Kinetic PDESs on the first order jet bundle

Constantin Udrigte, Ariana Pitea and Janina Mihaila

Abstract. This paper reformulates a problem of Sharafutdinov [4] regard-
ing the kinetic equation on a Riemannian manifold and extends the new
variant from the single-time context to the multi-time context. Section
1 is dedicated to the single time case. It begins by pointing out that a
symmetric tensor field of type (0,m) and a geodesic determine a function
which is homogeneous of degree m — 1. Also, it is proved that the vector
field H associated to the geodesic spray G is tangent to the spherical
bundle SM. The kinetic equation on J!(R, M) associated to a symmetric
tensor field is deduced. Then the paper presents the connection between
the geodesic vector field (differential operator) H and the inner differenti-
ation operator d. Section 2 extends the single-time case to the multi-time
case. It is proved that p symmetric d-tensor fields and a minimal subman-
ifold determine a function which is homogeneous of degree m — 1. Also,it
points out that the affine vector fields H, generate a completely integrable
distribution tangent to the spherical bundle. The kinetic PDEs system is
written explicitly and the vector fields H, are connected with the inner
differential operator d.

M.S.C. 2000: 53C43, 53C21.
Key words: PDE, geodesic spray, ray transform

1 The Kinetic PDE on J!(R, M)

Definition 1.1. Let (M, g) be a compact Riemannian manifold and OM be the bound-
ary of M. The Riemannian metric g is called simple if any two points p,q € OM can
be joined by a unique geodesic

Tpg: [0,1] = M, M= MUOIM,
z(0)=p, =x(1)=¢q, x(0,1)C M.

Let (M, g) be a Riemannian manifold, simple, compact, with the dimension n and
v = (T'M,m, M), the tangent bundle, respectively 7y, = (T"M, n’, M) the cotangent
bundle.
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Let us denote by S™7}, the set of the symmetric tensor fields of type (0,m) on
T3y and by C°(S™7y,) the space of the smooth sections of this bundle.
Let
TM = {(2,€) |z € M,¢ € T, M}

be the tangent space to M and
T°M = {(x,£) € TM | # 0}

be the manifold of the nonzero tangent vectors. In a neighborhood U C M of the point
@ € M we consider a local coordinate system (z',...,2™). Then & = &'(z)50z'(2)
and (z!,... 2™ ¢l ... €") is a local coordinate system on 7~ 1(U) C TM, where
w: TM — M is the projection of the tangent bundle.

Let us consider the product bundle (R x M, P,R), where P is the projection of
R x M onto R. A map ¢: I C R — R x M is called local section of (R x M, P,R)
if it satisfies the condition P o ¢ = id;. The set of all local sections of (R x M, P,R)
whose domains contain the point ¢ will be denoted T't(P).

If € T4(P) and (t',2%) are coordinate functions around ¢(t) € R x M, then

¢t =1zt 0 ¢.
Definition 1.2. Two local sections ¢, € T+(P) are called 1- equivalent at the point
tif , ,
d¢* dyp*
t) =t t) = t).
o) = v(0), (1) = (1)
The equivalence class containing ¢ is called the 1- jet of ¢ at ¢ and is denoted by
Ji .
Definition 1.3. The set

TR, M) = {j; 0|t € T,¢ € To(P)},
1s called the first order jet manifold.

For (z,§) € T°M, we denote v, ¢: [T—(z,§), 74 (x,§)] — M the geodesic with
maximal domain of definition determined by the initial conditions 7,¢(0) = x and

'.}/x,ﬁ(o) =¢.
Proposition 1.1. Consider the tensor field f € C*°(S™7},). The function
O . .
(1.1) u:T°M —- R, u(z,§) = / o) Fir i (Ve () A (8) - - A7 (2,

is positively homogeneous of degree m — 1 in its second argument, that is
u(z, &) = X" tu(x, €), > 0.

Proof. Let A be a strictly positive real number. Because 7_(x, \§) = A"17_(z,&),
the definition of the function u leads to

0
W= [ S a0 Al
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Taking t = A\~ts, dt = \~'ds, it follows
0 . .
o) = | g P (AT AL A7) A (A A s

0
- / o P CacDN o)+ M (A

V 0
_am / I OINORE O
= Nz, €).

Corollary 1.1. The function u defined by the formula (1.1) is uniquely determined by
its restriction to the spherical bundle (compact manifold of the unit tangent vectors),
SM = {(z,€) e TM|[|¢]* = g;;§'¢’ = 1}.

