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Abstract. In this paper we introduce in study a new class of complex
Finsler spaces, namely complex Finsler spaces with (α, β) - metric. Some
examples of (α, β) - complex Finsler metrics are given by complex Randers
metric L := (α + |β|)2, complex Kropina metric L := ( α2

|β| )
2, |β| 6= 0,

complex Matsumoto metric L := ( α2

α−|β| )
2, |β| 6= 0 and purely Hermitian

metric L := α2 + |β|2.
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1 Introduction

As compared to the real case, in complex Finsler geometry are not known so
many classes of complex Finsler metrics. Besides the significant Kobayashi and
Caratheodory metrics (see [1]), which quickened the study of such Finsler geometry,
we know two rather trivial classes of complex Finsler metrics: the complex Finsler
metrics which come from Hermitian metrics on the base manifold (the purely Her-
mitian metrics in [11]), and the locally Minkowski complex metrics. Therefore, any
new class of complex Finsler spaces with some presence in both theory and applica-
tions is welcomed.

In the previous paper, [4], we initiated the study of complex Randers metric. As
in the real case [5, 6, 16, 9, 10], a direct generalization of the complex Randers spaces
leads to complex Finsler spaces with (α, β)− metric. This problem set up the subject
of the present paper in which we introduce the complex (α, β)− metrics, i.e. complex
metrics constructed from just two pieces of familiar data: a purely Hermitian metric
and a differential 1-form both globally defined on an underlying complex manifold. We
hope that this class of metrics will offer a geometrical model, especially for quantum
physics theories.

In the following, let us briefly set the basic notions which are needed; for more
information see [1, 11].

∗Proceedings of The 4-th International Colloquium ”Mathematics in Engineering and Numerical
Physics” October 6-8 , 2006, Bucharest, Romania, pp. 1-6.
c© Balkan Society of Geometers, Geometry Balkan Press 2007.



2 Nicoleta Aldea and Gheorghe Munteanu

Let M be a complex manifold, dimC M = n. The complexified of the real tan-
gent bundle TCM splits into the sum of holomorphic tangent bundle T ′M and its
conjugate T ′′M . The bundle T ′M is in its turn a complex manifold, the local coor-
dinates in a chart will be denoted by (zk, ηk) and these are changed by the rules:
z′k = z′k (z) , η′k = ∂z′k

∂zj ηj . The complexified tangent bundle of T ′M is decomposed
as TC(T ′M) = T ′(T ′M)⊕T ′′(T ′M). A natural local frame for T ′u(T ′M) is { ∂

∂zk , ∂
∂ηk },

which is changes by the rules obtained with Jacobi matrix of above transformations.
Note that the change rule of ∂

∂zk contains the second order partial derivatives.
Let V (T ′M) = kerπ∗ ⊂ T ′(T ′M) be the vertical bundle, spanned locally by { ∂

∂ηk }.
A complex nonlinear connection, briefly (c.n.c.), determines a supplementary complex
subbundle to V (T ′M) in T ′(T ′M), i.e. T ′(T ′M) = H(T ′M)⊕V (T ′M). It determines
an adapted frame { δ

δzk = ∂
∂zk − N j

k
∂

∂ηj }, where N j
k(z, η) are the coefficients of the

(c.n.c.), ([1], [2], [11]).
A continuous function F : T ′M → R+ is called complex Finsler metric on M if it

satisfies the conditions:
i) L := F 2 is smooth on T̃ ′M := T ′M\{0};
ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C;
iv) the Hermitian matrix

(
gij̄(z, η)

)
, with gij̄ = ∂2L

∂ηi∂η̄j , called the fundamental
metric tensor, is positive definite.

The pair (M, F ) is called a complex Finsler space. The iv)-th assumption involves
the strongly pseudoconvexity of the Finsler metric F on complex indicatrix IF,z =
{η ∈ T ′zM | F (z, η) < 1} .

2 Complex (α, β)− metrics

Following the ideas from the real case, [5, 6, 16, 9, 10], we shall introduce a new class
of complex Finsler metrics. We consider z ∈ M, and η ∈ T ′zM, η = ηi ∂

∂zi . On M, let
• a := aij̄(z)dzi ⊗ dz̄j be a purely Hermitian positive metric and
• b = bi(z)dzi be a differential 1−form.
By these objects we define the function F on T ′M

F (z, η) := F (α(z, η), |β(z, η)|),(2.1)

where

α(z, η) : =
√

aij̄(z)ηiη̄j ;(2.2)

|β(z, η)| =
√

β(z, η)β(z, η) with β(z, η) = bi(z)ηi.

