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Abstract. This paper reformulates a problem of Sharafutdinov [4] regard-
ing the kinetic equation on a Riemannian manifold and extends the new
variant from the single-time context to the multi-time context. Section
1 is dedicated to the single time case. It begins by pointing out that a
symmetric tensor field of type (0,m) and a geodesic determine a function
which is homogeneous of degree m− 1. Also, it is proved that the vector
field H associated to the geodesic spray Gt is tangent to the spherical
bundle SM . The kinetic equation on J1(R,M) associated to a symmetric
tensor field is deduced. Then the paper presents the connection between
the geodesic vector field (differential operator) H and the inner differenti-
ation operator d. Section 2 extends the single-time case to the multi-time
case. It is proved that p symmetric d-tensor fields and a minimal subman-
ifold determine a function which is homogeneous of degree m− 1. Also,it
points out that the affine vector fields Hα generate a completely integrable
distribution tangent to the spherical bundle. The kinetic PDEs system is
written explicitly and the vector fields Hα are connected with the inner
differential operator d.
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1 The Kinetic PDE on J1(R,M)

Definition 1.1. Let (M, g) be a compact Riemannian manifold and ∂M be the bound-
ary of M . The Riemannian metric g is called simple if any two points p, q ∈ ∂M can
be joined by a unique geodesic

xpq : [0, 1] → M, M = M ∪ ∂M,
x(0) = p, x(1) = q, x(0, 1) ⊂ M.

Let (M, g) be a Riemannian manifold, simple, compact, with the dimension n and
τM = (TM, π, M), the tangent bundle, respectively τ ′M = (T ′M, π′,M) the cotangent
bundle.
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Let us denote by Smτ ′M the set of the symmetric tensor fields of type (0, m) on
τ ′M and by C∞(Smτ ′M ) the space of the smooth sections of this bundle.

Let
TM = {(x, ξ) |x ∈ M, ξ ∈ TxM}

be the tangent space to M and

T ◦M = {(x, ξ) ∈ TM | ξ 6= 0}

be the manifold of the nonzero tangent vectors. In a neighborhood U ⊂ M of the point
x ∈ M we consider a local coordinate system (x1, . . . , xn). Then ξ = ξi(x)∂ ∂xi(x)
and (x1, . . . , xn; ξ1, . . . , ξn) is a local coordinate system on π−1(U) ⊂ TM , where
π : TM → M is the projection of the tangent bundle.

Let us consider the product bundle (R ×M,P,R), where P is the projection of
R ×M onto R. A map φ : I ⊂ R → R ×M is called local section of (R ×M,P,R)
if it satisfies the condition P ◦ φ = idI . The set of all local sections of (R×M,P,R)
whose domains contain the point t will be denoted Γt(P ).

If φ ∈ Γt(P ) and (t1, xi) are coordinate functions around φ(t) ∈ R × M , then
φi = xi ◦ φ.

Definition 1.2. Two local sections φ, ψ ∈ Γt(P ) are called 1- equivalent at the point
t if

φ(t) = ψ(t),
dφi

dt
(t) =

dψi

dt
(t).

The equivalence class containing φ is called the 1- jet of φ at t and is denoted by
j1
t φ.

Definition 1.3. The set

J1(R, M) = {j1
t φ|t ∈ T, φ ∈ Γt(P )},

is called the first order jet manifold.

For (x, ξ) ∈ T ◦M , we denote γx,ξ : [τ−(x, ξ), τ+(x, ξ)] → M the geodesic with
maximal domain of definition determined by the initial conditions γx,ξ(0) = x and
γ̇x,ξ(0) = ξ.

Proposition 1.1. Consider the tensor field f ∈ C∞(Smτ ′M ). The function

u : T ◦M → R, u(x, ξ) =
∫ 0

τ−(x,ξ)

fi1...im(γx,ξ(t))γ̇i1
x,ξ(t) · · · γ̇im

x,ξ(t)dt,(1.1)

is positively homogeneous of degree m− 1 in its second argument, that is

u(x, λξ) = λm−1u(x, ξ), λ > 0.

Proof. Let λ be a strictly positive real number. Because τ−(x, λξ) = λ−1τ−(x, ξ),
the definition of the function u leads to

u(x, λξ) =
∫ 0

λ−1τ−(x,ξ)

fi1...im(γx,λξ(t))γ̇i1
x,λξ(t) · · · γ̇im

x,λξ(t)dt.
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Taking t = λ−1s, dt = λ−1ds, it follows

u(x, λξ) =
∫ 0

τ−(x,ξ)

fi1...im
(γx,λξ(λ−1s))γ̇i1

x,λξ(λ
−1s) · · · γ̇im

x,λξ(λ
−1s)λ−1ds

=
∫ 0

τ−(x,ξ)

fi1...im
(γx,ξ(s))λγ̇i1

x,ξ(s) · · ·λγ̇im

x,ξ(s)λ
−1ds

= λm−1

∫ 0

τ−(x,ξ)

fi1...im(γx,ξ(s))γ̇i1
x,ξ(s) · · · γ̇im

x,ξ(s)ds

= λm−1u(x, ξ).

