The Gauss-Weingarten formulae of second order

Gheorghe Atanasiu and Alexandru Oana

Abstract. It is the purpose of the present paper to outline an introduc-
tion in theory of embeddings in the 2-osculator bundle. First, we recall the
notion of 2-osculator bundle ([1],[2]) and the notion of submanifolds in the
2-osculator bundle. A moving frame is constructed. The induced connec-
tions and the relative covariant derivation are discussed in third and fourth
sections. The Gauss-Weingarten formulae are present in the next section.
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Introduction

Generally, the geometries of higher order defined as the study of the category of
bundles of jet (Jé“M, 7k, M) is based on a direct approach of the properties of objects
and morphisms in this category, without local coordinates.

But, many mathematical models from Lagrangian Mechanics, Theoretical Physics
and Variational Calculus used multivariate Lagrangians of higher order acceleration.

From here one can see the reason of construction of the geometry of the total
space of the bundle of higher accelerations (or the osculator bundle of higher order)
in local coordinates.

As far we know the theory of Finsler submanifolds is far from being settled. In
[8] and [9] R. Miron and M. Anastasiei give the theory of subspaces in generalized
Lagrange spaces. Also, in [4] R. Miron presented the theory of subspaces in higher
order Lagrange spaces. This article is draw upon the original construction of the
higher order geometry given by R. Miron and Gh. Atanasiu ([4], [5],[6],[7]) and new
aspects give by Gh. Atanasiu in [1].

If M is an immersed manifold in manifold M, a non linear connection on Osc? M
induce a nonlinear connection N on Osc? M. We take the metrical N-linear connection
D on the manifold Osc?M. This allows obtain of the induced tangent and normal
connections and introduction of the relative covariant derivation in the algebra of
d-tensor fields ([10]). If in [4] R. Miron use the canonical metrical N-linear connection

of the space L(?)" having the coeficients (F;k, ?ﬁw g;k) , in this article we take the
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canonical metrical N-linear connection of the manifold Osc? M having the coeficients

((z%)”c’ <z€>”c’ (pc;)bc) ’
(p = Oa 13 2) .

In this paper we get the Gauss-Weingarten formulae (Theorem 5.1) generalizing
the same problem solved by R. Miron ([4]) and A. Bejancu ([3]).

Of course, the study of the higher geometry in this direction will be continued by
autors.

1 The 2-osculator bundle (OSC2M, 72, M)

Let M be a real differentiable manifold of dimension n. A point of M will be denoted
by x and its local coordinate system by (U, ), ¢ (x) = (z®). The indices a, b, ...run
over set {1,2,....,n} and Einstein convention of summarizing is adopted all over this
work.

Let us consider two curves p,o : I — M, having images in a domain of local
chart U C M. We say that p and ¢ have a ”contact of order 2” in a point zg € U if:
p(0) =0 (0) =z, (0 € I), and for any function f € F (U) :

d? d’
(1.1) prc) (fop) (@) lt=0= o) (foo)() lt=o,(B=1,2)

The relation ”contact of order 2” is an equivalence on the set of smooth curves
in M, which pas through the point xg. Let [p],, be a class of equivalence. It will be
called a ”2-osculator space” in a point zy € M. The set of 2-osculator spaces in the
point g € M will be denoted by OsciOM, and we put

Osc*M = U OsciOM
M

To€

One considers the mapping 72 : Osc?M — M define by 72 ([p]xo) = xg. Obviously,
72 is a surjection.
The set Osc?M is endowed with a natural differentiable structure, induced by that
of the manifold M, so that 72 is a differentiable maping. It will be descrieb bellow.
The curve p : I — M (Imp C U) is analytically represented in the local chart
(U, ¢) by g = 2§ (= 2% (0)) . Taking the function f from 1.1, succesively equal to the

coordinate functions x®, then a representative of the class [p],, is given by

dx® 1., d%x®
0) + =t2
o O+

*a _ _a
() =z (0) + ¢ 5

(0), te(—e,e)CI.