By analogy with real case, we call the function from (2.1) the complex (α, β)−
metric and the pair (M,F (α(z, η), |β(z, η)|)) a complex Finsler space with (α, β)−
metric with assumption that it satisfies the conditions of complex Finsler metric.

Obviously, the function L := F 2(α(z, η), |β(z, η)|) depends on z and η by means
of the real valued functions α := α(z, η) and β := β(z, η). Moreover α and β are
homogeneous with respect to η, i.e. α(z, λη) = |λ|α(z, η), β(z, λη) = λβ(z, η) for any
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λ ∈ C, indeed L(z, λη) = λλ̄L(z, η), for any λ ∈ C, and so this homogeneity property
implies

∂α
∂ηi η

i = 1
2α ; ∂|β|

∂ηi ηi = 1
2 |β| ; αLα + |β|L|β| = 2L;

αLαα + |β|Lα|β| = Lα ; αLα|β| + |β|L|β||β| = L|β|;
α2Lαα + 2α|β|Lα|β| + |β|2L|β||β| = 2L,

where Lα := ∂L
∂α , L|β| := ∂L

∂|β| , Lαα := ∂2L
∂α2 , etc.

First we shall determine the fundamental tensor of the complex (α, β)− metric
F (α(z, η), |β(z, η)|), i.e. gij̄ = ∂2L(α, |β|) / ∂ηi∂η̄j . For this, let us consider

∂α

∂ηi
=

1
2α

li;
∂|β|
∂ηi

=
β̄

2|β|bi; ηi :=
∂L

∂ηi
= ρ0li + µ0β̄bi(2.3)

bi : = aj̄ibj̄ ; ||b||2 := aj̄ibibj̄ ;
∂ρ0

∂η̄j
: = ρ−2lj̄ + µ−2βbj̄ ;

∂µ0

∂η̄j
:= µ−2lj̄ + µ′−2βbj̄ ,

where

li : = aij̄ η̄
j ;

(
aj̄i

)
is the inverse of

(
aij̄

)
;

ρ0 : =
Lα

2α
; µ0 :=

L|β|
2|β| ;

ρ−2 : = −|β|Lα|β|
4α3

; µ−2 :=
Lα|β|
4α|β| ; µ′−2 := −αLα|β|

4|β|3

and their conjugates.
Note that ηi = ρ0li + µ0β̄bi is uniquely represented in this form. Indeed, if

f(z, η)li + g(z, η)bi = 0, contracting it by ηi, we obtain f(z, η)α2 + g(z, η)β = 0.
Deriving the last relation with respect to β, it results g(z, η) = 0 and from here
f(z, η)α2 = 0. α 6= 0 leads to f(z, η) = 0. Another remark is that the functions ρ0,
µ0, ρ−2, µ−2, µ′−2 are real valued. We called it, as real case the invariants of the
complex Finsler space with (α, β)− metric. Moreover, the subscripts 0 and −2 give
the degree of homogeneity with respect to η of this invariants.

Taking into account (2.3), we have:
gij̄ = ∂2L(α,|β|)

∂ηi∂η̄j = ∂
∂η̄j

(
∂L
∂ηi

)
= ∂

∂η̄j

(
ρ0li + µ0β̄bi

)
= ∂ρ0

∂η̄j li + ρ0
∂li
∂η̄j + ∂µ0

∂η̄j β̄bi +

µ0bibj̄ =
(
ρ−2lj̄ + µ−2βbj̄

)
li + ρ0aij̄ +

(
µ−2lj̄ + µ′−2βbj̄

)
β̄bi + µ0bibj̄ .

So, we have proved

Proposition 2.1. The fundamental metric tensor of the complex (α, β)− metric is
given by

gij̄ = ρ0aij̄ + ρ−2lilj̄ + µ−2

(
βlibj̄ + β̄bilj̄

)
+ µ′0bibj̄ ,(2.4)

where µ′0 := µ0 + |β|2µ′−2.

A immediately computation give
µ−2

(
βlibj̄ + β̄bilj̄

)
= µ−2

µ0ρ0
ηiηj̄ − µ0µ−2

ρ0
|β|2bibj̄ − ρ0µ−2

µ0
lilj̄ . Plugging it into (2.4),

we obtain
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Colorallary 2.1. The fundamental metric tensor of the complex (α, β)− metric is
given by

gij̄ = ρ0aij̄ + ρ′−2lilj̄ + µ′′0bibj̄ + µ′′−2ηiηj̄ ,(2.5)

where ρ′−2 := ρ−2 − ρ0µ−2
µ0

, µ′′0 := µ′0 − µ0µ−2
ρ0

|β|2, µ′′−2 := µ−2
µ0ρ0

.