Corollary 1.1. The function u defined by the formula (1.1) is uniquely determined by
its restriction to the spherical bundle (compact manifold of the unit tangent vectors),
SM = {(x, ξ) ∈ TM | ‖ξ‖2 = gijξ

iξj = 1}.
The border ∂SM of SM splits in two submanifolds

∂+SM = {(x, ξ) ∈ SM |x ∈ ∂M, < ξ, ν(x) >≥ 0}

and
∂−SM = {(x, ξ) ∈ SM |x ∈ ∂M, < ξ, ν(x) >≤ 0},

where ν(x) is the unit vector of the outer normal to the border ∂M .
Let γpq be the geodesic joining the points p and q.Comparing the single-ray trans-

form [8]

If (γpq) =
∫

γpq

fi1...im(x)ẋi1 · · · ẋimdt

with the function u, it follows that u fulfills the following boundary conditions:

u(x, ξ)
∣∣∣
x∈∂M

=
{

0, if (x, ξ) ∈ ∂−SM
If (γx,ξ), if (x, ξ) ∈ ∂+SM.

(1.2)

Let γ = γx,ξ. The derivative of the function u ◦ γ with respect to t at t = 0, is

d(u ◦ γ)
dt

=
∂u

∂xi
γ̇i +

∂u

∂ξi
γ̈i.

Using the equations of the geodesics, γ̈i + Γi
jkγ̇j γ̇k = 0 (Γi

jk are the Christoffel
symbols of (M, g)), it follows

d(u ◦ γ)
dt

=
∂u

∂xi
ξi − Γi

jkξjξk ∂u

∂ξi
.

Thus, it appears the vector field H = ξi ∂

∂xi
− Γi

jkξjξk ∂

∂ξi
defined on TM , which

is called geodesic vector field.
Gt, the 1-parameter group generated by H, is called the geodesic spray (geodesic

pulverization).
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Theorem 1.1. The vector field H is tangent to the spherical bundle

SM =
{
(x, ξ) ∈ TM | ‖ξ‖2 = gijξ

iξj = 1
}

.

Proof. The normal vector field to SM is NSM =
∂gjk

∂xi
ξjξkdxi + 2giqξ

qdξi.
It is to notice that

< NSM ,H > =
∂gjk

∂xi
ξiξjξk − 2Γi

jkgiqξ
jξkξq

=
∂gjk

∂xi
ξiξjξk −

(
∂gjq

∂xk
+

∂gkq

∂xj
− ∂gjk

∂xq

)
ξjξkξq

= 0.

Proposition 1.2. The vector field H and the integrand from (1.1) are connected by
the relation (partial derivative equation)

H(u) = fi1...im
(x)ξi1 · · · ξim ,(1.3)

on the manifold T ◦M .
The partial derivative equation (1.3) is called the kinetic equation on J1(R,M)

associated to f .

Proof. Consider the point (x, ξ) ∈ T ◦M and the geodesic γ = γx,ξ.Using the
equality γγ(t0),γ̇(t0)(t) = γ(t + t0) in (1.1), we obtain

u(γ(t0), γ̇(t0)) =
∫ t0

τ−(x,ξ)

fi1...im(γ(t))γ̇i1(t) · · · γ̇im(t)dt.

Differentiating this equality with respect to t0 and then considering t0 = 0, it
follows

∂u

∂xi

dγi

dt
+

∂u

∂ξi

dγ̇i

dt
= fi1...imξi1 · · · ξim

or
∂u

∂xi
γ̇i +

∂u

∂ξi
γ̈i = fi1...imξi1 · · · ξim ,

where γ̇(0) = ξ.
From the equations of the geodesics, γ̈i + Γi

jkγjγk = 0, the last equality becomes

∂u

∂xi
γ̇i − Γi

jk

∂u

∂ξi
γ̇j γ̇k = fi1...imξi1 · · · ξim .

Because γ̇(0) = ξ, we obtained the required relation.

Remark 1.1. The geodesic flow has the following geometric meaning: Gt is the trans-
lation along the geodesics at the moment t, i.e., Gt(x, ξ) = (γx,ξ(t), γ̇x,ξ(t)).

