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Maria Joita, Tania-Luminita Costache and Mariana Zamfir

Abstract. In this paper we investigate the dilations of a contractive co-
variant representation of a C*- dynamical system on Hilbert C*- modules.
We prove that if a: A — A is an injective C*- morphism of C*- algebras
which has a strict positive transfer operator 7, then any covariant repre-
sentation (¢, T, E) of the pair (A4, «) on the Hilbert C*-module E admits
a coisometric dilation (®,V,F) adapted to 7 and an isometric dilation
(U, W, G). These extend some results of Muhly and Solel ([3]) in the con-
text of Hilbert C*- modules and without assuming that the C*- algebra
A is unital.
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1 Introduction

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner- prod-
uct to take values in a C*- algebra rather than in the field of complex numbers,
but there are some differences between these two classes. For example, each closed
submodule of a Hilbert space is complemented, but a closed submodule of a Hilbert
C*-module is not complemented in general [1, chapter 3].

Definition 1.1. A pre-Hilbert A-module is a complex vector space E which is also
a right A-module, compatible with the complex algebra structure, equipped with an
A-valued inner product (-,-) : E x E — A which is C -and A-linear in its second
variable and satisfies the following relations:

L (&m)" = (n,€) for every &, € E;
2. (£,&) > 0 for every £ € E;

3. (¢,&) =0 if and only if £ = 0.
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We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the norm |[|-|| given by ||| = +/II{§, &)||-

Given two Hilbert C*- modules E and F over a C*- algebra B, the Banach space
of all bounded module homomorphisms from E to F is denoted by Bg(E, F). The
subset of Bg(F, F) consisting of all adjointable module homomorphisms from E to F’
(that is, T' € Bp(E, F') such that there is T* € Bp(F, E) satisfying (n, T¢) = (T"*n, €)
for all £ € E and for all n € F ) is denoted by Lp(E, F). We will write Bg(E) for
Bp(E,E) and Lp(FE) for Lp(E, E).

In general Bg(E, F) # Lp(E, F).

Given a countable family {E,} of Hilbert B-modules, the vector space @En =

{(fn)n/fn € F,, Z < &, &, > converges in B} becomes a Hilbert B- module with

(g’ﬂ)n ca = (gna/>n and < (gn)na (nn)n >= Z < fnﬂ?n >.

A submodule Ey of E is complemented if Ey ® Ey- = E, where

Ey ={ne E/<n,¢>=0,Y¢ € Ey}.
*

A representation of a C*- algebra A on a Hilbert C*-module E over B is a *-
morphism ® from A to Lp(FE). The representation ® is nondegenerate if ®(A)E is
dense in F.

Definition 1.2. Let A and B be two C*-algebras and E a Hilbert B- module.
Let M, (A) denote the * -algebra of all n x n matrices over A with the algebraic
operations and the topology obtained by regarding it as a direct sum of n? copies of
A. A completely positive linear map is a linear map p : A — Lp(E) such that the
linear map p(™ : M, (A) — M,,(Lp(E)) defined by

o) ([aij]zj‘:l) = [p(aij)l; ;1

is positive for any positive integer n.

Definition 1.3. A completely positive linear map is strict if (p(ex))x is strictly
Cauchy in Lp(FE), for some approximate unit (ey)x of A.

2 The main results

Definition 2.1. Let A be a C*- algebra and let a: A — A be an injective C*-
morphism. A strict transfer operator for «. is a strict completely positive linear map
7: A — A such that Toa =idy.

Proposition 2.1. Let A be a C*- algebra, let ¢: A — Lp(F) be a nondegenerate
representation of A on the Hilbert C*- module E over a C*- algebra B and let a: A —
A be an injective C*- morphism which has a strict transfer operator T.

1. There is a Hilbert B- module E., a representation ®, of A on E, and an
adjointable operator V.: E — E. such that

(a) pla) =V P (a(a)V;, foralla e A
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(b) ¢(1(a)) = V@ (a)Vs, for alla € A
(c) .(A)V,E is dense in E,

2. If ® is a representation of A on a Hilbert B- module F' and V: E — F is an
adjointable operator such that

(a) p(a) =V*®(a(a)V, for alla e A
(b) @(7(a)) =
(¢) P(A)VE is dense in F

V*®(a)V, for alla € A

then there is a unitary operator U: E. — F such that

(i) UP.(a) = ®(a)U, forallac A

and
(i) UV, =V.