The previous polynomials are determined by the cofficients

do
dt

1 Az

a __ ..a Da __ 2)a
(1.2) Lo =T (O)vy() = (O)ay() =5 a2

(0)

Hence, the pair ((7‘(’2)_1 (U),(I’) , with @ ([p],) = (28, yMe,yP) € R*, V[p],, €

(72) “'(U) is a local chart on Osc2M. Thus a differentiable atlas Ay of the diferen-
tiable structure on the manifold M determines a differentiableatlas Apge2p on Osc? M
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and therefore the triple (Osc?M,x2, M) is a differentiable bundle. We will identified
the 2-osculator bundle (Osc?M 7%, M) with 2-tangent bundle (T2M 72, M) .

By 1.2, a transformation of local coordinates (z¢,yMe, y(e) —
(:Ea,gj(l)a,gj@)a) on the manifold Osc?M is given by

o) ) n oz
T =x (1‘1’...,.73 ), det <8{L’b> 750
N oz

(1.3) g = oy

oyHe oy e
§(2a = 24, ()b 29 @20
2y 92b Yo+ 28y(1)by

One can see that Osc?M is of dimension 3n.
Let us consider the 2-tangent structure J on Osc2M

P P P P o
! (W) =gy J (311(1)") = gy@a (311(2)“) =0

0 0 0 . .
where (5’1" s 04 lus 9y @4 u) is the natural basis of tangent space

T,0s¢2M . € Osc?M.If N is a nonlinear connection on Osc?M, then Ny =
N, J(Ny) = N; are two distributions geometrically defined on Osc?M, all of di-
mension n. Let us consider the distributions Vy on Osc>M locally generated by the

vector fields {8(?2)} Consequently, the tangent bundle to Osc?M at the point
y a

u € Osc?M is given by a direct sum of the vector space:

(1.5) T,0s¢> M = Ny (u) @ Ny (u) ® Va (u) ,Vu € Osc? M.

) ) 1) o
We consider {61;&’ 5y1(“)’ 5y(2)(a)

and its dual basis denoted by (dz®, sy, 6y(??) , where

an adapted basis to the decomposition 1.5

1) 0 ] 0

= = Nl — Nz

dze Oz (1) “oy(Mb  (2) “oy2P
s o , 0

(1.6) sy(Ma — dy(Ma o (]Y) ¢ Gy(2)b
5 9

5y(2)a - ay@)a

respectively
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dx® = dx®
) 1a — d (1)a_|_Ma dxb
(1.7) Y TR
6y(2)a — dy(Q)a + Mab(syb + Mab5y(2)b
(1) (2)
where

M = N, M%) = N%+ NN

1) n @ (2) 1 @
Let h,v1, v be the projectors defined by the distributions Ny, N7 and V5. If X €
X (OscM) we denote:

X =pX, XV' =0 X, XV2 =0, X.
Therefore we have the unique decomposition:
X=X"4+ X"+ X"

Each of the components X, XV1 XV2 is called d-vector field on Osc®>M. If w €
X (OchM) we can write
w=wl +u" + "

where

o = hw, W' = nw, W2 = vow.

The quantities w!,w",w"? are called d-1 forms.

Similarly, a tensor field T € T (OSCQM ) can be split with respect to 1.5 into
components, which will be called d-tensor field.

Definition 1.1 A linear connection D on Osc?M is called N-linear connection if
it preserves by parallelism the horizontal and vertical distribution Ny, N7 and V5 on
Osc®M.

Any N-linear connection D can be represented by an unique system of functions

DU(N) = L3y, C i O =0,1,2) wh
(N) <(p0)bda(p1)bda(p2)bd) ,(p=0,1,2) where

Ds 0p = L $.04, Ds,01p= L §.614, Ds,000= L ¢ 024
6.9b (OO)bc 6.91b (10)bc 1 6.92b (20)bc 2
Ds, .00 = C 300, Ds, 016 = C §.01a, Ds, 026 = C §.024
(01) (11) (21)
Ds, .0 = C ¢ 64, Ds, 016 = C ¢ 0140, Ds,. 000 = C ¢.924,.
520 (g)bc 52010 = Cic01 5202 = 0502
These functions are called the coefficients of the N-linear connection D.