In particular, the geodesic vector field H is tangent to the manifold SM (Theorem
1.1). By consequence, the equation (1.3) can be considered on SM .
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Proposition 1.3. The differential operator H and the operator of inner differentia-
tion (the composition of the covariant derivative and the symmetrization) are related
by the equality

H(vi1...im−1(x)ξi1 · · · ξim−1) = (dv)i1...im(x)ξi1 · · · ξim .

Proof. The following relations hold

H(vi1...im−1(x)ξi1 · · · ξim−1)

=
(

ξim
∂

∂xim
− Γim

jk ξjξk ∂

∂ξim

)
(vi1...im−1(x)ξi1 · · · ξim−1)

=
∂vi1...im−1

∂xim
(x)ξi1 · · · ξim−1ξim − Γim

jk vi1...im−1(x)
∂

∂ξim
(ξi1 · · · ξim−1)ξjξk

=
∂vi1...im−1

∂xim
(x)ξi1 · · · ξim−1ξim

−Γq
jkvi1...is−1qis+1...im−1(x)ξi1 · · · ξis−1ξis+1 · · · ξim−1ξjξk;

(dv)i1...im(x)ξi1 · · · ξim =
1
m!

∑

σ∈Σm

vσ(i1)...σ(im−1);σ(im)(x)ξi1 · · · ξim ,

where Σm is the set of the permutations of the elements i1, . . . , im.
Because of the commutativity of the multiplication, ξa1 · · · ξam can be obtained in

m! ways. It follows

(dv)i1...im(x)ξi1 · · · ξim = va1...am−1;amξa1 · · · ξam

=
∂va1...am−1

∂xam
(x)ξa1 · · · ξam

−Γq
asam

va1...as−1qas+1...am−1(x)ξa1 · · · ξam .

The equality from the proposition was proved.
Thus, we arrive at the following problem [8]:
Problem 1. Let (M, g) be a simple compact differentiable manifold. Is the right-

hand part of the equation (1.3), considered on SM , determined by the values u
∣∣∣
∂SM

of its solution on the boundary? In particular, does the equality u
∣∣∣
∂SM

= 0 imply the

homogeneity of order m− 1 in ξ of the polynomial u(x, ξ)?

Definition 1.4. The equation H(u) = F (x, ξ), considered on SM , where F is a
smooth function on M × T ◦M and the right-hand side depends arbitrarily on ξ, is
called the kinetic equation of the metric g and of the function F .

Further, we shall present a physical meaning of this equation. Let us imagine a
stationary distribution of particles moving on M . Any particle moves on a geodesic
of the metric g with unit speed. The particles do not influence one another and do
not influence the medium. Let us suppose that there are sources of the particles in
M . The functions u and F are the densities of the particles and of the sources with
respect to the volume element

dV 2n = det(gij)dξ1 ∧ . . . ∧ dξn ∧ dx1 . . . ∧ dxn.
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Then the equality H(u) = F (x, ξ) is accomplished.
If the source F is known, in order to obtain a unique solution u of the PDE

H(u) = F (x, ξ) we must fix the value u
∣∣∣
∂−SM

. In particular, the first of the conditions

(1.2) means the absence of the flow. The second one is used for the inverse problem
of determining the sourse. For this, the sourse must depend polynomially on ξ; if
v ∈ C∞(Sm−1τ ′M ) and v

∣∣∣
∂M

= 0, then the source F (x, ξ) = (dv)i1...im
ξi1 · · · ξim is

invisible from outside. Does this construction exhaust all the sources invisible from
outside, which are polynomial in ξ?

2 The Kinetic PDEs system on J1(T, M)

Let (T, h) and (M, g) be Riemannian manifolds of dimensions p and n. Local
coordinates on T and M will be written t = (tα), α = 1, p, and x = (xi), i = 1, n.
The Christoffel symbols will be denoted respectively by Hα

βγ , Γi
jk.

Let us consider the bundle (T×M, P, T ), where P is the projection P : T ×M → T .
A map φ : I ⊂ T → T ×M is called local section of (T ×M, P, T ) if it satisfies

the condition P ◦ φ = idI . If t ∈ T , then the set of all local sections of (T ×M, P, T ),
whose domains contain the point t, will be denoted Γt(P ).

If φ ∈ Γt(P ) and (tα, xi) are coordinate function around φ(t) ∈ T × M , then
xi(φ(t)) = φi(t).

Definition 2.1. Two local sections φ, ψ ∈ Γt(P ) are called 1 - equivalent at the point
t if

φ(t) = ψ(t),
∂φi

∂tα
(t) =

∂ψi

∂tα
(t).

The equivalence class containing φ is called the 1- jet of φ at t and is denoted by
j1
t φ.

