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Abstract. The paper studies the tg-convexity and lateral extrema using
the restrictions of a given function to the parametrized curves in a suitable
pencil T'y. The main result is: if f: D — R admits the point a € D as a
strict extremum point constrained by each straight line passing through
the point a and if for any o € T',, v (t9) = a, the restriction fo« is strictly
convex in a neighborhood of ¢g, then the point a is a strict minimum point.
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1 Introduction

The theory of extrema with nonholonomic constraints ([11, 10, 9, 8, 7, 19, 17, 18, 4,
15, 3, 2, 21, 20, 16, 14, 12, 13]) suggests to study the extrema constrained by curves in
a family with vertex (pencil of curves) whose images decompose the space. The family
can include all the curves contained in a holonomic space or all integral curves of a
Pfaff system (nonholonomic case). In this way the holonomic or nonholonomic con-
straints in an optimiztion problem can be approached unitary. Particularly, this idea
is useful for establishing the position of a holonomic or nonholonomic hypersurface
around a point with respect to the tangent plane at that point.

Classically, the shape of a hypersurface around a point is given by the second
fundamental form, in case that it does not vanish at that point. Even in this situation,
the surface behavior around a point can be unexpected, as the next example shows. In
fact, we can get information about the way a hypersurface deviates from the tangent
plane at a point by pursuing the values of the linear approximation function along
various curves on the hypersurface which pass through that point.

Example. We consider the surface ¥ : z = g (x) — y2, where

1
g(x) = xgsing x#0
0 z=0
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is a C* function. The tangent plane to ¥ at P (0,0,0) is 2Oy : z = 0. The second
fundamental form does not vanish at P, and ky (P) = 0 and kg (P) = —2 say that the
point P is a parabolic point. Consequently the fundamental form cannot decide the
shape of the surface around the origin. On the other hand, the values of the function
g(z) — y? along the curve a(t) = (¢,0) show that our surface is not locally convex.

Fig. 1. Graph dilated along Oy

2 Extrema constrained by curves

Let D be an open set in RP and f : D — R be a real function. Let I';, be a family of
parametrized curves « : I — D passing through the point a = a(ty) € D.

2.1. Definition. We say that a is an extremum point of f constrained by a
parametrized curve a € T'y if ¢ty is an extremum point of the composed function
f oa. We say that a is a minimum (maximum) point of f constrained by T',, if a is a
minimum (maximum) point of the function f constrained by any « € T',.

2.1. Theorem. ([4, 14]) Let f : D — R and a € D. Let T, be either the set of
all C' parametrized curves passing through a and regular at a or the family of all C?
parametrized curves passing through a, such that either a is a regular point for a, or
a is a singular point of the second order for a.. The point a is a minimum (maximum)
point of f if and only if a is a minimum (mazimum) point of f constrained by T,.
The previous theorem can be further refined by

2.2. Theorem. [6]) Let f : D — R be continuous. The point a € D is a strict
extremum point of the function f if and only if a is a strict extremum point of f
constrained by any o € T'y.

We can renounce at the continuity of f by modifying the family I',.

2.3. Theorem. [5]) Let f : D — R and a € D. Let T, be the family of all C*
parametrized curves passing through the point a and regular at a. The point a is a



84 Oltin Dogaru, Constantin Udrigte and Cristina Stamin

strict extremum point of the function f if and only if it is a strict extremum point of
f constrained by each a, o € T',.

It is interesting to notice the fact that the last two theorems do no more hold true
if we replace ”strict extremum point” with ”extremum point”. More precisely, the
point a can be an extremum point of f constrained by any « € I', without being an
extremum point of f, even if f is of class C'*°.To build an example, we fix the subsets

Dy:y?—ay<0, Dy:a® —ay <0, Dy:a?+ay <0, Dy:y> +ay <0
in R2. Then we define the C* function
1
e VP —TY if (2,y) € Dy
. P2 _
frRE= R flry) =93 if (z,y) € DyU Dy
1
—e Tty i (x,y) € Ds.

Fig. 2. Graph

The point ¢ = (0,0) is not an extremum point of the function f. On the other

hand, since the subsets D;,i = 1,4 are star-shaped at the point a, it follows that any
parametrized curve « of I'y, passing through a, rests, in a neighborhood of the point
a, in one of the sets D1 U Dy U Dy or Dy U D3 U Dy. In this way, the point a is an
extremum point (non-strict) for f constrained by any « € T',.

