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Abstract. The study of first or second order dynamical differential sys-
tems, highlights an interesting property, namely we can associate to them
fields and propagation waves of these fields ([1], [2], [3]). We generalize
these considerations to the evolution of some deformable continuous me-
dia, because of there applications, for example in biology.
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Introduction

In what follows we show that to any system of partial differential equations written
in main form: Fa = Aij

baub
ij + Ba = 0, (Aij

ab = Aji
ab), which models the evolution of a

deformable continuous media, we can (locally and) canonically associate differentiable
(n + 1)-forms on the jet space J1(N, M) such that the solutions of the system are
among the characteristic manifolds. Some of these forms satisfy the supplementary
property to be closed. We call them superfield forms and there coefficients superfield
coefficients. The conditions imposed to the superfield forms in order to be closed, are
called the Maxwell equations.

We denote by J2(N, M) the space of the second order jets from N to M , where
N and M are two smooth manifolds, respectively of dimensions n and m.

On N we consider a volume form:

(0.1) ω0 = ωdx1 ∧ · · · ∧ dxn.

By the inner product with
∂

∂xi
, we obtain the (n− 1)-forms:

(0.2) i ∂

∂xi
ω0 = ωi = (−1)i−1ωdx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn, (i = 1, n),

satisfying the properties: dxi ∧ ωj = δi
jω0, dxi ∧ ωi = nω0.
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1 The Lagrange form

1.1 The definition of the general Lagrange form.

Let us consider the smooth manifolds Rn and M , respectively of dimensions n and
m and of local coordinates (xi) and (ua). On the manifold Rn we have the canonical
volume form ω0 and the forms ωi. On the jets space J1(Rn,M) we consider a set of
particular (n + 1)-forms Ω, locally written:

(1.1)
Ω = Aih

abdua
i ∧ dub ∧ ωh +

1
2
Bh

abdua ∧ dub ∧ ωh+

+
1
2
Qijh

ab dua
i ∧ dub

j ∧ ωh + (Eadua − P i
adua

i ) ∧ ω0,

where: Bh
ab + Bh

ba = 0, Qijh
ab + Qjih

ba = 0, ∀i, j, h = 1, n.
We assume that the conditions:

(1.2) det∆ijh = det

(
Bi

ab −Aih
ba

Aij
ab Qijh

ab

)
6= 0, ∀i, j, h = 1, n,

are satisfied. It follows:

(1.3) det∆̃ijh = det




Bi
ab −Aih

ba Ea

Aij
ab Qijh

ab −P i
a

−Eb P j
b 1


 6= 0, ∀i, j, h = 1, n,

det∆ijh = det




Bi
ab −Aih

ba Ea

Aij
ab Qijh

ab −P i
a

−Eb P j
b 0


 = 0, ∀i, j, h = 1, n.

Definition 1. We call Lagrange form on J1(Rn,M) a (n + 1)-form written, in a
local map, by (1.1) and verifying the conditions (1.2).

1.2 The Cartan’s theorem

Let us consider, on J1(Rn,M), the fields: X = Xi ∂

∂xi
+ Xa ∂

∂ua
+ Xa

i

∂

∂ua
i

and

X
h

= X
h

i ∂

∂xi
+ X

h

a ∂

∂ua
+ X

h

a
i

∂

∂ua
i

, where h = 1, n. To the form Ω we associate the

functions: Ω(X, X
1

, . . . , X
n

).

Definition 2. A field X which satisfies the condition Ω(X, X
1

, . . . , X
n

) = 0, ∀X
h

,

h = 1, n, is called characteristic field associated to the form Ω.
By the definition follows that the n-form iXΩ, called characteristic form, lead us to

the equation iXΩ = 0. We say that X is a solution of the equation Ω(X, X
1

, . . . , X
n

) =

0, if Ω(X, X
1

, . . . , X
n

) = 0, ∀X
h

. A necessary condition such that this property to hold

is that the following relations to be satisfied:
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(1.4) Ψa = i ∂
∂ua

Ω = 0, Ψi
a = i ∂

∂ua
i

Ω = 0, ∀i = 1, n, ∀a = 1,m.