Definition 2.2. The set

J1(T,M) = {j1
t φ|t ∈ T, φ ∈ Γt(P )}

is called first order jet bundle.

Definition 2.3. The pair of metrics (h, g) is called simple if for any σ ∈ ∂M there
is a unique minimal submanifold T represented by x : Ω ∪ ∂Ω → M ∪ ∂M , x

∣∣∣
∂Ω

= σ,

Ω parallelipiped, x(T \ ∂T ) ⊂ M , such that x depends smoothly on σ.

Let (T, h) be a minimal submanifold with a maximal domain of definition, repre-

sented by γx,ξµ : Ω → M , Ω =
p∏

α=1

[τα
−(x, ξµ), τα

+(x, ξµ)], determined by the condition

γx,ξµ(0) = x, (γx,ξµ)i
α(0) = ξi

α(x), α = 1, p and fixed by a closed border σ of dimension
p− 1 included in ∂M . Suppose that ∂M is foliated by submanifolds of type σ.

Let (x; ξ1(x), . . . , ξp(x)), x ∈ M , ξα(x) ∈ TxM , ξα(x) 6= 0, α = 1, p. In a neigh-
borhood U ⊂ M of x ∈ M we consider a local coordinate system (x1, . . . , xn). Then

ξα(x) = ξi
α(x)

∂

∂xi
(x).
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Let us denote

(T ◦T )p = {x; ξ1, . . . , ξp} |x ∈ M, ξα(x) ∈ TxM, ξα 6= 0, α = 1, p}.

Proposition 2.1. Let (Fβ) =
(
Fα1...αm

i1...imβ

)
be p symmetric d-tensor fields of class C∞

on Ω×M such that
∂Fα

∂tβ
=

∂Fβ

∂tα
, α 6= β. The function

u(tα, xi, ξi
α) =

∫

Γτ−(x,ξµ),0

Fα1...αm

i1...imβ (γx,ξµ
(tα))(γx,ξµ

)i1
α1

(tα) · · ·(2.1)

· · · (γx,ξµ
)im
αm

(tα)dtβ ,

where Γτ−(x,ξµ),0 is a arbitrary C1 - curve joining the points

τ−(x, ξµ) = (τ1
−(x, ξµ), . . . , τp

−(x, ξµ))

and 0 = (0, . . . , 0), is positively homogeneous of degree m− 1, that is

u(tα, xi, λξi
α) = λm−1u(tα, xi, ξi

α), λ > 0.

Proof. It is to notice that

u(tα, xi, λξi
α) =

∫

Γτ−(x,ξµ),0

Fα1...αm

i1...imβ (γx,λξµ(tα))(γx,λξµ)i1
α1

(tα) · · ·(2.2)

· · · (γx,λξµ)im
αm

(tα)dtβ ,

must be path independent. Consequently, in normal coordinates, we can use the
straight line joining the points τ−(x, λξµ) and 0

t1

τ1−(x, λξµ)
=

t2

τ2−(x, λξµ)
= . . . =

tp

τp
−(x, λξµ)

= s ∈ [0, 1] ⇒

⇒





t1 = λ−1sτ1
−(x, ξµ);

t2 = λ−1sτ2
−(x, ξµ);

. . .
tp = λ−1sτp

−(x, ξµ), s ∈ [0, 1].

It follows

u(tα, xi, λξi
α) =

∫ 0

1

Fα1...αm

i1...imβ (γx,λξµ(λ−1sτα
−(x, ξµ)))(γx,λξµ)i1

α1
(λ−1sτα

−(x, ξµ))

· · · (γx,λξµ)im
αm

(λ−1sτα
−(x, ξµ))λ−1τβ

−(x, ξµ)ds

=
∫ 0

1

Fα1...αm

i1...imβ (γx,ξµ(sτα
−(x, ξµ)))λ (γx,ξµ)i1

α1
(sτα

−(x, ξµ))

· · ·λ (γx,ξµ)im
αm

(sτα
−(x, ξµ))λ−1τβ

−(x, ξµ)ds

= λm−1

∫ 0

1

Fα1...αm

i1...imβ (γx,ξµ(sτα
−(x, ξµ)))(γx,ξµ)i1

α1
(sτα

−(x, ξµ))

· · · (γx,ξµ)im
αm

(sτα
−(x, ξµ))τβ

−(x, ξµ)ds = λm−1u(tα, xi, ξi
α).
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Corollary 2.1. The above-mentioned function u is uniquely determined by its re-
striction to the spherical bundle (compact manifold)

SMp = {(x; ξ1, . . . , ξp) |x ∈ M, ξα ∈ TxM, gijh
αβξi

αξj
β = 1}.

