motions (that is local isometries, in-
finitesimal) ¢ € I(M,g), ¢ € I(TM,G), who correspond one the other, is to exist a
system of local coordinates (x,y), on TM, such as Gpti ntk(2,y) is not depend form
a local coordinate, x” (r, fized). That is,

aGn+in+k

(3.1) a

= 0;Vi, k = 1,n(r, fized),

Theorem 3.2. In the conditions of theorem 1, the equations Leg = 0 admit one
solution &, who is Killing and for who the diffeomorphisms of 1-parametric group 3.-
5, given by &, are the infinitesimal motions. Let be £ 3.0. Then &, & cv (x € U).
Because & is Killing, result that € 3.-2, 8.-1 is Killing, for the space Va, and so
L=G = 0, and reciprocally. So, the 1-parametric group, local, generated by € is given
by local isometries. We have the reciprocal.

In the local coordinates for 3.1, we have:

|€|2 = €¢Grr; ik = gik(x17 e 71'T717‘TT+13 s 7xn)7i’k =1,n

Evidently, e¢ € {—1,1}, if g, <0 or g, > 0. We cannot have g, = 0 because g is
nondegenerate. || # 0, so the infinitesimal motion is not minimal.

The infinitesimal motion is a translation, |¢| = ¢t if and only if g, = ¢t # 0. From
that result Gy 4y ntr = ct for the first fundamental form of V,,, such as, of V5,,. The
linear element will be: ds? = egpdx’dz® + &g, (dx")?; gis # grr(i = 1,n) (Without

summation from r) with % =0;4,l=1n.
T

Theorem 3.3. If exist a local chart in u, on TM (v € 7= (U), n(u) =z € U), thus
we have 3.1, then exist &, £ 3.-2 3.-1, thus we have the relations:

(3:2) Diy€ = R(X,§)Y;VX,Y € X(TM),
(3.3) LgD =0,

(€ is an affine collineation, infinitesimal of space Va,) and we have the relations for
&, analogously.
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Proof. The conditions are equivalent with the existence of a Killing vector field
€ on V,, and hence, with the existence of a Killing vector field &, on V,,, who has
the form 3.-2 3.-1. So we have 3.2, 3.3 and the similar relations, V%+.¢ = (X, €)Y
VX,Y € X(M), LeV =0. O

If ¢, & Cg(zo) then, like in the Sasaki-Riemannian case, we can show that, taking
into account the transformations (z,y) — (Z,7), for the relations 3.-5, 3.-3 are obtain
the infinitesimal transformations:

(3.4) 7' =2 + & (x)ot,

(3.5) T =1+ (2)0t, Y =y + (¥’ V& — N,

Starting from here we can prove that if 3.4 are the isometries (local) ¢ € I(M, g),
then 3.5 are the isometries (local) ¢ € I(TM,G). So, if £ ¢ C©) is Killing, then &
3.-2 3.-1 is Killing and reciprocally. Other aspects relative to the previously discussed

problems will be provided in a forecoming paper.

Proposition 3.1. If V,, = (M, g, V)-pseudo-Riemannian has £ parallel with V& = 0,
then & = €M is Killing.

Moreover, the orbits of ¢ are the geodesics of space V;,, and the orbits of £ are the

horizontal lifts of the orbits of £, and these are the geodesics of V5,,. Their restrictions
to Von_1 are the geodesics of Vo, _1.
The general problem of geodesics on Va,-pseudo-Riemannian, tied to the geodesics
on V,, is solved. We show that, the equations of geodesics on V5, can be written
locally using V, only in terms of V,,. The problem of general translations for V,,, Va,
is subject of further research.
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