Let us consider vector fields X, Y € X (OsczM ) and a N-linear connection D. It
follows that

2
DXY = Z (DxHYVP +DXV1YVP + DXVQYVP) (‘/0 = H) *
p=0

We have
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1:0)§Y = DxuYH, 107)ng =Dyw YH, [OJ)VgY = DyvwYH
JP))I;’Y:DXHYVP, lp)ng:DleYVp, II?Y(QY:DXVQYVT’,(]): 1,2).

If on the manifold Osc?M is given a N-linear connection D then there exists a
hp-, v1p- and vey,-covariant derivatives in local adapted basis (p = 0,1,2).

Any d-tensor T, of type (r, s) can be represented in the adapted basis and its dual
basis in the form

T =T 1 0y ® ... ® Dog, ® da® @ ... @ 6yDPs.
M 2) v
For X = X“(S +X %14 + X 09, using the properties of the operators DH D !

and DY? we get
P

(0) )
DHT = XdT’“'“‘zT 00, @ .. @ Do, @da” ® ... @ syPbs,

(1)
DV1T XaTal | J 00, ® ... ® 820,7 Rdz’ ®...® 5y(2)b
Vs @ )a ai...ar @ s b (2)b
lp)XT = XTIyt | g 0y ® . ® O2q, @™ ® ... @ Y

where
Tal b | ) 50.T[;11 ar+(L)a1Tz:»1a2 ar+ +
ar cQp_1cC ai...ar ay...ar
+(l(’))chb1 b - (I(’))glchblg...bs o (» O)b chblg bs_1cC
(1)
Toier | pa= OaTilier + C LTy + ot
T C‘“T‘“ e T‘“ i — C ¢ T
(1 (l)bld Cbgu.bs (pl)bsd cba...bs_1c

(2)
Tytogr | pa= 2a Ty 5 + C e Ty 4t

a,ral-. a7 1C c lll c aj...ar
+(C 0Ly, —(C biaTlen, b — (C)b aLepy b e

1) 6
(610, = W762a = va: 0,172)

1) (2)
The operators ”[,q” )" | 4" and ™ |,

derivatives with respect to DI (N).

7 are called the hy-,vi,- and vop-covariante

Definition 1.2 A N-linear connection D on Osc?M endowed with a metric g is
said to be a metric N-linear connection if Dxg = 0 for every X € X (OSCQM) .

Proposition 1.1 A N-linear connection on Osc?M is a metric N-linear connec-
tion if and only if
1) (2
Gablpa = 0, gab | pd = 0, gab | pd— 0
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2 Submanifolds in the 2-osculator bundle

Let M be a C* real, n-dimensional manifold and M be a real, m-dimensional man-
ifold, immersed in M through the immersion i : M — M . Localy, i can be given in
the form

a

due

(2.1) % = 2% (ul,...,um), rankH =m

The indices a, b, ¢,....run over the set {1,...,n} and «, 3,7, ... run on the set {1,...,m}.
We assume 1 < m < n. If i is an embedding, then we identify M to i (M) and say that
M is a submanifold of the manifold M. Therefore 2.1 will be called the parametric
equations of the submanifold M in the manifold M.

The embedding i : M — M determines an immersion Osc?i : Osc>M — Osc?M,
defined by the covariant functor Osc? : Man — Man.([4])

The mapping Osc®i : Osc2M — Osc2M has the parametric equations:

a

ou”

=m

% = x° (ul, ,um) ,rank H

(2.2) e = 977 )a

ou

Da Ma
gy@e = W wa g0 @

Oue v
where
or® 8y(1)a 8y(2)“
Oux  Gve  Gy)a
(2.3)

oyMa  gy(2a
due  guDa
The Jacobian matrix of 2.2 is .J (Osczi) and it has the rank equal to 3m. So, Osc?i
is an immersion. The differential 4, of the mapping Osc?i : Osc>M — Osc*>M leads

to the relation between the natural basis of the modules X (OSC2M) and X (Osc2M)
given by

o 0 9
ue JuMe Gy

(5

o o 9
= || 6z ye  gy@a

J (05622’) .