The border 9SM of SM splits in two submanifolds
0+ SM = {(z,£) € SM |z € OM, < &, v(x) >> 0}
and
0_SM = {(z,§) € SM |z € OM, < &,v(z) >< 0},

where v(z) is the unit vector of the outer normal to the border OM.
Let 7,4 be the geodesic joining the points p and q.Comparing the single-ray trans-
form [8]
Ir(Vpq) = firiim ()" - - it dt
Ypq

with the function u, it follows that w fulfills the following boundary conditions:

0, if (2,8) € 0_SM

(12) U;(l‘,f) wcOM = { If(’}/x,g), if ({E,g) c 8+SM

Let v = 7z,¢. The derivative of the function u oy with respect to t at ¢t =0, is

d(uo-) Ou

. ax ! T e

Using the equations of the geodesics, 5" + T4/ A =0 (T, are the Christoffel
symbols of (M, g)), it follows

dluoy) Ou i ou
= —& I, —.
dt PIANE T ¢t
. 0 D .
Thus, it appears the vector field H = &£ i IS 8—52 defined on T'M, which

is called geodesic vector field.
G?, the 1-parameter group generated by H, is called the geodesic spray (geodesic
pulverization).
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Theorem 1.1. The vector field H is tangent to the spherical bundle

SM = {(2,6) € TM||l¢]]* = giy&'e’ = 1}

Proof. The normal vector field to SM is Ngp = %f%kdmi + Qgiqfqdfi.
x
It is to notice that
Oain - - ‘ .
<Now,H> = SEIek ol g, €h!
_ agjk i¢jek agjq agkq agjk j ek eq
N 6xi£££ Oxk + dxd Ozt e

=0.

Proposition 1.2. The vector field H and the integrand from (1.1) are connected by
the relation (partial derivative equation)

(1.3) H(u) = fiy.i ()€ - €,

on the manifold T°M .
The partial derivative equation (1.3) is called the kinetic equation on J'(R, M)
associated to f.

Proof. Consider the point (x,§) € T°M and the geodesic v = 7,.¢.Using the
equality v.(t0),5(t0) (t) = ¥(t +to) in (1.1), we obtain

w10 0) = [ o GET )
T—(,€
Differentiating this equality with respect to ty; and then considering ty = 0, it
follows

ou dyt  Ou d’

ow dt Tog ar ~ Jnem€ g

or
ou . ou .,
oz " og

—f il...gim
- fll<-~17n§ )

where 4(0) = ¢&. _ o
From the equations of the geodesics, 7" + I';7” 7% = 0, the last equality becomes

ou

ou ou
oz’ i

~Tiiggr 71" = fuin €€

)

Because §(0) = &, we obtained the required relation.

Remark 1.1. The geodesic flow has the following geometric meaning: Gt is the trans-
lation along the geodesics at the moment t, i.e., G'(x,&) = (Yae(t), Yue(t)).

In particular, the geodesic vector field H is tangent to the manifold SM (Theorem
1.1). By consequence, the equation (1.3) can be considered on SM.



Kinetic PDEs on the first order jet bundle 199

Proposition 1.3. The differential operator H and the operator of inner differentia-
tion (the composition of the covariant derivative and the symmetrization) are related
by the equality

H (Ui, iy (2)E0 - €m70) = (dv)iy i, (2)E7 -6
Proof. The following relations hold

H(Uiy..im,l (l‘)f“ e gim—1)

i O im ] 9 i i

= <§ " Oxim o Ffl?fjﬁk 857’"’) (vil-ui'm,—l(x)g tee E mil)

ov; i i i i i 0 i i, j ok
= W(m)g 1., f mflf mo__ F;}:'Uil_”im_l(x) 3§zm (f 1., 5 rn—l)gjg

avi O - i i i
— 81xim 1(1.)51 ...gntflf'm

T Vi i1 Gig i (Z)ET - 1T I TR

i i 1 i i
(dv)i iy, ()€ -8 = o] Z Vor(i1).r.0 (i —1 )30 (i) (£)E - - - €0,
’ O'EEWL
where Y, is the set of the permutations of the elements i1, ... ,i,,.

