Variational study of an elliptic boundary problem
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Abstract. Using the Lax-Milgram theorem and the techniques of the
abstract functional analysis, we prove the existence and uniqueness of the
solution of a boundary value problem for a non-homogeneous Helmholtz
equation.
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Let us consider the Helmholtz’s equation rewritten in the form

PPo(x,y) | OPo(x,y)
(1) 0x? + Oy?

+ k(2 y) = —f(z,y)
with an homogeneous boundary value problem

(2) olr =0,

where the boundary T' of D is a smooth contour, f is a given function in V(x,y) € D
and k is a constant.
In order to get the solution ¢ of the problem (1)-(2), we define the following spaces:
(a) the Hilbert space H = Lo(D) (the quadratically integrable functions) with the
scalar product defined by the formula

(3) (o) = [[ wwyyota.)dady

(b) the Sobolev space defined by

W'2(D) = {@ € Ly(D)|3g1, g2 € La2(D) such that

(4) //Dﬁ%:—//[)glv and //D&g—;:—//DgguVUEC’C(D)}
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where C.(D) is the space of the continuous functions with compact support.

Now, we define in the space W12?(D) the scalar product

ou Ov Oudv Ouodv
0 o=t S (G5 = [ (s G Gy e

Here, the W12(D) is the prolongation of the space C'(D) with the limit points of
the Cauchy sequences from this space, hence a Banach space, [1]. The space W12(D)
becomes a Hilbert space H'(D) with the scalar product (5).

If the functions @ satisfy the boundary condition (2), then H'(D) becomes the
Hilbert space Hg (D).

Lemma 1. Every classical solution of the problem (1)-(2) is a weak solution.

Proof. A classical solution of the problem is a function ¢ € C?(D), which verifies

(1)-(2).
A weak solution of the same problem is a function ¢ € H} (D) under the following
condition:

(6) //Dvw-Vv—lf//ng}:/va, Vv € H} (D)

where
_ Op0v Lo O Ov
" Ox oz oy 8

Let us consider ¢ € H'(D) N C(D) and ¢ = 0 on the boundary T'. Then ¢ € HZ(D)
and we shall prove that (6) is verified for every v € H}(D).
For this, we multiply (1) by v € C}(D) and integrate over the domain D. We have

—_— — 2 —_ —
(7) // (8x2v+ v)—i—k‘ //apv / fu.
Applying the Green’s formula to the first term we get
// vAgp :/ (avder avdy) // Vv -V =
D 0 0
// vAp = // VoVe.

Since C}(D) is dense in W2(D), we obtain from (7) and (8) for every v €
H}(D)(v|r = 0), the following equality

(9) —//DV<,0VU—|—I<:2//D<,011=—/D]”U

and lemma is proved. O

Ve - Vv and v|p = 0.

(8)
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Definition. A bilinear form a(u, ¢) : H x H — R is called:
1. continuous, if there exists a constant Ky such that

(10) la(p,v)| < Kilpl o], Ve,v e H;
2. coercive, if there exists a constant v > 0 such that
(11) a(p, ) = lel*, Ve € H(D)

Lemma 2. The bilinear form

(12) a(p,v) = //D VoVu — k? //D YU

is continuous in H'(D) x H*(D).
Proof. Let us consider K; = max(1;k?). Using the Cauchy-Schwarz inequality we

get
a(p,v)| = ‘// V(va—kQ// pu| < // VeV — kpu| <
D D D
1/2 1/2
<ii ([ @) ([ ) =Killelmo o,

It follows from (10) that the bilinear form (12) is continuous in H'(D) x H*(D). O

Lemma 3. The bilinear form

(13) a(Lp,v)://DV<p~Vv—k2//Dgpv

is coercive in Hg(D).

Proof. In accordance with (13) we have

w e @) @]

where ¢ € H} (vanish on T).