For to find the formulas of the determinant and the inverse of the fundamental
tensor gij̄ from (2.5) we can apply the Proposition 2.2 from [4], in a recursive algorithm
in at the most three steps. The sign of the real function ρ′−2, µ′′0 and µ′′−2 depends of
the form of the complex (α, β)− metric. Therefore, in the next section we study some
particular classes of complex (α, β)− metrics for which we find the concrete formulas
of these invariants and the fundamental tensor gij̄

3 Examples of complex Finsler spaces with (α, β)−
metric

The real case suggested us to consider the following ([5, 6, 16, 9, 10]) complex (α, β)−
metrics: complex Randers metric L := (α+ |β|)2, complex Kropina metric L := ( α2

|β| )
2,

|β| 6= 0, complex Matsumoto metric L := ( α2

α−|β| )
2, |β| 6= 0 and purely Hermitian

metric L := α2 + |β|2. It is natural to inquire us when this classes of complex (α, β)−
metrics are complex Finsler metrics. Further we give attention the first two classes of
complex (α, β)− metrics.

3.1. Complex Randers metric L := (α + |β|)2

The invariants of a complex Randers metric are: ρ0 := F
α ; µ0 := F

|β| ; ρ−2 :=

− |β|
2α3 ; µ−2 := 1

2α|β| ; µ′−2 := − α
2|β|3 . So, we obtain as in [4]:

gij̄ =
F

α
aij̄ −

F

2α3
lilj̄ +

F

2|β|bibj̄ +
1

2L
ηiηj̄ .(3.1)

Examples 1. If α(z, η) = mc
√

γij̄(z)ηiη̄j and β(z, η) = e
mAi(z)ηi, a model for

complex electrodynamics is obtain.
2. We consider α given by

α2(z, η) :=
|η|2 + ε

(
|z|2|η|2 − |< z, η >|2

)

(1 + ε|z|2)2 ,(3.2)

where |z|2 :=
∑n

k=1z
kzk, < z, η >:=

∑n
k=1z

kηk, |< z, η >|2 =< z, η > < z, η >,

defined over the disk ∆n
r =

{
z ∈ Cn, |z| < r, r :=

√
1
|ε|

}
if ε < 0, on Cn if ε = 0

and on the complex projective space Pn(C) if ε > 0. Note that α2(z, η) = aij̄(z)ηiη̄j

and thus are purely Hermitian metrics which have special properties. They are Kähler
with constant holomorphic curvature Kα = 4ε. Particularly, for ε = −1 we obtain the
Bergman metric on the unit disk ∆n := ∆n

1 ; for ε = 0 the Euclidean metric on Cn,



(α, β) - complex Finsler metrics 5

and for ε = 1 the Fubini-Study metric on Pn(C). By deformation of (3.2) metrics,
taking |β(z, η)| = |<z,η>|

1+ε|z|2 we obtain some examples of complex Randers metrics:

Fε :=

√
|η|2 + ε

(
|z|2|η|2 − |< z, η >|2

)

1 + ε|z|2 +
|< z, η >|
1 + ε|z|2 .(3.3)

For example, F−1 is of negative holomorphic curvature KF−1 = −2αF−1
γ , γ := L−1 −

α2(1− |z|2). ¤
A special approach of complex Randers spaces is made in [4].

3.2. Complex Kropina metric L := ( α2

|β| )
2, |β| 6= 0

For a complex Kropina metric, the invariants have the form: ρ0 := 2q2; µ0 :=
−q4; ρ−2 := 2

|β|2 ; µ−2 := − 2q2

|β|2 ; µ′−2 := 2q4

|β|2 , ρ′−2 := − 2
|β|2 , µ′′0 := 0, µ′′−2 := 1

q4|β|2 ,
where q := α

|β| . By Corollary 2.1 we obtain

Proposition 3.1. For the complex Kropina metric F := ( α2

|β| ), |β| 6= 0 we have

gij̄ = 2q2aij̄ −
2
|β|2 lilj̄ +

1
q4|β|2 ηiηj̄ .(3.4)

Example 3. With α2(z, η) from (3.2) and |β(z, η)| = |<z,η>|
1+ε|z|2 we can built some

examples of complex Kropina metrics:

F̃ε :=
|η|2 + ε

(
|z|2|η|2 − |< z, η >|2

)

(1 + ε|z|2) |< z, η >| =
|η|2

|< z, η >| −
ε |< z, η >|
1 + ε|z|2 .(3.5)

A detailed study of the class of complex Kropina spaces make up the subject a
forthcoming paper.
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