Because of the commutativity of the multiplication, £ - - - £%m can be obtained in
m! ways. It follows

(dv)lllm (x)gll e gi"L = val...am_l;amgal e gam
0
_ U(ll---am—l (l')fal . gam

Qzam
q

—I% 4 Var. a0 1qausramr (T)E™ - €0
The equality from the proposition was proved.
Thus, we arrive at the following problem [8]:
Problem 1. Let (M, g) be a simple compact differentiable manifold. Is the right-

hand part of the equation (1.3), considered on SM, determined by the values u o

of its solution on the boundary? In particular, does the equality u s 0 imply the

homogeneity of order m — 1 in & of the polynomial u(zx,&)?

Definition 1.4. The equation H(u) = F(x,£), considered on SM, where F is a
smooth function on M x T°M and the right-hand side depends arbitrarily on &, is
called the kinetic equation of the metric g and of the function F.

Further, we shall present a physical meaning of this equation. Let us imagine a
stationary distribution of particles moving on M. Any particle moves on a geodesic
of the metric g with unit speed. The particles do not influence one another and do
not influence the medium. Let us suppose that there are sources of the particles in
M. The functions u and F' are the densities of the particles and of the sources with
respect to the volume element

dV?" = det(g;;)d" A... AdET Ndzt LA da™
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Then the equality H(u) = F(z,£) is accomplished.
If the source F' is known, in order to obtain a unique solution u of the PDE

H(u) = F(z,£) we must fix the value u - In particular, the first of the conditions
M

(1.2) means the absence of the flow. The second one is used for the inverse problem
of determining the sourse. For this, the sourse must depend polynomially on &; if

v € C®(S™17],) and v’a = 0, then the source F(z,£) = (dv);,. ;, &% - €m is
M

invisible from outside. Does this construction exhaust all the sources invisible from

outside, which are polynomial in &7

2 The Kinetic PDEs system on J'(T, M)

Let (T,h) and (M,g) be Riemannian manifolds of dimensions p and n. Local
coordinates on T and M will be written t = (t*), a = 1,p, and = = (z%), i = 1,n.
The Christoffel symbols will be denoted respectively by Hf_ , 1";- .

Let us consider the bundle (T'x M, P,T), where P is the projection P: T'x M — T.

Amap ¢: I CT — T x M is called local section of (T x M, P,T) if it satisfies
the condition P o ¢ =id;. If t € T, then the set of all local sections of (T x M, P,T),
whose domains contain the point ¢, will be denoted I';(P).

If ¢ € Ty (P) and (t*,2¢) are coordinate function around ¢(t) € T x M, then

a'(9(t)) = ¢'(t).
Definition 2.1. Two local sections ¢, € T'y(P) are called 1 - equivalent at the point
t if

a¢i = awz

o) = v(t), S0 = S(0)

The equivalence class containing ¢ is called the 1- jet of ¢ at t and is denoted by
Ji ¢
Definition 2.2. The set
JHT, M) = {j{olt € T,¢ € To(P)}
is called first order jet bundle.

Definition 2.3. The pair of metrics (h,g) is called simple if for any o € OM there
18 a unique minimal submanifold T represented by x: QU OQ — M UOM, x’aﬂ =0,
Q parallelipiped, x(T \ OT) C M, such that x depends smoothly on o.

Let (T, h) be a minimal submanifold with a maximal domain of definition, repre-
P

sented by Vi, : Q@ — M, Q = H [7%(x, &), 75 (2, &,)], determined by the condition
a=1
Ya,e, (0) = @, (Y26, )4(0) = €, (), @ = 1, p and fixed by a closed border o of dimension
p — 1 included in M. Suppose that OM is foliated by submanifolds of type o.
Let (2;81(2),...,&(x)), © € M, &a(x) € TuM, &u(x) # 0, @ = T,p. In a neigh-
borhood U C M of = € M we consider a local coordinate system (z!,... 2"). Then

£a(#) = €)oo (2).
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Let us denote
(TOT)p = {x;flv' e 7£p}|x € Maga(x) € TxM,fa 7é Oaa :m}

Proposition 2.1. Let (F3) = (Ff:llj’g) be p symmetric d-tensor fields of class C*
oF, 0Fp
P ot

on Q X M such that a # (3. The function

(2.1) u(t®, o', &) = / Fi o (Yoe, (8%)) (v g )ar, (87) -+

Do (@.eu).0
(e )an, ()dt?,
where I'z_ (5 ¢.),0 15 a arbitrary C' - curve joining the points
T—(2,8u) = (Ti(x,fu), s TR (2, €L))
and 0 = (0,...,0), is positively homogeneous of degree m — 1, that is
w(t®, 2t AL = A (1, 2t EL), A > 0.