Proof. 1. Let p = ¢ o 7. Since ¢ is a nondegenerate representation of A, there is
a morphism p: M(A) — Lp(F) which is strictly continuous on the unit ball and
@la = ¢ [1, Proposition 2.5], and since 7 is strictly there is 7: M(A) — M(A)
a completely positive linear map which is strictly continuous on the unit ball and
Tla = 7 [1, Corollary 5.7]. Then g o 7: M(A) — Lp(FE) is a completely positive
map which is continuous on the unit ball and @ o 7|4 = p. From these facts and [1,
Corollary 5.7] we conclude that p is a strict completely positive linear map from A to
Lp(E).

Let (®,,V,, E;) be the KSGNS representation of A associated with p [1, theorem
5.6]. Thus, we showed that there is a representation ®, of A on a Hilbert B- module
E, and an isometry V,: E — E, which verify the relations (b) and (c).

Let a € A. Then

p(a) = ¢(r(a(a))) = p(a(a)) = V7 0-(a(a)) Vs

and the assertion is proved.
2. By [1, Theorem 5.6], there is a unitary operator U: E, — F which verifies the
relations (i) and (ii). O

Remark 2.1. Taking into account the definitions of 7 and @, [see proof of Theorem
5.6, 1] it is not difficult to check that V;V* commutes with ®.(a(a)).

Definition 2.2. The representation (®,,V;, E;) of A constructed above is called
the extension of (¢, E) adapted to T.

Remark 2.2. The extension of a representation ¢ adapted to 7 is unique up to a
unitary equivalence.

Definition 2.3. Let A be a C*- algebra, let a: A — A be an injective C*- morphism.
A contractive (resp. isometric, resp. coisometric, resp. unitary) covariant representa-
tion of the pair (A, ) on a Hilbert C*- module is a triple (¢, T, E) consisting of a
representation ¢ of A on a Hilbert C*- module E over B and a contraction (resp.
isometric, resp. coisometric, resp. unitary) operator T in Lg(FE) such that
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Definition 2.4. Let A be a C*- algebra, let a: A — A be an injective C*- morphism
and let (¢, T, F) be a contractive covariant representation of (A, ). A coisometric
(resp. isometric, resp. unitary) dilation is a coisometric (resp. isometric, resp. unitary)
covariant representation (®,V, F') on a Hilbert C*- module F over B containing F as
a complemented submodule such that ®(a)E C E and ®(a)|g = p(a) for all a € A,
VE C FE and PgV"|g =T", where Pg is the projection of F' on F .
Given a contractive covariant representation (¢, T, E) of a pair (4, «) such that «
has a transfer operator 7, we construct a coisometric dilation of (¢, T, F) using the
extension of ¢ adapted to 7.

The construction is done inductively and it is in the same manner as in [3, Theorem
1.2].

Given (¢, T, F) a contractive covariant representation of (4, «), we can choose
(®,,V;, E;) as in Proposition 2.1. and we will use the following notations:

A = (I —TT*)?

Dr- =&, (A)V.ArE CE,
D« = Ap-V|p,.

A« is called the defect operator of T* and Dy~ is called the associated defect
space.

Theorem 2.1. Let A be a C*- algebra, let a: A — A be an injective C*- morphism
which has a transfer operator T and let (¢, T, E) be a nondegenerate contractive co-
variant representation of (A, &) on a Hilbert C*- module E over a C*- algebra B. Then
(¢, T, E) has a coisometric dilation adapted to 7, (®,V, F). Moreover, VE C E.

Proof. Let (®,, V., E;) be the extension of ¢ adapted to 7 constructed in Proposition
2.1. Clearly, ®,(A)Dp+ C Dp- and @: A — L(Dr+) defined by @(a) = ®,(a)|p,. is
a nondegenerate representation of A.

