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Abstract. Using the Lax-Milgram theorem and the techniques of the
abstract functional analysis, we prove the existence and uniqueness of the
solution of a boundary value problem for a non-homogeneous Helmholtz
equation.
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Let us consider the Helmholtz’s equation rewritten in the form

∂2ϕ(x, y)
∂x2

+
∂2ϕ(x, y)

∂y2
+ k2ϕ(x, y) = −f(x, y)(1)

with an homogeneous boundary value problem

ϕ|Γ = 0,(2)

where the boundary Γ of D is a smooth contour, f is a given function in ∀(x, y) ∈ D
and k is a constant.

In order to get the solution ϕ of the problem (1)-(2), we define the following spaces:
(a) the Hilbert space H = L2(D) (the quadratically integrable functions) with the

scalar product defined by the formula

(u, v) =
∫∫

D

u(x, y)v(x, y)dxdy(3)

(b) the Sobolev space defined by

W 1,2(D) = {ũ ∈ L2(D)|∃g1, g2 ∈ L2(D) such that

∫∫

D

ũ
∂v

∂x
= −

∫∫

D

g1v and
∫∫

D

ũ
∂v

∂y
= −

∫∫

D

g2v, ∀v ∈ Cc(D)}(4)
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where Cc(D) is the space of the continuous functions with compact support.

Now, we define in the space W 1,2(D) the scalar product

(u, v) = (u, v)L2 +
2∑

i=1

(
∂u

∂xi
,

∂v

∂xi

)

L2

=
∫∫

D

(
uv +

∂u

∂x

∂v

∂x
+

∂u

∂y

∂v

∂y

)
dxdy.(5)

Here, the W 1,2(D) is the prolongation of the space C1(D) with the limit points of
the Cauchy sequences from this space, hence a Banach space, [1]. The space W 1,2(D)
becomes a Hilbert space H1(D) with the scalar product (5).

If the functions ũ satisfy the boundary condition (2), then H1(D) becomes the
Hilbert space H1

0 (D).

Lemma 1. Every classical solution of the problem (1)-(2) is a weak solution.

Proof. A classical solution of the problem is a function ϕ ∈ C2(D̄), which verifies
(1)-(2).

A weak solution of the same problem is a function ϕ ∈ H1
0 (D) under the following

condition:
∫∫

D

∇ϕ · ∇v − k2

∫∫

D

ϕv =
∫∫

D

fv, ∀v ∈ H1
0 (D)(6)

where

∇ϕ · ∇v =
∂ϕ

∂x

∂v

∂x
+

∂ϕ

∂y

∂v

∂y
and v|Γ = 0.

Let us consider ϕ ∈ H1(D) ∩ C(D̄) and ϕ = 0 on the boundary Γ. Then ϕ ∈ H1
0 (D)

and we shall prove that (6) is verified for every v ∈ H1
0 (D).

For this, we multiply (1) by v ∈ C1
c (D) and integrate over the domain D. We have

∫∫

D

(
∂2ϕ

∂x2
v +

∂2ϕ

∂y2
v

)
+ k2

∫∫

D

ϕv = −
∫∫

D

fv.(7)

Applying the Green’s formula to the first term we get

∫∫

D

v∆ϕ =
∫

Γ

(
−∂ϕ

∂y
vdx +

∂ϕ

∂x
vdy

)
−

∫∫

D

∇v · ∇ϕ ⇒
∫∫

D

v∆ϕ = −
∫∫

D

∇v∇ϕ.

(8)

Since C1
c (D) is dense in W 1,2(D), we obtain from (7) and (8) for every v ∈

H1
0 (D)(v|Γ = 0), the following equality

−
∫∫

D

∇ϕ∇v + k2

∫∫

D

ϕv = −
∫∫

D

fv(9)

and lemma is proved.
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Definition. A bilinear form a(u, ϕ) : H ×H → R is called:
1. continuous, if there exists a constant K1 such that

|a(ϕ, v)| ≤ K1|ϕ| |v|, ∀ϕ, v ∈ H;(10)

2. coercive, if there exists a constant γ > 0 such that

a(ϕ,ϕ) ≥ γ|ϕ|2, ∀ϕ ∈ H(D)(11)

Lemma 2. The bilinear form

a(ϕ, v) =
∫∫

D

∇ϕ∇v − k2

∫∫

D

ϕv(12)

is continuous in H1(D)×H1(D).
Proof. Let us consider K1 = max(1; k2). Using the Cauchy-Schwarz inequality we

get

|a(ϕ, v)| =
∣∣∣∣
∫∫

D

∇ϕ∇v − k2

∫∫

D

ϕv

∣∣∣∣ ≤
∫∫

D

|∇ϕ∇v − k2ϕv| ≤

≤ K1

(∫∫

D

[ϕ2 + (∇ϕ)2]
)1/2 (∫∫

D

[v2 + (∇v)2]
)1/2

= K1||ϕ||H1(D)||v||H1(D).