Moreover, the relations:

(1.4′) Ψi = i ∂

∂xi
Ω = 0, ∀i = 1, n,

hold.
The system (1.4) is build by m(n+1) conditions and to it belong the n not essential

conditions (1.4′). These relations represent a system of m + n + mn equations with
the same number of unknown differentials:

(1.4′′)

Ψa = i ∂
∂ua

Ω = Bh
abdub ∧ ωh −Ajh

badub
j ∧ ωh + Eaω0 = 0,

Ψi
a = i ∂

∂ua
i

Ω = Aih
abdub ∧ ωh + Qijh

ab dub
j ∧ ωh − P i

aω0 = 0,

Ψi = i ∂
∂xi

Ω = −(Eadua − P j
adua

j ) ∧ ωi = 0.

Definition 3. We call characteristic manifold a submanifold given by the functions
(equations) ua = ua(xi), if they, together with there partial derivatives, transform the
characteristic equations (1.4′′) in identities.

The characteristic manifolds lead us to the equations:

(1.5)

Bh
abu

b
h −Ajh

baub
jh + Ea = 0,

Aih
abu

b
h + Qijh

ab ub
jh − P i

a = 0,

−Ebu
b
h + P j

b ub
jh = 0,

also called characteristic equations.
The last set of the equations (1.53) are linear combinations of the equations (1.51)

and (1.52). It follows that, on the jets space, the characteristic manifolds are of di-
mension n.

Proposition 4. To any Lagrange form Ω we can (canonically) associate a system
of second order partial differential equations so that its solutions are the characteristic
manifolds of the form Ω.

1.3 The Maxwell’s principle

The Maxwell’s principle is the property of the form Ω to be closed ([4]). By dΩ = 0,
we obtain the Maxwell equations:

(1.6)

∑

(a,b,c)

∂Bh
ab

∂uc
= 0,

∑

(a,b,c),(i,j,k)

∂Qijh
ab

∂uc
k

= 0,
∂Bh

ab

∂xh
+

∂Eb

∂ua
− ∂Ea

∂ub
= 0,

∂Qijh
ab

∂xh
+

∂P i
a

∂ub
j

− ∂P j
b

∂ua
i

= 0,
∂Aih

ab

∂xh
+

∂Eb

∂ua
i

+
∂P i

a

∂ub
= 0,

∂Bi
ab

∂uc
j

+
∂Aij

ca

∂ub
− ∂Aij

cb

∂ua
= 0,

∂Qijh
ab

∂uc
+

∂Ajh
bc

∂ua
i

− ∂Aih
ac

∂ub
j

= 0.
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1.4 The potential form

Given a Lagrange form (1.1) satisfying the Maxwell’s principle, locally there exists a
n-form, called potential form, ξ such that dξ = Ω. Let denote:

ξ = Ah
adua ∧ ωh + Cih

a dua
i ∧ ωh − V ω0.

Its exterior differential is:

dξ =
(

∂Ah
b

∂ua
i

− ∂Cih
a

∂ub

)
dua

i ∧ dub ∧ ωh +
1
2

(
∂Ah

b

∂ua
− ∂Ah

a

∂ub

)
dua ∧ dub ∧ ωh+

+
1
2

(
∂Cjh

b

∂ua
i

− ∂Cih
a

∂ub
j

)
dua

i ∧ dub
j ∧ ωh−

−
[(

∂Ai
a

∂xi
+

∂V

∂ua

)
dua +

(
∂Cij

a

∂xj
+

∂V

∂ua
i

)
dua

i

]
∧ ω0.

By identifying the coefficients of dξ with those of Ω, follows:

(1.7)

Aih
ab =

∂Ah
b

∂ua
i

− ∂Cih
a

∂ub
, Bi

ab =
∂Ai

b

∂ua
− ∂Ai

a

∂ub
,

Qijh
ab =

∂Cjh
b

∂ua
i

− ∂Cih
a

∂ub
j

, Ea = −∂Ai
a

∂xi
− ∂V

∂ua
, P i

a =
∂Cij

a

∂xj
+

∂V

∂ua
i

.

The potential form is not unique, it is defined via the addition of a form dΦi ∧ωi,
where Φi are arbitrary functions. We have:

dΦi ∧ ωi =

(
∂Φi

∂ua
dua +

∂Φi

∂ua
j

dua
j

)
∧ ωi +

∂Φi

∂xi
ω0.