Proof. Tt is to notice that
(22)  w(t?,2, &) = /F FE s (eoe, (%) (apng, o, (87) -+
T (2,6u),0

o (Yo, )i (£%)dt?,

must be path independent. Consequently, in normal coordinates, we can use the
straight line joining the points 7_(z, A§,,) and 0
t! t2 tP
= =.=———-=s5€[0,1] =
Tz, NE) T2 (3, L) P (2, M) [0, 1]

th =2 "tsrl(2,€,);
£ = X572 (016

= A tstP(2,€,), s€0,1].
It follows
u(t®, 2t AEL) = / FE0m (06, (A 87(2,60))) (o, ) (A 1872 (2, €,))
(e, (A st (@, )N (2, €,)ds
0
= / Forom (e, (572, 60NN (g, )i, (572 (2,€,)
X (g )i (7@, )N (2, €,)ds
0
= Am-t / Bt (¢ (5722, €))) (e, )i (57 (2, £,)

t (,wa#)(i;l (STS(('%" 5#))7{3 (x’ fu)ds = )\m—lu(ta’ xi’ 5(2)
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Corollary 2.1. The above-mentioned function u is uniquely determined by its re-
striction to the spherical bundle (compact manifold)

The border 9SMP of the manifold SMP is divided in two submanifolds

QLSMP = {(z;61,...,&) € SMP |3 e {1,... ,p}, < &a(z), v(z) >> 0}

and
Q_SMP = {(x;&1,...,&) € SMP| <&, v(z) ><0, Va € {1,...,p}},
where v(z) is the unit vector of the outer normal to dSMP.
The function w fulfills the following boundary conditions:
0, (z;&1,...,&) € Qe SMP
1,26 A R e ) e )
u( x §a) wCOSMP Pr o 1 ‘mﬁ Eu Eula
(g, (E)dt7, (2361, ., 6p) € Q_SMP.

Definition 2.4. A map v: Q@ — M is called affine if it moves the geodesics of the
manifold (2, h) into geodesics of the manifold (M, g).
Proposition 2.2. If the map v: Q@ — M, v = ~i(t},... ,tP), is affine, then

O‘aﬂa’y:ﬁv iajvk:13n7

32’)” i i ok
,&™) being local coordinate systems on (T,h) and (M,g) re-

(t',... ,t?) and (2*,...
spectively.
Proof. Let t* = t%(s), s € I CR, 0 € I, t*(0) =0, a« = 1, p, be a geodesic of 2,
i.e. a solution of the differential system
Pl e W0
ds? Pvids ds
; , dy' Oyt dt”
From ~'(s) = 7*(t*(s)), it follows dz = 82” e
dQ,Yi _ 82’yi Eﬁ a,yi d2te
ds?2  Oteoth ds ds = Ot® ds?
oy w0 oy
— OtPOtY ds ds B ds ds ot
2yt \ dtf dt”
a ’y HO( Z>

_(atﬁatv_ Bve ) s ds
Then
>y dyd dy” %y o i i gk dt?dt
a5z Tlings a5~ \awar — Ho e Y% ) s as
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al2 ri d’yi d’y’“

7' = 7'(s) being geodesic of M, 2z Tl g e = 0, whence we obtain the

equality from the proposition.
Let us consider now the PDEs system

62’7i . ;
SreorF Hg: + Thvdyg = 0.
If this system has solutions of class C?, it follows
9%y’ OHZp oy O 9%
afB HY . Jk 1 ik —F k
arowear o v T s g T gt W8 T ik giagga 1
) ) a2,>/k
T A
Uit 5o

i

OHY . o or: )
aB i v € 1 % k
- It Yo t Haﬂ (HV)\FYe - F]kr)/l]/fyl;\:) - a;l fyg\’ygfyl,{;

—T%h (Hfmﬁ — F{qwfﬂi) —Toval? (HgavE = Ti503)

~ 0HZ, , ori,
ot S+l atinye = ozl WA+ 15 kFl,ﬂamA
_Haﬁrjklyljfh - He/\rgk%'Vﬁ Hg,\l“Jmave + Flkrlq'ya'yﬁ'y)\,
Analogously,
83’7i 8H” . Fi . ;
oot~ otP B H e W%%ﬂx + T3 76 737G

—HI\Tvil — HegUvivs — HigUiuvind + 5Tl vinive.