The border ∂SMp of the manifold SMp is divided in two submanifolds

Ω+SMp = {(x; ξ1, . . . , ξp) ∈ SMp | ∃α ∈ {1, . . . , p}, < ξα(x), ν(x) >≥ 0}
and

Ω−SMp = {(x; ξ1, . . . , ξp) ∈ SMp | < ξα, ν(x) >≤ 0, ∀α ∈ {1, . . . , p}},
where ν(x) is the unit vector of the outer normal to ∂SMp.

The function u fulfills the following boundary conditions:

u(tα, xi, ξi
α)

∣∣∣
x∈∂SMp

=





0, (x; ξ1, . . . , ξp) ∈ Ω+SMp∫

Γτ−(x,ξµ),0

Fα1...αm

i1...imβ (γx,ξµ
(tα))(γx,ξµ

)i1
α1

(tα) · · ·

· · · (γx,ξµ)im
αm

(tα)dtβ , (x; ξ1, . . . , ξp) ∈ Ω−SMp.

Definition 2.4. A map γ : Ω → M is called affine if it moves the geodesics of the
manifold (Ω, h) into geodesics of the manifold (M, g).

Proposition 2.2. If the map γ : Ω → M , γi = γi(t1, . . . , tp), is affine, then

∂2γi

∂tα∂tβ
−Hν

αβγi
ν − Γi

jkγj
αγk

β = 0, α, β, γ = 1, p, i, j, k = 1, n,

(t1, . . . , tp) and (x1, . . . , xn) being local coordinate systems on (T, h) and (M, g) re-
spectively.

Proof. Let tα = tα(s), s ∈ I ⊆ R, 0 ∈ I, tα(0) = 0, α = 1, p, be a geodesic of Ω,
i.e. a solution of the differential system

d2tα

ds2
+ Hα

βν

dtβ

ds

dtν

ds
= 0.

From γi(s) = γi(tα(s)), it follows
dγi

ds
=

∂γi

∂tν
dtν

ds
.

d2γi

ds2
=

∂2γi

∂tα∂tβ
dtα

ds

dtβ

ds
+

∂γi

∂tα
d2tα

ds2

=
∂2γi

∂tβ∂tν
dtβ

ds

dtν

ds
−Hα

βν

dtβ

ds

dtν

ds

∂γi

∂tα

=
(

∂2γi

∂tβ∂tν
−Hα

βνγi
α

)
dtβ

ds

dtν

ds
.

Then

d2γi

ds2
+ Γi

jk

dγj

ds

dγk

ds
=

(
∂2γi

∂tβ∂tγ
−Hα

βγγi
α + Γi

jkγj
βγk

γ

)
dtβ

ds

dtγ

ds
.
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γi = γi(s) being geodesic of M ,
d2γi

ds2
+ Γi

jk

dγi

ds

dγk

ds
= 0, whence we obtain the

equality from the proposition.
Let us consider now the PDEs system

∂2γi

∂tα∂tβ
−Hν

αβγi
ν + Γi

jkγj
αγk

β = 0.

If this system has solutions of class C3, it follows

∂3γi

∂tλ∂tα∂tβ
=

∂Hν
αβ

∂tλ
γi

ν + Hν
αβ

∂2γi

∂tν∂tλ
− ∂Γi

jk

∂xl
γl

λγj
αγk

β − Γi
jk

∂2γj

∂tλ∂tα
γk

β

−Γi
jkγj

α

∂2γk

∂tλ∂tβ

=
∂Hν

αβ

∂tλ
γi

ν + Hν
αβ

(
Hε

νλγi
ε − Γi

jkγj
νγk

λ

)− ∂Γi
jk

∂xl
γl

λγj
αγk

β

−Γi
jkγk

β

(
Hε

αλγj
ε − Γj

lqγ
l
αγq

λ

)
− Γi

jkγalj
(
Hε

βλγk
ε − Γk

lqγ
l
βγq

λ

)

=
∂Hν

αβ

∂tλ
γi

ν + Hν
αβHε

νλγi
ε −

∂Γi
jk

∂xl
γl

λγj
αγk

β + Γi
jkΓj

lqγ
l
αγk

βγq
λ

−Hν
αβΓi

jkγj
νγk

λ −Hε
αλΓi

jkγj
ε γk

β −Hε
βλΓi

jkγj
αγk

ε + Γi
jkΓk

lqγ
j
αγl

βγq
λ.