The functions Φi can be chosen so that
∂Φi

∂xi
= V . In this case the coefficients of

the superfield are expressed by the normed potential:

(1.7′)

Aih
ab =

∂Ah
b

∂ua
i

− ∂Cih
a

∂ub
, Bi

ab =
∂Ai

b

∂ua
− ∂Ai

a

∂ub
,

Qijh
ab =

∂Cjh
b

∂ua
i

− ∂Cih
a

∂ub
j

, Ea = −∂Ai
a

∂xi
, P i

a =
∂Cij

a

∂xj
.

1.5 The reduced Lagrange form

Definition 5. A Lagrange form Ω is called reduced Lagrange form if (and only if)
all its coefficients Qijh

ab are equal to zero, ∀(xi).
Such a form is written:

(1.8)
Ω = Aih

abdua
i ∧ dub ∧ ωh +

1
2
Bh

abdua ∧ dub ∧ ωh+

+(Eadua − P i
adua

i ) ∧ ω0.
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Its characteristic equations:

(1.9)

Ψa = Bh
abdub ∧ ωh −Ajh

badub
j ∧ ωh + Eaω0 = 0,

Ψi
a = Aih

abdub ∧ ωh − P i
aω0 = 0,

Ψi = −(Eadua − P j
adua

j ) ∧ ωi = 0

lead us to the partial differential equations:

(1.10)

−Aij
baub

ij + Bi
abu

b
i + Ea = 0,

Aij
abu

b
j − P i

a = 0,

−Eaua
i + P j

aua
ji = 0.

The Maxwell’s principle is expressed by:

(1.11)

∑

(a,b,c)

∂Bh
ab

∂uc
= 0,

∂Bh
ab

∂xh
+

∂Eb

∂ua
− ∂Ea

∂ub
= 0,

∂P i
a

∂ub
j

− ∂P j
b

∂ua
i

= 0,
∂Aih

ab

∂xh
+

∂Eb

∂ua
i

+
∂P i

a

∂ub
= 0,

∂Bi
ab

∂uc
j

+
∂Aij

ca

∂ub
− ∂Aij

cb

∂ua
= 0,

∂Ajh
bc

∂ua
i

− ∂Aih
ac

∂ub
j

= 0.

2 Lagrange forms associated to systems of partial
differential equations written in main form. The
construction of them

We will define and build general Lagrange (n+1)-forms associated to the evolution of
dynamical systems of deformable continuous media, described by equations written
in main form:

(2.1) Fa = Aij
baub

ij + Ba = 0, (Aij
ab = Aji

ab), det(Aij
ab) 6= 0, ∀i, j = 1, n,

where F : J2(Rn,M) → T ∗M .
On Rn we consider the canonical map and the n-form ω0 = ωdx1 ∧ · · · ∧ dxn as

volume form. The relations (0.2) hold.
A solution of the equations (12) is a set of functions ua = ua(xh), which, together

with there partial derivatives ua
i =

∂ua

∂xi
, ua

ij =
∂2ua

∂xi∂xj
, transform the equations (12)

in identities.
We multiply the left-hand sides of (12) with ω0 and we obtain, along the solutions

of (12), the forms: Faω0 = (Aij
baub

ij + Ba)ω0, (Aij
ab = Aji

ab). By the definitions of ω0

and ωi, we have the n-forms:

(2.2) ψa = Ajh
badub

j ∧ ωh + Baω0.

We denote the contact forms by: θa = dua − ua
i dxi, θa

i = dua
i − ua

ijdxj .
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2.1 The simple Lagrange form

To the system (12) we associate a simple Lagrange (n+1)-form: Ω = −θa∧ψa, which
is also written:

(2.3) Ω = Aih
abdua

i ∧ dub ∧ ωh + (Eadua − P i
adua

i ) ∧ ω0,

where Ea = −Ba (the Lorentz force), P i
a = Aij

abu
b
j (the impulse of the system). These

relations generalize the Lorentz conditions.
In general, the form Ω is not closed. Let assume that it is closed (the system

satisfies the Maxwell’s principle). This happens if and only if the Maxwell conditions:

(2.4)

∂Aih
ab

∂xh
+

∂Eb

∂ua
i

+
∂P i

a

∂ub
= 0,

∂Eb

∂ua
− ∂Ea

∂ub
= 0,

∂P i
a

∂ub
j

− ∂P j
b

∂ua
i

= 0,

∂Aij
ca

∂ub
− ∂Aij

cb

∂ua
= 0,

∂Ajh
bc

∂ua
i

− ∂Aih
ac

∂ub
j

= 0

hold. By replacing the functions Ea and P i
a with there expressions, follows:

Proposition 6. The dynamical systems for which the simple Lagrange form is
closed, are selfadjoint.

2.2 The reduced Lagrange form

We build the reduced Lagrange form, associated to the system (12), by:

(2.5) Ω = −θa ∧ ψa +
1
2
Bh

abθ
a ∧ θb ∧ ωh,

where the coefficients Bh
ab are, for the moment, not determined.

This form is written in coordinates:

(2.5′)
Ω = Aih

abdua
i ∧ dub ∧ ωh +

1
2
Bh

abdua ∧ dub ∧ ωh−
−[(Ba + Bh

abu
b
h)dua + Aih

abu
b
hdua

i ] ∧ ω0.

The relations:

(2.6) Ea = −Ba −Bj
abu

b
j , P i

a = Aij
abu

b
j , Qijh

ab = 0

follow. They are called Lorentz conditions, with the meaning that −Ba = Ea +Bj
abu

b
j

is the Lorentz superforce and P i
a = Aij

abu
b
j represent the superimpulse.

The Maxwell’s principle, expressed by the condition dΩ = 0, lead us to the system
of equations (1.11), called Maxwell-Helmholtz equations.

Theorem 7. The necessary condition so that a dynamical system to be selfadjoint
is that the reduced Lagrange form, associated to it, to be closed.

In this case, the Maxwell equations become the Helmholtz equations.
Proof. By the Lorentz conditions (2.6) and the Maxwell equations (1.11), follow

the relations:
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Bh
ab =

1
2

(
∂Bb

∂ua
h

− ∂Ba

∂ub
h

)
.

They define the functions Bh
ab.

If we remove the functions Ea, P i
a and Bi

ab from the equations (1.11), we obtain:

(2.7)

Aij
ab = Aij

ba,
∂Aih

ac

∂ub
j

− ∂Ajh
bc

∂ua
i

= 0,

∂Ba

∂ub
i

+
∂Bb

∂ua
i

= 2
(

∂

∂xh
+ uc

h

∂

∂uc

)
Aih

ab,

∂Ba

∂ub
− ∂Bb

∂ua
=

1
2

(
∂

∂xh
+ uc

h

∂

∂uc

)(
∂Ba

∂ub
h

− ∂Bb

∂ua
h

)
,

which are the (generalized) Helmholtz equations and it follows that the system (12)
is selfadjoint.

Given the coefficients Bi
ab, Aij

ab and Ba, the coefficients Ea and P i
a follow.

A necessary condition so that the Lagrange form to be closed is that the relation:

∂Ba

∂ub
h

+
∂Bb

∂uc
h

+
∂Bc

∂ua
h

=
∂Ba

∂uc
h

+
∂Bb

∂ua
h

+
∂Bc

∂ub
h

= 0

to hold (rotvB = 0). ¤

2.3 The special Lagrange form

Let assume that we have a system of partial differential equations given in the special
form:

(2.8) Fa = Aij
baub

ij + B̃i
baub

i + Ca = 0, (Aij
ab = Aji

ab).

Such a system is written in the main form (12), where: Ba = B̃i
baub

i + Ca.
Multiplying the left-hand sides from (2.8) with ω0, we obtain the forms:

ψa = Ajh
badub

j ∧ ωh + B̃h
badub ∧ ωh + Caω0.

We build the Lagrange form by Ω = −θa ∧ ψa and it is written:

(2.9)
Ω = Aih

abdua
i ∧ dub ∧ ωh +

1
2
Bh

abdua ∧ dub ∧ ωh−

−[(Ca + B̃h
abu

b
h)dua + Aih

abu
b
hdua

i ] ∧ ω0,

where: Bh
ab = B̃h

ab − B̃h
ba, Qijh

ab = 0, and the Lorentz conditions are:

−Ca = Ea + B̃j
abu

b
j , P i

a = Aij
abu

b
j .