We enclose the domain D in a rectangle D; (with sides o and 3), whose two sides
are the coordinate axes. Equating this function to zero, we extend it over the entire
rectangle Dy. If (z1,y1) is an arbitrary point, we get

] a Xy 3
s@(fcbyl):/ %dxﬂooy / wmyl
0 T 0

Using the Cauchy-Schwarz inequality we get

P} (z1,41) = (/Ozl 1 8@(55 w) x) /O da i (&d{;yﬂfdx:
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Integrating over the entire rectangle D; we obtain

oY B 2
// O (z1,y1)dz1dys S/ adCCl/ F(y1)dy < o? // (W) dxdy.
Dy 0 0 D, x
Analogously,
op(x, 2
// @ (21, y1)dzrdyy < 57 // <S0(ay)> dxdy.
D, D1 )

//DKZ(;):(Z‘Z)T dady > O‘Z;ﬁfQ //Dga?(:c,y)dxdyz

> a%//})soz(:v,y)dxdy

Thus, we obtained the Friedrichs inequality for our problem. If A = max(«, 3), we
find from (14) and (15) the following inequlity

(16) a(p, ) > (;—W) //DwQZW//Dﬂ Vi € Hy(D)

In view of the definition, the bilinear form is coercive if k € <O, ﬂ) O

Therefore

V

(15)

A

Theorem (Lax-Milgram, [1]). Let a(p,v) be a bilinear form,
a: H} x HY — R, which is continuous and coercive. Then, for every f € La(D) exists
an unique p € H} such that

(17) a(gp,v)://va, vo € HY(D).

Moreover, if a(p,v) is symmetric we find ¢ € H} by

) galee) - (r) = min {5 [ avap -ty - [ g},

Theorem 1. If f € La(D), then the weak solution of the problem

(19) Ap(z,y) + k*o(z,y) = — f(z,y)

(20) ¢lr=0

exists and is unique.

Proof. Tt follows from Lemma 2 and Lemma 3 that a(p,v) is continuous and
coercive in D. Applying the theorem Lax-Milgram’s for f € Lo(D), we get an unique
weak solution of our boundary problem. O
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Theorem 2. If ¢ € HY(D) C Lao(D) is a weak solution of (19)-(20), then
o € H*(D).

Proof. Let us consider the function v of the form

B e % V(x,y)eD
v = { 0,  V(wy) ¢D

where ¢ € H}(D) C Lao(D).
If the boundary I' of D isa smooth contour, it is sufficient that
v € HY(D) and it is not necessary that v € C(D), [1]. We shall show that starting in

0
(4) with the function v and o = a—@ € Ly(D), we obtain
T

[ ()
Ox Ox p \ Ox '

Hence, there exits a function

(21) _ (9 ’ € Ly(D) such that / gpdv _ _ // v
9=\ Be 2 Ox dx D grv-
Analogously, there exists
_ (99 dp v
(22) g2 = (83}) € Ly(D) such that /D oy //D g2v.

According to (4), (21) and (22), it should be observed that Z—i € H'(D) and ¢ €

Jy
H'(D) when f € Ly(D). Consequently, f € H?(D).

Theorem 3. Let the mild solution of (19)-(20) be ¢ € C%(D). If f € La(D), then
@ is a classical solution of the problem. O

Proof. Let us consider ¢ € C?(D), which verifies (6)
dp Ov 8<p v 9 / / /
_k —
/], (ax o oy ay) =T
Vo € CY(D) and v|r = 0. Integrating by parts we get

Pp O
I (5 58) = o] et =0

Since C}(D) is dense in La(D), we obtain that

(23) Ap(z,y) + k*o(z,y) = —f(z,y)

(24) ¢lr=0

everywhere in D. Since ¢ € C?(D), the equation (23) is verified in D. 0
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Conclusion. Many authors paid attention to the abstract variational formula-
tion of the boundary problem for partial differential equations, [6], [9], [12], [13]. An
entertaining and complete survey of the results obtained in this field of functional
analysis appears in [1]. Applications of the theory of semi-groups of linear operators
to differential equations are presented by Pazy in [13].

An exact solution for the problem (1)-(2) has been presented in [15]. If
D =10,a] x [0,b], it is of the form

a b
(25) o(z,y) =/0 /0 f(x,y)G (2, y, & m)dEdn
where
(x Y& 77 Z Slnﬂpzlnh&; p;g) - Hy (y 77) Pn = %,

ﬁn: \/p%_kQ)azb

sinh(3,7) sinh 8,(b —y), b >y >n >0

26 H,(y,n) = ,n=12 ...
2 ) {Sinh(ﬂny)sinhﬁn(b—n),bZn>y20

It should be observed that in our case, when we study the solution of a boundary prob-
lem using the techniques of the abstract functional analysis, the natural oscillating

frequencies k£ > 0, belong to
\/5 ™
ke(O,A C<O7Z),

the interval which was obtained from (26). Here A is the greatest side of the rectangle
D;.
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