In the same manner as in the proof of [Theorem 1.2, 3], we conclude that

([g g%} , [g DOT } JE® DT*> is a contractive covariant representation of A such
T Dp-| . C . . .
that 0 0 |82 partial isometry which restricted to E gives (¢, T, E).

This was the first step in the inductive construction.
Now, applying Proposition 2.1 to the representation @ of A on Dr«, we obtain
a Hilbert C*- module F; over B, an adjointable operator Vi: Dy« — FE; and a
representation ®1: A — Lp(FE7) such that Vi*®,(a(a))V; = p(a), for all a € A.
Set :
D, = &, (A)ViDr- C Ey

D, = V1*|D1

and R
<I)1: A — ,CB(Dl),

defined by
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®1(a) = ®1(a)lp,

Inductively, we obtain the sequences (Di)i>1, (Ex)ik>1, (Vi)k>1, (Pr)e>1, ((/I\’k)kZh
(Dg)g>1 , where for k > 1:

Dy, and Ej are Hilbert C*- modules such that Dy = ®4(A)ViDi—1 C Ey,

Vit Dr—1 — Ej is an adjointable operator and Dy = V¥|p,,

O, A — Lp(Ey) is a representation such that V¥ ®y(a(a))Vi = Pr_1(a),

ZI;k: A — Lp(Dy) is a representation such that @k(a) = ®y(a)|p, .

Set F=E&®&Dr«®D10Dy® ...,

© T DT*
%) 0 D

o= oy and V = 0 D

0 0

Clearly, F' is a Hilbert B- module which contains E as a complemented submodule,
® is a representation of A on F such that ®(A)F C F and ®(a)|g = ¢ and V is an
adjointable operator in Lp(F') such that VE C E and V|g =T.

Simple calculations show that V®(«a(a)) = ®(a)V for alla € A, VV* =
=idp and PgV"|g = T". Therefore (®,V, F) is a coisometric dilation adapted to 7
of (p, T, E). O

Proposition 2.2. Let A be a C*- algebra, let a: A — A be an injective C*- morphism
and let (¢, T, E) be a contractive covariant representation of (A, a) on a Hilbert C*-
module E over a C*- algebra B. Then (¢, T, E) has an isometric dilation (U, W, F).
Further, if T is coisometric, then W is coisometric.

Proof. Let Ap = (I — T*T)z, the defect operator of T.

From To(a(a)) = ¢(a)T, for all @ € A and taking into account that ¢ and o
are C*- morphisms, we deduce that T*T'p(a(a)) = p(a(a))T*T for all ¢ € A and so
Arp(ala)) = p(a(a))Ar for all a € A. Hence (¢ o a)(A)Dr C
C Dr, where Dr is the defect space of T'.

Let F=E®Dr®Dr®.... The map ¥: A — Lp(F) defined by

¥
QDOO‘|DT
v = SDOa2|DT
poa’lp,

is a representation of A on F'. Clearly, U(A)E C E and ¥(a)|g = ¢(a) for all a € A.
Let
T
Ar 0
W= In, 0
Ip

T
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Clearly, PEW™"|g = T™ for all positive integer n.

A simple calculation shows that W is an isometry and moreover if T" is a coisom-
etry, W is a unitary.

It is not difficult to check that W¥(a(a)) = U(a)W for all @ € A and the propo-

sition is proved. a

As in the case of dilation on Hilbert space [3, Corollary 1.3] we obtain the following
corollary.

Corollary 2.1. Let A be a C*- algebra, let a: A — A be an injective C*- morphism
which has a strict transfer operator T and let (¢, T, E) be a contractive covariant
representation of (A,a). Then (¢, T, E) has a unitary dilation (U, W, F) adapted to
T.

Proof. By Theorem 2.1, (¢, T, E) has a coisometric dilation (®,V, F) adapted to 7.
Applying Proposition 2.2 to coisometric covariant representation (®,V, F) of (4, «a),
we obtain a unitary dilation (¥,U,G) of (®,V, F). It is not difficult to check that
(P,U,G) is a unitary dilation adapted to 7 of (p, T, E). 0
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