It follows from (10) that the bilinear form (12) is continuous in H1(D)×H1(D).

Lemma 3. The bilinear form

a(ϕ, v) =
∫∫

D

∇ϕ · ∇v − k2

∫∫

D

ϕv(13)

is coercive in H1
0 (D).

Proof. In accordance with (13) we have

a(ϕ,ϕ) =
∫∫

D

[(
∂ϕ

∂x

)2

+
(

∂v

∂y

)2
]
− k2

∫∫

D

ϕ2(14)

where ϕ ∈ H1
0 (vanish on Γ).

We enclose the domain D in a rectangle D1 (with sides α and β), whose two sides
are the coordinate axes. Equating this function to zero, we extend it over the entire
rectangle D1. If (x1, y1) is an arbitrary point, we get

ϕ(x1, y1) =
∫ x1

0

∂ϕ(x, y1)
∂x

dx + ϕ(0, y1) =
∫ x1

0

∂ϕ(x, y1)
∂x

dx.

Using the Cauchy-Schwarz inequality we get

ϕ2(x1, y1) =
(∫ x1

0

1 · ∂ϕ(x, y1)
∂x

dx

)2

≤
∫ x1

0

12dx

∫ x1

0

(
∂ϕ(x, y1)

∂x

)2

dx =

= x1

∫ x1

0

(
∂ϕ(x, y1)

∂x

)2

dx ≤ α

∫ α

0

(
∂ϕ(x, y1)

∂x

)2

dx = α · F (y1).
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Integrating over the entire rectangle D1 we obtain

∫∫

D1

ϕ2(x1, y1)dx1dy1 ≤
∫ α

0

αdx1

∫ β

0

F (y1)dy1 ≤ α2

∫∫

D1

(
∂ϕ(x, y)

∂x

)2

dxdy.

Analogously,

∫∫

D1

ϕ2(x1, y1)dx1dy1 ≤ β2

∫∫

D1

(
∂ϕ(x, y)

∂y

)2

dxdy.

Therefore
∫∫

D

[(
∂ϕ

∂x

)2

+
(

∂ϕ

∂y

)2
]

dxdy ≥ α2 + β2

α2β2

∫∫

D

ϕ2(x, y)dxdy ≥

≥ 2
αβ

∫∫

D

ϕ2(x, y)dxdy

(15)

Thus, we obtained the Friedrichs inequality for our problem. If A = max(α, β), we
find from (14) and (15) the following inequlity

a(ϕ,ϕ) ≥
(

2
A2

− k2

) ∫∫

D

ϕ2 = γ

∫∫

D

ϕ2, ∀ϕ ∈ H1
0 (D)(16)

In view of the definition, the bilinear form is coercive if k ∈
(

0,

√
2

A

)
.

Theorem (Lax-Milgram, [1]). Let a(ϕ, v) be a bilinear form,
a : H1

0 ×H1
0 → R, which is continuous and coercive. Then, for every f ∈ L2(D) exists

an unique ϕ ∈ H1
0 such that

a(ϕ, v) =
∫∫

D

fv, ∀v ∈ H1
0 (D).(17)

Moreover, if a(ϕ, v) is symmetric we find ϕ ∈ H1
0 by

1
2
a(ϕ,ϕ)− (f, ϕ) = min

v∈H1
0

{
1
2

∫∫

D

(|∇v|2 − k2v2)−
∫∫

D

fv

}
.(18)

Theorem 1. If f ∈ L2(D), then the weak solution of the problem

∆ϕ(x, y) + k2ϕ(x, y) = −f(x, y)(19)

ϕ|Γ = 0(20)

exists and is unique.
Proof. It follows from Lemma 2 and Lemma 3 that a(ϕ, v) is continuous and

coercive in D. Applying the theorem Lax-Milgram’s for f ∈ L2(D), we get an unique
weak solution of our boundary problem.
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Theorem 2. If ϕ ∈ H1
0 (D) ⊂ L2(D) is a weak solution of (19)-(20), then

ϕ ∈ H2(D).