By the previous results, a multi-variable problem of extremum can be reduced at
a single-variable problem of extremum (on curves).

3 Lateral extrema and convexity

In the following we present some sufficient conditions of extremum, by using the
notions of ”lateral extremum” and of ”ty—convexity”.
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Let p: I CR — R.

3.1. Definition. Let tg € I We say that the function ¢ is strictly to-convez if
there exists a neighborhood I, of ¢y such that

p(ut + (1 —u)to) < up(t) + (1 —u)p(to)

for Vt € I, and Vu € (0,1).
If ¢ is strictly convex in a neighborhood I, of ty i.e,

p(uty + (1 —u)tr) <wup(tz) + (1 —u)p(ts)

for Vt1,t2 € I, and Yu € (0,1), then ¢ is strictly to-convex. The converse is not true.
For this it is sufficient to consider the function

_ [t if te(—o0,00U1,400),
SD'R_’RaSD(t){}lﬁ if tE[l 1),n€N*,

n+tl’'n

which is strictly tg-convex ( tg = 0), but is not strictly convex in any neighborhood
of ty, because there exist points of discontinuity in any neighborhood of ¢g.

3.2. Definition. We say that tq € I is a strict lateral extremum point of the
function ¢ if "@(tg) < () or p(te) > @(t), YVt € (to,to+¢€)” or "p(ts) < @(t) or
p(to) > (1), t € (to —&,t0)”.

3.1. Lemma. Suppose that the map ¢ : I C R — R is strictly to-convezr. Then tq is
a strict lateral extremum point of . Moreover, if ¢ is strictly convez in a neighborhood
of to, then to cannot be a maximum point.

Proof. Let I, C I the neighborhood from definition 3.1.

Step 1. First we will prove that if ¢; € I, is such that tg < t; and ¢ (t9) < ¢ (t1),
then ¢ (to) < ¢ (t), Vt € Iy, N[t1, +00). Indeed, because t1 = ut + (1 — u) ¢, u € (0,1)
and ¢ is locally strict convex in g, it follows that ¢ (t1) < ue (¢t) + (1 — u) p(tg). As
p(to) < @(t1), we get p(to) < up(t) + (1 —u)(to), that is @(to) < ¢(t).

Step 2. There are two possible cases.

a) There exists a sequence (t,) such that t, — to, to < t, and p(to) < @(tn),
Vn € N*. By applying the step 1 it follows that p(to) < ¢(t), Vt € I, that is tg is a
point of strict lateral minimum of ¢.

b) In the neighborhood I, there exists t; > to such that ¢(to) > ¢(t1). Then
for Vt € (to,t1) we get t = ut; + (1 —u)tg, u € (0,1). Therefore p(t) < up(t;) +
(1 —u)p(tg) < p(to), i-e. to is a point of strict lateral maximum of ¢.

In the case of ¢ strictly convex in a neighborhood I, let us suppose, per absurdum,
that tp is a point of maximum of ¢. Therefore, there exists t1, to € I, such that
t1 <tg < ta, (p(tl) < gp(to) and (p(tz) < (p(to). Because tg = ut2+(1 — ’LL) t1,u € (0, 1),
we get o(to) < up(ta) + (1 —u)p(t1) < up(to) + (1 —u) @(to) = ¢(to), which is a
contradiction.

3.3. Definition. The point a € D is a strict lateral extremum point of the function
f constrained by « € Ty a(tg) = a if o is a strict lateral extremum point of f o a.

3.1. Remark. Let us suppose that a is a strict lateral extremum point constrained
by any a € T',. Then, it follows that for Voo € Ty, a = a(tg) either a is a strict
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extremum point of f constrained by « or f(«a(t)) < f(a) (f(a(t)) > f(a)), Vt €
(to —&,t0) and f(a(t)) > f(a) (f (a(t)) < f(a)), Vt € (to, o + ).

3.4. Definition. If a € D, we say that f : D — R is strictly a-convex constrained
by the parametrized curve a € T', (a(to) = a) if the function foa is strictly to-convex.

3.2. Lemma. ([5]) Let (), (Yn), (un), (vn) be sequences of real numbers that
satisfy xn, > 0, up, >0,Vn € N, xz,, — 0, u,, — 0, z—’; — 0 and Z—n — 0. Then there
exist the subsequences (xn,), (Yn,), (Un,) and (vy,) and a C* function f : D — R
such that f(Tn,) = Yn,, f(Un,) = vn,, Yk € N*, f(0) = f'(0) = 0.