The Maxwell equations are given by (1.11) with the above Lorentz conditions.



144 Virgil Obădeanu

2.4 The Lagrange form associated to Lagrangian dynamical
systems

The evolution of a Lagrangian dynamical system, of deformable continuous media, is
described by the Euler-Lagrange equations:

(2.10)
∂2L

∂ua
i ∂ub

j

ub
ji +

∂2L

∂ua
i ∂ub

ub
i +

∂2L

∂ua
i ∂xi

− ∂L

∂ua
= 0, a = 1, m.

Such a system is written in the special form (2.8) and, thus, we associate to it the
Lagrange form (2.9).

The Euler-Lagrange equations are written in the main form (2.1), where:

Aij
ab =

1
2

(
∂2L

∂ua
i ∂ub

j

+
∂2L

∂ua
j ∂ub

i

)
, Ba =

∂2L

∂ua
i ∂ub

ub
i +

∂2L

∂ua
i ∂xi

− ∂L

∂ua
.

We multiply with ω0 the left-hand sides of the equations (2.10) and we obtain the
forms:

ψa =
∂2L

∂ua
(j∂ub

h)

dub
j ∧ ωh +

∂2L

∂ua
h∂ub

dub ∧ ωh +
(

∂2L

∂ua
i ∂xi

− ∂L

∂ua

)
ω0.

The Lagrange form is defined by Ω = −θa ∧ ψa and locally it is written:

Ω = Aih
abdua

i ∧ dub ∧ ωh +
1
2

(
∂2L

∂ub
h∂ua

− ∂2L

∂ua
h∂ub

)
dua ∧ dub ∧ ωh+

+(Eadua − P i
adua

i ) ∧ ω0,

which is the form (2.9), where:

(2.11)

Aij
ab =

1
2

(
∂2L

∂ua
i ∂ub

j

+
∂2L

∂ua
j ∂ub

i

)
, B̃i

ab =
∂2L

∂ua
i ∂ub

,

Bi
ab =

∂2L

∂ub
i∂ua

− ∂2L

∂ua
i ∂ub

, Ca =
∂2L

∂ua
i ∂xi

− ∂L

∂ua
,

Ea =
∂L

∂ua
− ∂2L

∂ua
i ∂xi

− ∂2L

∂ub
i∂ua

ub
i , P i

a = Aij
abu

b
j .

The following properties hold:
1o Aij

ab = Aji
ab = Aij

ba.
2o The set of the coefficients of the Lagrange form can be arranged in three subsets:

Aij
ab, which give the geometrical part, P i

a representing the kinematical part and Ea

and Bi
ab which form the dynamical part.

3o By the main form we deduce that FN
a = −Ba represents the Newtonian force

associated to the system.
4o The expression FL

a = Ea +Bi
abu

b
i represents the Lorentz force associated to the

superfield.
5o The relation:
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−Ba = Ea + Bi
abu

b
i =

∂L

∂ua
− ∂2L

∂ua
i ∂xi

− ∂2L

∂ua
i ∂ub

ub
i ,

certifies the identity of the two forces.
In general, the Lagrange form associated to a Lagrangian system is not closed. We

have:
Proposition 8. The Lagrange form associated to a system is closed if and only if

the system is selfadjoint.
Indeed, the Maxwell equations written for the coefficients given by the relations

(2.11), are satisfied if and only if:

∂2L

∂ua
i ∂ub

j

=
∂2L

∂ua
j ∂ub

i

.

In this case the system is selfadjoint and reciprocally.