Analogously,

∂3γi

∂tβ∂tα∂tλ
=

∂Hν
αλ

∂tβ
γi

ν + Hν
αλHε

νβγi
ε −

Γi
jk

∂xl
γl

βγj
αγk

λ + Γi
jkΓj

lqγ
l
αγk

λγq
β

−Hν
αλΓi

jkγj
νγk

β −Hε
αβΓi

jkγj
ε γk

λ −Hε
λβΓi

jkγj
αγk

ε + Γi
jkΓk

lqγ
j
αγl

λγq
β .

The complete integrability conditions,
∂3γi

∂tλ∂tα∂tβ
=

∂3γi

∂tβ∂tα∂tλ
, lead to

∂Hν
αβ

∂tλ
γi

ν + Hν
αβHε

νλγi
ε −

∂Γi
jk

∂xl
γl

λγj
αγk

β + Γi
jkΓj

lqγ
l
αγk

βγq
λ

=
∂Hν

αλ

∂tβ
γi

ν + Hν
αλHε

νβγi
ε −

∂Γi
jk

∂xl
γl

βγj
αγk

λ + Γi
jkΓj

lqγ
l
αγk

λγq
β

⇔
(

∂Hν
αβ

∂tλ
− ∂Hν

αλ

∂tβ
+ Hε

αβHν
ελ −Hε

αλHν
εβ

)
γi

ν =

(
∂Γi

jk

∂γl
− ∂Γi

jl

∂γk
− Γi

krΓ
r
jl

+Γi
rlΓ

r
jk

)
γl

λγj
αγk

β

⇔ Hν
α;λβγi

ν = Gi
j;lkγl

λγj
αγk

β ,

where Hγ
α;λβ and Gi

j;kl are the Riemann tensors of the manifolds (Ω, h), (M, g) re-
spectively.

The total derivative of the function u ◦ γ, γ = γx,ξµ , defined in (2.1), with respect
to tβ , at (t1, . . . , tp) = (0, . . . , 0) is

d(u ◦ γ)
dtβ

=
∂u

∂tβ
+

∂u

∂xi
ξi
β +

∂u

∂ξi
α

∂2γi

∂tα∂tβ

=
∂u

∂tβ
+

∂u

∂xi
ξi
β +

(
Hγ

αβξi
γ − Γi

jkξj
αξk

β

) ∂u

∂ξi
α

.
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Thus, we obtain the vector fields

Hβ =
∂

∂tβ
+ ξi

β

∂

∂xi
+

(
Hν

αβξi
ν − Γi

jkξj
αξk

β

) ∂

∂ξi
α

, β = 1, p,

which are called affine vector fields.

Theorem 2.1. The affine vector fields Hβ, β = 1, p, are tangent to the manifold

SMp = {(x; ξ1, . . . , ξp) |x ∈ M, ξα = TxM, gijh
αβξi

αξj
β = 1}.

Proof. The field NSMp , normal to SMp, is

NSMp =
∂hαβ

∂tν
gijξ

i
αξj

βdtν + hαβ ∂gij

∂xk
ξi
αξj

βdxk + 2hνβgljξ
j
βdξl

ν .

It is to notice that

< NSMp ,Hλ > =
∂hαβ

∂tλ
gijξ

i
αξj

β + hαβ ∂gij

∂xk
ξi
αξj

βξk
λ + 2hνβgkjξ

j
βξk

ε Hε
νλ

−2hνβgjkξj
βξl

νξq
λΓk

lq =
(

∂hαβ

∂tλ
+ 2hνβHα

νλ

)
gijξ

i
αξj

β

+hαβ

(
∂gij

∂xk
− 2gljΓl

ik

)
ξi
αξj

βξk
λ = 0,

because of the equalities

Γl
ik =

1
2
glj

(
∂gkj

∂xi
+

∂gij

∂xk
− ∂gik

∂xj

)
;

∂hαβ

∂tλ
= −hανHβ

λν − hνβHα
λν .

Theorem 2.2. a) The distribution generated by the vector fields Hα, α = 1, p, is
completely integrable.

b) The vector fields Hα, α = 1, p, generate an affine p-flow.

Proof. The following relations hold

Hβ(Hλ(u)) =
[

∂

∂tβ
+ ξi

β

∂

∂xi
+

(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) ∂

∂ξi
α

]

[
∂u

∂tλ
+ ξj

λ

∂u

∂xj
+

(
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

) ∂u

∂ξj
σ

]

=
∂2u

∂tβ∂tλ
+ ξj

λ

∂2u

∂tβ∂xj
+

(
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

) ∂2u

∂tβ∂ξj
σ

+ξi
β

∂2u

∂tλ∂xi
+ ξi

βξj
λ

∂2u

∂xi∂xj
− ∂Γj

lq

∂xi
ξi
βξl

σξq
λ

∂u

∂ξj
σ
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+
(
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

