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Abstract. In this paper we introduce in study a new class of complex
Finsler spaces, namely complex Finsler spaces with («, ) - metric. Some
examples of («, 3) - complex Finsler metrics are given by complex Randers

metric L := (a + |3])?, complex Kropina metric L := (%)2, |8l # 0,

complex Matsumoto metric L := (af\zﬁl )2, 18] # 0 and purely Hermitian
metric L := o? + |B]?.

M.S.C. 2000: 53B40, 53C60.
Key words: («, 3)—complex Finsler spaces, complex Randers metric, complex Kropina
metric.

1 Introduction

As compared to the real case, in complex Finsler geometry are not known so
many classes of complex Finsler metrics. Besides the significant Kobayashi and
Caratheodory metrics (see [1]), which quickened the study of such Finsler geometry,
we know two rather trivial classes of complex Finsler metrics: the complex Finsler
metrics which come from Hermitian metrics on the base manifold (the purely Her-
mitian metrics in [11]), and the locally Minkowski complex metrics. Therefore, any
new class of complex Finsler spaces with some presence in both theory and applica-
tions is welcomed.

In the previous paper, [4], we initiated the study of complex Randers metric. As
in the real case [5, 6, 16, 9, 10], a direct generalization of the complex Randers spaces
leads to complex Finsler spaces with («, §)— metric. This problem set up the subject
of the present paper in which we introduce the complex (a, 3)— metrics, i.e. complex
metrics constructed from just two pieces of familiar data: a purely Hermitian metric
and a differential 1-form both globally defined on an underlying complex manifold. We
hope that this class of metrics will offer a geometrical model, especially for quantum
physics theories.

In the following, let us briefly set the basic notions which are needed; for more
information see [1, 11].

Prdceedings of The 4-th International Colloquium ”Mathematics in Engineering and Numerical
Physics” October 6-8 , 2006, Bucharest, Romania, pp. 1-6.
(© Balkan Society of Geometers, Geometry Balkan Press 2007.



2 Nicoleta Aldea and Gheorghe Munteanu

Let M be a complex manifold, dimgc M = n. The complexified of the real tan-
gent bundle Tc M splits into the sum of holomorphic tangent bundle 7'M and its
conjugate T" M. The bundle 7'M is in its turn a complex manifold, the local coor-
dinates in a chart will be denoted by (z*,7*) and these are changed by the rules:

2 =2k (2), k= %Z; n?. The complexified tangent bundle of T'M is decomposed
asTo(T'M) =T'(T'M)eT"(T'M). A natural local frame for T, (T M) is {%, a—gk},
which is changes by the rules obtained with Jacobi matrix of above transformations.
Note that the change rule of % contains the second order partial derivatives.

Let V(T'M) = ker 7, C T'(T" M) be the vertical bundle, spanned locally by {%}.
A complex nonlinear connection, briefly (¢.n.c.), determines a supplementary complex
subbundle to V(T"M) in T"(T"M), i.e. T'(T"M) = H(T'M) @V (T'M). It determines
an adapted frame {5 = % - N,Za%j}, where Nj(z,n) are the coefficients of the
(c.n.c.), ([1], [2], [11]).

A continuous function F : 7'M — R is called complex Finsler metric on M if it
satisfies the conditions: o

i) L :== F? is smooth on T"M :=T'M\{0};

it) F(z,m) > 0, the equality holds if and only if n = 0;

i) F(z,A\n) = |A\|F(z,n) for VA € C;

w) the Hermitian matrix (g;;(z,7)), with g; = %, called the fundamental
metric tensor, is positive definite.

The pair (M, F) is called a complex Finsler space. The iv)-th assumption involves
the strongly pseudoconvexity of the Finsler metric F' on complex indicatrix Ir, =
{neT/M | F(zn) <1}.