This differential 7, maps the cotangent space T™ (Osc2M) in a point of Osc?M, into
the cotangent space T* (Osc?M) in a point of Osc?>M by the rule:

ozx®
d a — d «
* ou~ v
1 1
(2.4) dyWa — oy )ad . oya e

Ov(Da

@a  gya

dy(@e — &yi 6y(2)a
Y ou“

Ve | Y9~ 5 (2)a
guma Wt Gu@a
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We used the previous theory for study the induced geometrical object fields from
Osc*M to Osc?M.
Let us consider

. Oz
(2.5) By =5

We take gq, a nondegenerate metric on the manifold M and G =g,,dz® ® dab +
Gap0y M @ syMae 4 g6y @ §yPDe  a metric on manifold Osc2 M.
Thus, {Bi‘, BS, ..., Bg@} are m-linear independent d-vector fields on Osc? M. Also,

BL, B2, ..., B"} are d-covector fields, with respect to the next transformations of

coordinates

Ok (%(1
~(2)a _ (Hp (28
W = v U 2 g

a

Of course, d-vector fields {Bf, .., By,
z,yM

We say that a d-vector field £* (, a
Osc* M, we have

} are tangent to the submanifold M.
,y(Q)) is normal to Osc2M if, on 71 (U) -

( (u), y(l (u ey v(2)) y(2) (u,v(U,v@)))Bg (u) -
( (u), y(l) (u es) v(?)) (2) (u,v(l),v(2>)) =0

Consequently, on 71 (U) C Osc®M there exist n — m unit vector fields B2,
(@=1,...,n —m) normal to

Asusual (z2,y1M?, y??) (a = 1,...,n) will denote the local coordinates on Osc? M
and Osc>M and orthogonal to each other. Namely, we have:

(2.7) gangBg =0, gangBg =0a5 (@, B=1,...,n—m)

The system of d-vectors B2 (& =1,...,n — m) is determined up to orthogonal trans-
formations of the form

o« _ 4B Ra
(2.8) B = AL BS,

m),

where @, 3, ... run over the set (1,2,..,n —m).

We say that the system of d-vectors { B¢, B4} determines a frame in Osc?M along
to Osc?M.

Its dual frame will be denoted by { B (u,v™,...,v®) , BY (u,v™,...,v»)} . This
is also defined on an open set 7! (U) C Osc?M, U being a domain of a local chart
on the submanifold M.
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The conditions of duality are given by:

(2.9) BYBS =063, BBS =0, BSBY=0, BIBY=3§

(2.9%) BiBY + B2By = of
Using 2.7, we deduce:
(2.10) 9apBE = g BY, 055B) = gun B

So, we can look to the set

R = {OLU( (”)333@0732(%v“%v@0}

(u, v, v?) € #71 (U) as a moving frame. Now, we shall represent in R the d-tensor
fields from the space Osc?M |, restricted to the open set 71 (U) .

In a next section, we will study the variation of the moving frame R along to
w1 (0)
i .

3 Induced nonlinear connection

Now, let us consider the canonical nonlinear connection N on the Osc?M. Then its
dual coefficients M, M depends only by the metric g. We will prove that the restric-
1" (2

tion of the of the nonlinear connection N to Osc>M uniquely determines an induced
nonlinear connection N on Osc?M. Of course, N is well determined by means of its

dual coefficients (MB’ MO‘) or by means of its adapted cobasis (du svMe sy 2)0‘) .

Definition 3.1 A non-linear connection N on Osc?M is called induced by the
nonlinear connection N if we have

(3.1) s = BagyMa 5y = Bagya
Proposition 3.1 The dual coefficients of the non-linear connection N are

M =B (B +MaBb>
n)”? ( 08 T gy Th
(3.2)

. 10B§
M¢% = B> o0y, (1)é (1)’Y_|_Ba (2)6 +M“B +M“B>
2)° ( 2 ouP W% Tt
where g\/lb, 5\24)“ are the dual coefficients of the non-linear connection N.