Proof. Let us consider the function v of the form

v(x, y) =

{
e−ϕ, ∀(x, y) ∈ D

0, ∀(x, y) /∈ D

where ϕ ∈ H1
0 (D) ⊂ L2(D).

If the boundary Γ of D is a smooth contour, it is sufficient that
v ∈ H1(D) and it is not necessary that v ∈ C(D̄), [1]. We shall show that starting in

(4) with the function v and ũ =
∂ϕ

∂x
∈ L2(D), we obtain

∫∫

D

∂ϕ

∂x

∂v

∂x
= −

∫∫

D

(
∂ϕ

∂x

)2

e−ϕ.

Hence, there exits a function

g1 =
(

∂ϕ

∂x

)2

∈ L2(D) such that
∫∫

D

∂ϕ

∂x

∂v

∂x
= −

∫∫

D

g1v.(21)

Analogously, there exists

g2 =
(

∂ϕ

∂y

)2

∈ L2(D) such that
∫∫

D

∂ϕ

∂y

∂v

∂y
= −

∫∫

D

g2v.(22)

According to (4), (21) and (22), it should be observed that
∂ϕ

∂x
∈ H1(D) and

∂ϕ

∂y
∈

H1(D) when f ∈ L2(D). Consequently, f ∈ H2(D).

Theorem 3. Let the mild solution of (19)-(20) be ϕ ∈ C2(D). If f ∈ L2(D), then
ϕ is a classical solution of the problem.

Proof. Let us consider ϕ ∈ C2(D), which verifies (6)
∫∫

D

(
∂ϕ

∂x

∂v

∂x
+

∂ϕ

∂y

∂v

∂y

)
− k2

∫∫

D

ϕv =
∫∫

D

fv

∀v ∈ C1
c (D) and v|Γ = 0. Integrating by parts we get

∫∫

D

[(
−∂2ϕ

∂x2
− ∂2ϕ

∂y2

)
− k2ϕ− f

]
vdxdy = 0.

Since C1
c (D) is dense in L2(D), we obtain that

∆ϕ(x, y) + k2ϕ(x, y) = −f(x, y)(23)

ϕ|Γ = 0(24)

everywhere in D. Since ϕ ∈ C2(D), the equation (23) is verified in D̄.
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Conclusion. Many authors paid attention to the abstract variational formula-
tion of the boundary problem for partial differential equations, [6], [9], [12], [13]. An
entertaining and complete survey of the results obtained in this field of functional
analysis appears in [1]. Applications of the theory of semi-groups of linear operators
to differential equations are presented by Pazy in [13].

An exact solution for the problem (1)-(2) has been presented in [15]. If
D = [0, a]× [0, b], it is of the form

ϕ(x, y) =
∫ a

0

∫ b

0

f(x, y)G(x, y, ξ, η)dξdη(25)

where

G(x, y, ξ, η) =
2
a

∞∑
n=1

sin(pxx)(sin(pnξ)
βn sinh(βnb)

·Hn(y, η), pn =
πn

a
,

βn =
√

p2
n − k2, a ≥ b

Hn(y, η) =

{
sinh(βnη) sinh βn(b− y), b ≥ y > η ≥ 0

sinh(βny) sinh βn(b− η), b ≥ η > y ≥ 0
, n = 1, 2, . . .(26)

It should be observed that in our case, when we study the solution of a boundary prob-
lem using the techniques of the abstract functional analysis, the natural oscillating
frequencies k > 0, belong to

k ∈
(

0,

√
2

A

)
⊂

(
0,

π

A

)
,

the interval which was obtained from (26). Here A is the greatest side of the rectangle
D1.
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différences, Édition MIR de Moscou, 1983.
[8] G. Marciuk and V. Lebedev, Cislennie metod̂ı v teorii perenosa neitronov, At-

omizdat, Moscova, 1971.



Variational study of an elliptic boundary problem 105

[9] N. Mastorakis and O. Martin, On the solution of integral-differential equations via
the Rayleigh-Ritz finite elements method, WSEAS Transactions on Mathematics
4, 2, (2005), 41-49.

[10] N. Mastorakis and O. Martin, On the numerical solutions on integral-differential
equations, WSEAS Transactions on Mathematics 4, 3 (2005), 143-150.

[11] E. Lewis and W. Miller, Computational of Newtron Transport, Am. Nucl. Soc.,
New York, 1993.

[12] J.L. Lions and E. Magenes, Problème aux limites non homogènes, Dunod, Paris,
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