)
ξi
β

∂2u

∂xi∂ξj
σ

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) ∂2u

∂tλ∂ξi
α

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

)
δj
i δ

λ
α

∂u

∂xj
+

(
Hν

αβξi
ν − Γi

rkξr
αξk

β

)
ξj
λ

∂2u

∂xj∂ξi
α

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) (
Hε

σλδj
i δ

α
ε − Γj

lqδ
l
iδ

σ
αξq

λ − Γj
lqξ

l
σδq

i δλ
α

) ∂u

∂ξj
σ

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) (
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

) ∂2u

∂ξi
α∂ξj

σ

=
∂2u

∂tβ∂tλ

+ξj
λ

∂2u

∂tβ∂xj
+

(
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

) ∂2u

∂tβ∂ξj
σ

+ ξi
β

∂2u

∂tλ∂xi

+ξi
βξj

λ

∂2u

∂xi∂xj
− ∂Γj

lq

∂xi
ξi
βξl

σξq
λ

∂u

∂ξj
σ

+
(
Hε

σλξi
βξj

ε − Γj
lqξ

i
βξl

σξq
λ

) ∂2u

∂xi∂ξj
σ

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) ∂2u

∂tλ∂ξi
α

+
(
Hν

λβξj
ν − Γj

rkξr
λξk

β

) ∂u

∂xj
+

(
Hν

αβξi
νξj

λ − Γi
rkξr

αξk
βξj

λ

) ∂2u

∂xj∂ξi
α

+
(
Hν

αβHα
σλξj

ν −Hα
σλΓj

rkξr
αξk

β −Hν
σβΓj

lqξ
l
νξq

λ + Γl
rkΓj

lqξ
r
σξk

βξq
λ

− Hν
λβΓj

lqξ
q
νξl

σ + Γq
rkΓj

lqξ
r
λξk

βξl
σ

) ∂u

∂ξj
σ

+
(
Hν

αβξi
ν − Γi

rkξr
αξk

β

) (
Hε

σλξj
ε − Γj

lqξ
l
σξq

λ

) ∂2u

∂ξi
αξj

σ

.

It follows

[Hβ ,Hλ](u) = Hβ(Hλ(u))−Hλ(Hβ(u))

=

(
− ∂Γj

lq

∂xi
ξi
βξl

σξq
λ +

∂Γj
lq

∂xi
ξi
λξl

σξq
β + Hν

αβHα
σλξj

ν −Hν
αλHα

σβξj
ν

+Γl
rkΓj

lqξ
r
σξk

βξq
λ − Γl

rkΓj
lqξ

r
σξk

λξq
β

)
∂u

∂ξj
σ

=

[
(
Hν

αβHα
σλ −Hν

αλHα
σβ

)
ξj
ν +

(
∂Γj

lq

∂xi
− ∂Γj

li

∂xq
+ Γr

lqΓ
j
ri − Γr

liΓ
j
rq

)

·ξi
λξl

σξq
β

]
∂u

∂ξj
σ

=
[(

Hν
αβHα

σλ −Hν
αλHα

σβ

)
ξi
ν −Gj

l,iqξ
i
λξl

σξq
β

] ∂u

∂ξj
σ

.

In this way [Hβ ,Hλ] = Cα
βλHα.

Proposition 2.3. The vector fields Hβ, β = 1, p, and the d-tensor fields from the
definition 2.4 are related by

Hβ(u) = Fα1...αm

i1...imβ (x)ξi1
α1
· · · ξim

αm
, β = 1, p.(2.3)

The system (2.3) is called the kinetic PDEs system.
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Proof. Let P be the potential of the vector field

X = (Xβ) =
(
Fα1...αm

i1...imβ ξi1
α1
· · · ξim

αm

)
.

Let t = (t1, . . . , tp). It follows that

P (t) =
∫ t1

0

X1(s, 0, . . . , 0)ds +
∫ t2

0

X2(t1, s, 0, . . . , 0)ds +

· · ·+
∫ tp

0

Xp(t1, t2, . . . , tp−1, s)ds + C.

Let us denote t0 = (t10, . . . , tp0). The equality γγ(t0),γi
α(t0) = γ(t + t0) implies

u(t0, x(t0), xi
α(t0))=

∫ t0

τ−(x,ξµ)

Xβdtβ ⇒

⇒ u(t0, x(t0), xi
α(t0)) = P (t0)− P (τ−(x, ξµ)).

Differentiating the last relation with respect to tβ and then considering t0 = 0, it
follows

Hβ(u) = Fα1...αm

i1...imβ (x)ξi1
α1
· · · ξim

αm
.