3y 33
The complete integrability conditions, 90 — DB lead to

)

OHY, ) are,, :
8t>‘ ,YI/ +H BHU)\’ye ox l ’Y)\,ya ,6’ + I krlqva’yﬁ’Y)\
OHY . ri,
= 55 W T HOH 57— 72 Vovas + T8I Ak
aH(l;ﬁ _ 6H(l)¢/)\ +H€ H — HE l/ 8F;k _ al—‘;l I a r
1) otB af aX % = 9! ka krt 4l

+Frlrjk) %\’Y(ﬂﬁ
~ HZ;)\,B’VLZ/ = G;’;lk’}/é\’yg/yﬁlga
where Hl;m and G;-;kl are the Riemann tensors of the manifolds (Q,h), (M, g) re-

spectively.
The total derivative of the function w0+, v = v,¢,, defined in (2.1), with respect

totf, at (t!,...,t?) = (0,...,0) is
dluoy) Ou  Ou, = Ou 0*4
@ o 0n T o oreond

_ Ou  Ou v e
o o (Haﬁgv Ijxca 55) o€l
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Thus, we obtain the vector fields

0 % 0 v ¢t T

which are called affine vector fields.

Theorem 2.1. The affine vector fields Hg, f =1, p, are tangent to the manifold
SMP = {(1';51, T ’fp) |$ EM, & =T M, gijhaﬁgéfé = 1}

Proof. The field Ngps», normal to SMP| is

af

oh dgij s e
Noar = o gi€a&hdt’ + 17 Ji Sk Cathda® + 200 g ehde,

It is to notice that

af

oh i i o 8g y
< Ngnro, Hy > = ngjgagé + heP 22 gagﬁgk + 200 gy LN H

_opBaaelel ik — Oh*” opvB [ glogd
nggﬁfug)\ lg — ot + VA gzj§a€5

because of the equalities

I

=3 —h*HY — hYPHS,.

_lglj Ogrj | 0gi;  Ogur\ . Oh*’ _
oz’ ok oxi )’ Ot

Theorem 2.2. a) The distribution generated by the vector fields Hy, o = 1,p, is
completely integrable.
b) The vector fields H,, o = 1,p, generate an affine p-flow.

Proof. The following relations hold

0 . 0 ;
Hg(Hy(u)) = |:8t5 + ff@ﬁ + (chy,@ff/ kngﬁ) oel, ]

ou .
€ ¢J
{ o+ + (Hodl ~The) < fj}
0% ; 82u ¢ o i 0?u
T otBot & 0tP0zi | (Hﬂge B qug””fA) atﬁaﬁi

i 0%u i g 0% 1
o gpor T o~ e e o agﬂ
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9 2
. . J el i u Voo i ¢r ek "u
—+ (H(;)ﬁg — Fqugafl)z\) §5m + (Haﬁgll - Frk:gagﬁ) m
Y6 T g 6J5/\8u HY €0 Tt ¢rek)ed 92u
+ (28, — Tiagh) 01005 + (HisE) — Tia€leh) YT
Vot i T € o j g Aa,u
+ (He g€l — Thréads) (H 2002 = T4, 010085 — T, 35353) ol
) ) . - 9%u 0%u
Y i ek € J ¢l ¢q =
+ (Hp¢ — Tiggagh) (Hogl - qufoﬁx) ociogl | OO
92 , 0%u
€ ¢j
+f>\ GYCE (HO'/\EE f 5>\) ﬁ@fj fﬁ@ﬁ\@xl
) 0%u
U« R
+§ﬁ£)\ OrtOri Ot §ﬁ£ §>\ 8&7
9%u ; i 0%

+ (Hoghel ~ T 6h6e8) 5o + (Histl — Thihdh) 5

v 1 j 'd 8 v i j i T j 82u
+ (ngi — rikgAgg) 7 T (Hagé;&i - Fmé‘aé‘éfi) 929 0¢"

+@@ﬂ%%%ﬁmﬁ$—H”%¢$+mJﬁM%

dxid¢]

_ Hf\'/af | cagl + T I‘J 5/\555 ) o€l

0%u
OELEL

+ (Hp¢s — Tigngh) (Honel —1,60e)
It follows
[Hp, Hx](u) = HB(HA@)) - HA(Hﬁ(@))

+Flrkl“{q§§€§§§ - €T£A€5> Py
o
-~ for},  ori ,
= [(Hgﬁ o — HNHs) €+ (axlzq D A L {ifiq>