Theorem 3.1 The cobasis (dxa,5y(1)“,6y(2)a) restricted to Osc?M is
uniquely represented in the moving frame R in the following form:
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dx® = Bgduﬁ
(3.5) syMe = BagpMe 4 Bg(ll()gduﬂ
oyPe = Bagy@e 4 Bg(ll()éév(l)“ + Bgé()gdua
where
(fl()g = B> (Bgﬂ + {\453};)
(3.6) K5 = By <;%Bl§v(l)5v(l)7 + BSgu®° + %ngﬁ + %ng -

aRY f b d Ry
—-B}B) (BJ; +{\14)va) (Boﬁ—s-%gBB)

are mized d-tensor fields.

Proof. The first relation is obviously. From 2.2 and 3.2 we obtain 3.5. a

Generally, a set of functions T; ..... gg‘ (u, ON U(Z)) which are d-tensors in the index

iy Jy--., and d-tensors in the index «, 3, ...and tensors with respect to the transforma-
tions 2.8 in the index @&, 3, ... is calld a mized d-tensor field on Osc?M.

4 The relative covariant derivatives

We shall construct the operators (V) of relative (or mixed) covariant derivation in
P

the algebra of mixed d-tensor fields. It is clear that (V) will be known if its action of
P

functions and on the vector fields of the form

X (2 (u),y D (u,0D) 5@ (u,0M,0@))
(4.1)
X (u,v(l),v(z)) , X© (u,v(l),v(z))

are known.

Definition 4.1 We call a coupling of the canonical metrical N-connection D to
the induced nonlinear connection N along Osc>M the operators (D) with the property
P

(4.2) DX*= DX* (modulo 3.5)
(») (»)

(4.3) DX*=dX*+ Xbw,
(p) (p)
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and

(4.4) DX®=dX+ X'

(») (»)

The 1-forms ((D)l;‘ are the connection 1-forms of (D) (p=0,1,2).
P P

We have

Theorem 4.1 The connection 1-forms (d;)g of (D) are given by
P P

0¢= [ odu’ + C %6000 + C a.5p(2)90
b 0)b0 (p1)¥ ()

() (p0)
where
La:L“Bd—i-C JBIKS+ C ¢sBIK?
@0 0?0 T 1P T ()P 8 (2)°
45 Co= C8BI+ C¢BYKS =0,1,2
(45) GDP Pt 0 T (b i ®° (p )
Cf a — (a Bd
w2 )P0
Proof. From 4.2, 4.4, 4.3, and 3.5 we obtain 4.5. O

Corollary 4.1 The coupling D of the canonical metrical N-connection D to N
depends on the metric gq, and on the embedding i : M — M, only.

Of course, we can write (D)X % in the form
p

5 (1) ()
(Pl?)Xa — Xa |p6 du6 +Xa ‘ p[j 51)(1)5 +Xa | p5 (;'U(2)6

where "
a 5Xa b a ! 5Xa b A a
X% 1ps= Sus +X o )béa X | 5= W+X (g)bév
" (2) oxe b~
X | 8 WO +X( )

Definition 4.2 We call the induced tangent connection on Osc>M by the canon-
ical metrical N-connection D the operators (D) T given by
P

DTX*=B*DX"% for X = B2X"
(4.6) (p) b (p) f K
‘We have

(4.7) D'X*=dX*+ X w§
(p) (p)
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where w @ are the connection 1-forms of DT (p=0,1,2).
@’ (»
We have

Theorem 4.2 The connection 1-forms of the induced tangent connection DT are
given by:

we= L %dud+ C %00 4 C 2 5020
(4.8) ®° 00 (p1)? )
where

L < =B (Bd +Bde>
»0)*? d( B3 T8 (poy I

a _ panpf ~d —
(4.9) Sy = By Bﬁ(g)fzi (p=0,1,2)

o :Ban Cd
@2 T TB gy fo

Proof. From 4.4, 4.7 and 4.6 we have 4.9. a

Corollary 4.2 The induced tangent connection D7 depends on the metric g, and
the embedding i : M — M, only.
As in the case of D we may write

M (2)
T ya o 4 e ) a 1
DIX® = Xfjsdu® + X7 | s x| s 6u®

where "
oXe - L oX«
o = — Xﬁ L o XO‘ — Xﬁ «
Pd ™ 5yo + 0y’ | s dov(1)d + @1
(2) ox™ .
@ _ B8 a _
X | pé ov(2)s + X (pCQ)ﬁé (p 0,1, 2)