2 Complex (o, f)— metrics

Following the ideas from the real case, [5, 6, 16, 9, 10], we shall introduce a new class

of complex Finsler metrics. We consider z € M, and n € T'M, n = n' aii . On M, let
® a:=a; (2)dz* ® dz’ be a purely Hermitian positive metric and
o b=b;(2)dz" be a differential 1—form.

By these objects we define the function F on T'M

(2.1) F(z,m) = F(a(z,n),|8(z,n)]),
where
(2.2) a(z,n) = y/ag(2)n'n;
1B(z,m)| = \/B(z,m)B(z,n) with B(z,1) = b;(2)7".

By analogy with real case, we call the function from (2.1) the complezr (a, 8)—
metric and the pair (M, F(a(z,n),|6(z,1)])) a complex Finsler space with (a, 3)—
metric with assumption that it satisfies the conditions of complex Finsler metric.

Obviously, the function L := F?(a(z,n),|8(z,1)|) depends on z and 7 by means
of the real valued functions a := «a(z,n) and 8 := ((z,7n). Moreover a and [ are
homogeneous with respect to 7, i.e. a(z, An) = |Ma(z,1n), B(z, An) = AB(z,n) for any
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A € C, indeed L(z, A\n) = A\L(z,n), for any A € C, and so this homogeneity property
implies
Secnt = jas Ghin' = 316]5 aLa +16|Lig = 2L;
aQLaa + 18| Laip) = La ; gLam\ + Iﬁlenm = Lyigp;
@*Laa +2a|ﬁ|La\m + |ﬁ| Ligp = L
Pyp— . 8
where Lo := 9% L5 := G\BI’ Laa = 553, etc.

First we shall determine the fundamental tensor of the complex (o, 3)— metric
F(a(z,m),16(z,n)]), L.e. g; = 0*°L(a,|B]) / On'dip . For this, let us consider

1oJe" 1 218 Jé] oL
2.3 - = —;; = ;= l; b;
( ) 8771 20[ (2 8777’ 2|ﬁ| 7,7 1 a 7 pO +ﬂoﬂ
oo = a”b* |16])% := a”bvbf'
Ipo Ipo
87’]7j = pP- 2l + p— 2ﬁb]a a =7 _M—213+M/—2ﬁb5a
where
Li + = aijﬁj; (aﬁ) is the inverse of (a;;);
o ¢ = ke Ll
’ 20’ 218
1B Loy Lo aLajg)
p—2 = I3 H—2 = 4a|ﬁ|’ H_g = — 4|5|3

and their conjugates.

Note that 7; = pol; + poBb; is uniquely represented in this form. Indeed, if
f(z,ml; + g(z,m)b; = 0, contracting it by n’, we obtain f(z,n)a? + g(z,17)8 = 0.
Deriving the last relation with respect to f, it results g(z,7) = 0 and from here
f(z,ma? = 0. a # 0 leads to f(z,n7) = 0. Another remark is that the functions po,
o, P—2, H—2, o are real valued. We called it, as real case the invariants of the
complex Finsler space with («, 3)— metric. Moreover, the subscripts 0 and —2 give
the degree of homogeneity with respect to i of this invariants.

Taking into account (2.3), we have:

8%L(a, > ;
9i5 = 73,7(057‘5‘) = 3?71 (5#) = % (poli + poBbi) = ;Wl +Poan4

pobib; = (p—2l5 + p—2b3) li + poa;; + (p—2l; + w_58b5) Bbi + pobib;.
So, we have proved

Proposition 2.1. The fundamental metric tensor of the complex (a, B)— metric is
given by

(2.4) 9i5 = poaij + p—2lil; + p—z (BLiby + Bbil3) + pbsb;,

where iy = pio + |8

A immediately computation give
H_2 (/Glzb3 + /Bbllg) = 50;20 mn; — %|ﬂ‘2bzb5 — Poﬁo—z lzlj Plugglng it into (24),
we obtain
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Colorallary 2.1. The fundamental metric tensor of the complex («, 3)— metric is
given by