In the sequel T', will denote the family of all C' parametrized curves passing
through the point a and regular at a.

3.3. Lemma. Let o, 8 € Ty such that a(0) = $(0) and o' (0) = (' (0). Let
(un) and (v,) two sequences of strictly positive real numbers, having the limit 0.
There exists a parametrized curve v € T'y and a sequence (t,,) of strictly positive real
numbers, having the limit 0, such that the sequence 7 (t,) contains both a subsequence
of (a(uy)) and a subsequence of (G (vy)).

Proof. We can suppose that a(0) = G(0) = 0 and &' (0) = 5/ (0) = e; =
(1,0, ..., 0).

Let z,, = (z},...,2%) = a(u,) and y,, = (y5,...,4%) = B(v,). It follows that

ﬁ — e1 and ”'Z—"H — e1. Therefore for n large enough we get z1 > 0 and y! > 0.
Moreover, h — 0 and Hy—‘ — 0 for Vi = 2, p. If we successively apply the lemma

3.1 for the sequences (ac}L)7 T(L:vfl), (y}l), (y;), i = 2,p, we get the subsequences z,, =

(w}lk,...,xﬁk), Yny, = (y,llk,...,ygk) and the maps f; : R — R of C" class, such that

fi(0) = f1(0) =0, fi(ay,) =2, , filys,) = yh,, i = 2,p. Then the parametrized

Nk

curve v (t) = (¢, f2 (¢), ..., fp (1)), t € R, satisfies the required conditions.

3.1. Theorem. Let f : D — R and a € D. Suppose that for Va € 'y the point a
s a strict extremum point of f constrained by « if the image of « is contained into
a straight line or a strict lateral extremum point of f , otherwise. Then a is a strict
extremum point of f.

Proof. We shall prove that a is a strict extremum point of f constrained by «,
for Va € T',. Applying theorem 2.3, we get the conclusion of the theorem. Suppose,
per absurdum, that there exists o € I', (a(0) = 0) such that a is not a strict ex-
tremum point of f constrained by «. In accordance with remark 3.1 there exists two
sequences of real numbers (¢,,) and (u,) which converge to 0 such that ¢,, > 0, u,, <0,
fla(ty)) >0and f(a(uy)) <0,¥n € N.Let § €Ty, 5(t) = & (0) ¢t. By hypothesis,
a is a strict extremum point of f constrained by 3, because the image of 3 is contained
into a straight line. We get f (5 (t,)) > 0, Vn € N, because, in the opposite case, in
accordance with the previous lemma applied to the parametrized curves o and (3, we
would find a curve 7y such that a is not a strict lateral extremum point of f constrained
by ~. Applying the same reasoning for oy (t) = « (—t) and (3 (t) = 8(—t), we obtain
f (61 (—up)) <0,Vn € N, that is f (5 (un)) <0, ¥n € N, which contradicts the fact
that a is a strict extremum point of f constrained by (.

3.2. Theorem. Let f: D — R and a € D such that:
i) a is a strict extremum point of [ constrained by each straight line passing through
the point a;
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1) For Va € Ty, it follows that f or —f is strictly a-convex constrained by «.
Then a is a strict extremum point of f.
This theorem is a direct consequence of lemma 3.1 and of the previous theorem.

3.3. Theorem Let f: D — R and a € D such that:

i) a is a strict extremum point of the function f constained by each straight line
passing through the point a;

ii) ForVYa € Ty (a = a(ty)), it follows that foa is strictly convex in a neighborhood
Of to .

Then the function f is continuous at a and a is a strict minimum point of f.

Proof. Because f o« is strictly convex in a neighborhood of ¢y, we get that foa is
continuous in tg. Since the parametrized curve « is a arbitrary one in the family T',,
it results that f is continuous in a ([6], [1]]). From the previous theorem one obtains
that a is a strict extremum point of f and from lemma 3.1 it follows that a is a strict
minimum point of f.

3.1. Corollary. Let f : D — R and a € D such that f is strictly convez in a
neighborhood of a and a is a strict exremum point of the restriction of f to any
straight line passing through a. Then a is a strict minimum point of f.
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