Definition 4.3 We call the induced normal connection on Osc> M by the canonical
metrical N-connection D the operators (D) L given by
P

D1tX®=B*DX® for X =B2X7
(4.10) (p) > ) J 7

As before, we set

(4.11) D' XY =dX®+ X w§
(p) (p)
where w 2 are the connection 1-forms of (D)L (p=0,1,2).
P

»"”
We deduce
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Theorem 4.3 The connection 1-forms of the induced normal connection D+ are
as follows:

(4.12) @5 (1{6)55du + & 500 (18 G555 (22
where
dB4
& & B fyd
L¢ =BY|—%=+BLL
()% d( w ﬁ(po>f5>
5 B4
a _ pa B fp/ad _

Proof. From 4.4, 4.10, 4.11 and 3.5 we have 4.18. O
Corollary 4.3 The induced normal connection D+ depends on the metric ga, and

the embedding i : M — M, only.
We may set

- N _ (M
DX« :X“gédu‘;%—X’JK | ps svM9 L x| 6 sv(»?

where "
L 0XY s W sxe 5 s
a B a a B8 a
Koo = Gz T2 L X | ps= 5y TX G )pe
C) G
xe =+ X7 C 3 (p=0,1,2
oD (pzy@é( ):

|p6 a
(

Now, we can define the relative (or mixed) covariant derivation V enounced at the
begining of this section.

Theorem 4.4 A relative (mized) covariant derivation in the algebra of mized
d-tensor fields is an operator (V) for which the following properties hold:
P

(V)f =df, Vfe ]—"(OsczM)

p

VX® = DX“, VX%=DTX% VX%= Dtxe (p=0,1,2)
(p) (») (p) (p) (p) (p)

The connection 1-forms (d))g‘, (w)g, (w)% will be called the connection 1-forms of (V)
p) (0" (p P
As a direct consequence of the Theorem 4.1, 4.2 and 4.3 we can obtain:

Proposition 4.1 The following equations hold:
Vga =0, Vizz=0,(p=0,1,2).
(p) (p)
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5 The Gauss-Weingarten formulae

As usual in the theory of the submanifolds we are interesed in finding the moving
equations of the moving frame R along Osc?M.

These equations, called also Gauss-Weingarten formulae, are obtained when the
reletive covariant derivatives of the vector fields from R are expressed again in the
frame R.

Thus we have

Theorem 5.1 The following Gauss-Weingarten formulae hold:

(5.1) VB =B
(p) (p)

(5.2) VB =—-BII°
(p) (p)

Proof. From 4.13 we have

() ()
Vv B, BSpdu’ + B | 5 000+ BL | g 60

§Be .
— ( @ 4 LgﬁBg—LgﬁBg>duﬁ+

duP  (p0) (p0)
+ 9B + C 2B — C?.BY | suMP 4
svMB T PP P e
0B2 -
o CaBbfcé B¢ 5(2)6
+<5U(1)ﬂ+(p2)bﬁ ()P 5) Y

= Bigdu® + B} (E @ duP + C g0 4 O ¢ 51)(2)'8) -
of >\ o0 @n"” 2"’
—Bj [Bj (Bgﬁ +B/ L gﬁ) du® + BiB] C 45601°+ .
(p0) (p1)
+BSBL C ¢ 5u<2)5]
¢ a(pQ)fﬁ
Use the notations

% = H Ssdu® + H 05600 + H 056025
(p) (p0) (p1) (p2)

where
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& 5 d d
(g)a s = B (Ba5+B£ L fﬂ>
Hag _ BSBf =~ d
o™’ aBa §1o
H.,'s = BB CH
w2’ a7 ) 0

we obtain 5.1.
Now, by applying (V) to the both sides of the equations
P

gabB‘.iB% =0
one gets
gang(l;I)iBlZ + gang(Y)B% =0.
Multiplying with B we obtain

VB — B¢BSg,, VB = —B$65. 117,
Tod gy B~ s Dddab ) Zp 4 )

But Bnggab(V)B% = 0. Consequently, we obtain 5.2. O
P
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