= [z, — HEHZ) € - G e 2

5+ HZ,BH?,\ﬁi - HZ,\H[%EZ

el

8§J o€l
In this way [Hg, H)] = C§\H,

Proposition 2.3. The vector fields Hz, 8 = 1,p, and the d-tensor fields from the
definition 2.4 are related by

(2:3) Hp(u) = Fi' i (0)€s, &, B=T1p.

i1 m B

The system (2.3) is called the kinetic PDEs system.
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Proof. Let P be the potential of the vector field

X = (Xﬁ) (anl 7.mﬂ 11 e i’;)
Let t = (¢, tP). It follows that

t! t?
P(t) :/ XI(S,O,... ,O)d5+/ X2(t178507"'
0 0

,0)ds +

tP

—|—/ X, (th 2, ... 77t s)ds + C.
0

Let us denote to = (tJ,

). The equality V. (10),yi (to) = V(t + to) implies

. to
u(to,x(to)m’a(to))z/ Xpdt? =

—(x,&,)
= u(to, z(to), w4, (to)) = P(to) — P(7—(x,€u)).
follows

Differentiating the last relation with respect to t? and then considering tq = 0, it

Hy(w) = P (@)Ek, -6

Qm, *

Proposition 2.4. The differential operators Hg, 8 =1, p, and the inner differentia-
tion operator d are connected by the equality

= (dv) o h ()€l g B =1,

AXm—1

Hy (o0 (L)l - €7, )

Proof. The following relations hold

HB( o am 1(t .T) imil)

a v Q1. O —1 71
|:8tﬁ +£Ba k (HEBgl]f lfjgﬁ) afk:|( Vit i1 (t,x) i
Quitam=t

Lo fhm—t
Qo —1
; . Qui e om=t
_ 1--:tm—1 i Tm 21---tm—1 7 T —
=g (B2 &+ T oy €D
Q1o Oy — k ) b —
i () (H2peh — Theleh) ggr (e, -,
_ glzivle (t ) i1 gzm . avioil.“i‘:;jzl (t ) i1 'é-im_l é—k
atﬁ » L §a1 Qm—1 8!17k » T (03] am—150
k k ¢jel Q] Qg1 E€Q 4] e Oy i /: i —
+ (Hepel — TReleh) vy i il it € it 6

X —1
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a X0 —1
B ’Ui1‘..im71 (t )il me 1 +H fk /Z: G —1
= 8t5 » L)Say Qm—1 Qs Qo —1
val...am_l
Q. g —1€XgH1... Oy —1 + 11.--Tm—1 ( )5 . T —1 ’Lm
015 —1Kis41.tm—1 Oxim QAm—1
G ¢J ¢ ) L Qg1 €Qs 1. Qi —1 Fig Tm—1
F f 55 i1 ts— 11ml§+1 Am—1 §(¥1 cSos S am—a
Q1. 1( ) L ftmet - Qm—1 ( ) 91 .. Fhm—1 ¢lm
= Vi i 1[3tx gam 1+v cim—130m t,x ay am—1583

o 1 o(ar)...o(am—1) ¢7(i1) T(im—1)
T m— 1P Z Urin)-rtin 8 Soton) T Eoton )

oEY m—1
TEX, 1
1 o(a1)..0(crm 1> p(in) | enlim—1) en(im)
Jr(m—l)!m!. Z Vilin)etslim 1 slim) (1) " Solam—1)5B
[ SDIEY
HEX,
= (do)gt oo (b a)El e,
where 3,,,_1, %! _; and X/ are the sets of permutations of {1, ... ,qm—1}, {1, yim—1}
and {i1,... iy} respectively.

Thus, we arrive at the following problem [8]:
Problem 2. Let (M, g) be a compact differentiable manifold. To what extent the

right-hand side of (2.3), considered on SMP, is determined by the values u‘aSM of

the solution on the boundary? In particular, does the equality u‘as = 0 imply the
MP

homogeneity of order m — 1 in (£, ... ,£P) of the polynomial u?

Definition 2.5. The system formed by the equations Hg(u) = Fa(x;&1, ... £P), con-
sidered on SMP, is called the kinetic partial equations system of (h,g) and of the
functions (Fg) on JY(T, M). The function u is called the density of field and the set
of functions Fg is called the density of sources with respect to the volume form

dVPTHE — det(gy)dtt A AP Adat AL Ade™ (/N dEL).
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