2.5 The construction of the general Lagrange form

Let consider a system of equations in main form: Aij
baub

ij + Ba = 0, (Aij
ab = Aji

ab),
describing the evolution of a dynamical system of a deformable continuous media. In
order to define the Lagrange (n + 1)-form, we consider the following auxiliary forms:
θa = dua − ua

i dxi, θa
i = dua

i − ua
ijdxj , called contact forms, and also the canonical

volume form ω0 on Rn and the forms ωi.
We multiply the left-hand sides of (2.1) with ω0 and, by the definitions of ω0, ωi

and by the relations dxi∧ωj = δi
jω0, we obtain along the solutions of (2.1), the forms

(13): ψa = Aij
badub

j ∧ ωi + Baω0.
The general Lagrange form associated to the system (2.1) is defined by:

(2.12) Ω = −θa ∧ ψa +
1
2
Bi

abθ
a ∧ θb ∧ ωi +

1
2
Qijh

ab θa
i ∧ θb

j ∧ ωh,

where the functions Bh
ab, Qijh

ab are, for the moment, not determined. The characteris-
tics of Ω are given by the equations θa = 0, θa

i = 0 and ψa = 0.
Developed, this form is written:

(2.12′)
Ω=Aih

abdua
i ∧ dub ∧ ωh+

1
2
Bh

abdua ∧ dub ∧ ωh+
1
2
Qijh

ab dua
i ∧ dub

j ∧ ωh

−[(Ba + Bj
abu

b
j)dua + (Aij

abu
b
j + Qijh

ab ub
jh)dua

i ] ∧ ω0.

It is of the general form (1.1), where the relations:

(2.13)
Ea = −Ba −Bj

abu
b
j ,

P i
a = Aij

abu
b
j + Qijh

ab ub
jh

hold. We call them, by generalization, Lorentz conditions.
The functions −Ba = Ea + Bi

abu
b
i generalize the Lorentz forces and P i

a = Aij
abu

b
j +

Qijh
ab ub

jh represent generalized impulses.
The characteristic manifolds are described by the equations (1.5), where the last

set of relations are linear combinations of the others.
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The Maxwell’s principle ask that the form Ω to be closed. This condition is ex-
pressed by the system of equations (1.6).

In order to integrate the system (1.6), we remove from its equations, by the Lorentz
conditions, the functions Ea and P i

a. By (1.63) and (2.131) follows:

(2.14)
(

∂

∂xh
+ uc

h

∂

∂uc

)
Bh

ab +
∂Ba

∂ub
− ∂Bb

∂ua
= 0.

By (1.64) and (2.132) follows:

(
∂

∂xh
+ uc

h

∂

∂uc
+ uc

hk

∂

∂uc
k

)
Qijh

ab + Aij
ab −Aij

ba = 0.

These quasi-linear partial differential equations determine the functions Bi
ab and

Qijh
ab by the coefficients of the equations of the given dynamical system. We reintroduce

these functions into the Lorentz conditions (2.13), and we obtain all the coefficients
of the superfield and, thus, the general Lagrange form.

Moreover, by (1.65), (2.13) and (1.66) follows the condition:

(
∂

∂xh
+ uc

h

∂

∂uc

)
Aih

ab −
∂Bb

∂ua
i

−Bi
ba +

∂Qihk
ac

∂ub
uc

hk = 0,

which, by the last condition of (1.6), becomes:

(2.15)
(

∂

∂xh
+ uc

h

∂

∂uc
+ uc

hk

∂

∂uc
k

)
Aih

ab − uc
jh

∂Ajh
cb

∂ua
i

− ∂Bb

∂ua
i

−Bi
ba = 0.

Let assume that the system is selfadjoint. In this case, the coefficients Qijh
ab ≡ 0

and Aij
ab are symmetric. We rewrite the relation (2.15), interchanging the indices a

and b, and by adding and subtracting respectively these relations, we obtain:

(2.16) Bi
ab =

1
2

(
∂Bb

∂ua
i

− ∂Ba

∂ub
i

)
,

(2.17)
∂Ba

∂ub
i

+
∂Bb

∂ua
i

= 2
(

∂

∂xh
+ uc

h

∂

∂uc

)
Aih

ab.

By (2.14) and (2.16) follows:

(2.18)
∂Ba

∂ub
− ∂Bb

∂ua
=

1
2

(
∂

∂xh
+ uc

h

∂

∂uc

)(
∂Ba

∂ub
h

− ∂Bb

∂ua
h

)
.

Thus, we proved again the proposition that the necessary and sufficient condition
so that a system to be selfadjoint is that its Lagrange form to be reduced and closed.
In this case the Maxwell equations are reduced to the Helmholtz equations.
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