Proposition 2.4. The differential operators Hβ, β = 1, p, and the inner differentia-
tion operator d are connected by the equality

Hβ

(
v

α1...αm−1
i1...im−1

(t, x)ξi1
α1
· · · ξim−1

αm−1

)
= (dv)α1...αm−1

i1...im−1β(t, x)ξi1
α1
· · · ξim−1

αm−1
, β = 1, p.

Proof. The following relations hold

Hβ

(
v

α1...αm−1
i1...im−1

(t, x)ξi1
α1
· · · ξim−1

αm−1

)

=
[

∂

∂tβ
+ ξk

β

∂

∂xk
+

(
Hν

εβξk
ν − Γk

jlξ
j
ε ξ

l
β

) ∂

∂ξk
ε

](
v

α1...αm−1
i1...im−1

(t, x)ξi1
α1
· · · ξim−1

αm−1

)

=
∂v

α1...αm−1
i1...im−1

∂tβ
(t, x)ξi1

α1
· · · ξim−1

αm−1
+

∂v
α1...αm−1
i1...im−1

∂xk
ξi1
α1
· · · ξim−1

αm−1
ξk
β

+v
α1...αm−1
i1...im−1

(t, x)
(
Hν

εβξk
ν − Γk

jlξ
j
ε ξ

l
β

) ∂

∂ξk
ε

(
ξi1
α1
· · · ξim−1

αm−1

)

=
∂v

α1...αm−1
i1...im−1

∂tβ
(t, x)ξi1

α1
· · · ξim−1

αm−1
+

∂v
α1...αm−1
i1...im−1

∂xk
(t, x)ξi1

α1
· · · ξim−1

αm−1
ξk
β

+
(
Hν

εβξk
ν − Γk

jlξ
j
ε ξ

l
β

)
v

α1...αs−1εαs+1...αm−1
i1...is−1kis+1...im−1

· ξi1
α1
· · · ξ̂is

αs · · · ξim−1
αm−1
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=
∂v

α1...αm−1
i1...im−1

∂tβ
(t, x)ξi1

α1
· · · ξim−1

αm−1
+ Hν

εβξk
ν ξi1

α1
· · · ξ̂is

αs · · · ξim−1
αm−1

·vα1...αs−1εαs+1...αm−1
i1...is−1kis+1...im−1

+
∂v

α1...αm−1
i1...im−1

∂xim
(t, x)ξi1

α1
· · · ξim−1

αm−1
ξim
γ

−Γim

jl ξj
ε ξ

l
βv

α1...αs−1εαs+1...αm−1
i1...is−1imis+1...im−1

ξi1
α1

. . . ξ̂is
αs

. . . ξim−1
αm−1

= v
α1...αm−1
i1...im−1;β

(t, x)ξi1
α1
· · · ξim−1

αm−1
+ v

α1...αm−1
i1...im−1;im

(t, x)ξi1
α1
· · · ξim−1

αm−1
ξim

β

=
1

[(m− 1)!]2
∑

σ∈Σm−1
τ∈Σ′m−1

v
σ(α1)...σ(αm−1)
τ(i1)...τ(im−1)β

ξ
τ(i1)
σ(α1)

· · · ξτ(im−1)
σ(αm−1)

+
1

(m− 1)!m!
·

∑

σ∈Σm−1
µ∈Σ′m

v
σ(α1)...σ(αm−1)
µ(i1)...µ(im−1);µ(im)ξ

µ(i1)
σ(α1)

· · · ξµ(im−1)
σ(αm−1)

ξ
µ(im)
β

= (dv)α1...αm−1
i1...im−1;β

(t, x)ξi1
α1
· · · ξim−1

αm−1
,

where Σm−1, Σ′m−1 and Σ′m are the sets of permutations of {α1, . . . , αm−1}, {i1, . . . , im−1}
and {i1, . . . , im} respectively.

Thus, we arrive at the following problem [8]:
Problem 2. Let (M, g) be a compact differentiable manifold. To what extent the

right-hand side of (2.3), considered on SMp, is determined by the values u
∣∣∣
∂SMp

of

the solution on the boundary? In particular, does the equality u
∣∣∣
∂SMp

= 0 imply the

homogeneity of order m− 1 in (ξ1, . . . , ξp) of the polynomial u?

Definition 2.5. The system formed by the equations Hβ(u) = Fβ(x; ξ1, . . . , ξp), con-
sidered on SMp, is called the kinetic partial equations system of (h, g) and of the
functions (Fβ) on J1(T, M). The function u is called the density of field and the set
of functions Fβ is called the density of sources with respect to the volume form

dV p+n+np = det(gij)dt1 ∧ . . . ∧ dtp ∧ dx1 ∧ . . . ∧ dxn( ∧
α = 1, p
i = 1, n

dξi
α).
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