(2.5) 9i5 = poaz + pLolil + pgbibs + 1y,
where pl_y 1= p_g — P2, i = gy — BES2 B ply = LR

For to find the formulas of the determinant and the inverse of the fundamental
tensor g;; from (2.5) we can apply the Proposition 2.2 from [4], in a recursive algorithm
in at the most three steps. The sign of the real function p’ 5, g and u” . depends of
the form of the complex (o, 5)— metric. Therefore, in the next section we study some
particular classes of complex (a, 3)— metrics for which we find the concrete formulas
of these invariants and the fundamental tensor g;;

3 Examples of complex Finsler spaces with (a,3)—
metric

The real case suggested us to consider the following ([5, 6, 16, 9, 10]) complex (o, 8)—

metrics: complex Randers metric L := (a+|8])?, complex Kropina metric L := (%)27

|B] # 0, complex Matsumoto metric L = (afifﬁl)z, |8] # 0 and purely Hermitian
metric L := o +|3|%. It is natural to inquire us when this classes of complex (a, 3)—
metrics are complex Finsler metrics. Further we give attention the first two classes of
complex (a, f)— metrics.

3.1. Complex Randers metric L := (o + |3])?

The invariants of a complex Randers metric are: py := g; Mo = %;p_Q =
—%; g = 2041\B|; uoo = — 35/ S0, we obtain as in [4]:
F F F 1
(3.1) 9i; = Eaij — ﬁlilj + Mbibj + ﬁnin}

Examples 1. If a(z,1) = mey/7;(z)n'p7 and B(z,n) = £A;(z)n', a model for
complex electrodynamics is obtain.
2. We consider « given by

2
i ) nf? +& (220l = |< 2,n > )
( . ) « (Zan) T (1+E|Z|2)2 ’

where |22 == S0 2FEF, < 2 >i= ST (< s> =< 2 > 2>,
defined over the disk AT = {z eC”, |z|<r, r:= ‘/\?ll} ife<0,onC"ife=0
and on the complex projective space P"(C) if € > 0. Note that a?(z,1) = a;5(z)n'1’
and thus are purely Hermitian metrics which have special properties. They are Kéhler

with constant holomorphic curvature IC,, = 4¢. Particularly, for e = —1 we obtain the
Bergman metric on the unit disk A™ := AY; for ¢ = 0 the Fuclidean metric on C",
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and for ¢ = 1 the Fubini-Study metric on P"(C). By deformation of (3.2) metrics,

taking |8(z,n)| = ‘1<Jrzg|7;|>2‘ we obtain some examples of complex Randers metrics:

2
e (1blz = 1< 20 > F)
' e 1+e¢lz|? 1+elz|2”

For example, F_ is of negative holomorphic curvature Kr_, = e L_,—
a?(1—z%). 0
A special approach of complex Randers spaces is made in [4].

3.2. Complex Kropina metric L := (O‘—Q)Q, I8l #0

18]
For a complex Kropina metric, the invariants have the form: py := 2¢%; o :=
24> 2¢*
—q*p-2 = s pe2 = e g =, Pl = g Mo = 0, 1y = g,
where ¢q := ﬁ By Corollary 2.1 we obtain

2

Proposition 3.1. For the complexr Kropina metric F := (%), |8] # 0 we have

2 1
9,2, - .
(3.4) 95 =2q°a;; — Wlilj + Wmmu

Example 3. With o?(z,7) from (3.2) and |3(z,n)| = ‘1<+Z£|Z|>2| we can built some
examples of complex Kropina metrics:

2 20,12 2
05 ol e (2P = |< z,n > %) WP el<zn>]
: e (1+¢€|z2)|< z,n >| |< 2z,n >| 1+e¢lz]2 -~

A detailed study of the class of complex Kropina spaces make up the subject a
forthcoming paper.
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