Superfields associated to second order dynamical
systems of some deformable continuous media

Virgil Obadeanu

Abstract. The study of first or second order dynamical differential sys-
tems, highlights an interesting property, namely we can associate to them
fields and propagation waves of these fields ([1], [2], [3]). We generalize
these considerations to the evolution of some deformable continuous me-
dia, because of there applications, for example in biology.
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Introduction

In what follows we show that to any system of partial differential equations written
in main form: F, = A/ u?; + B, = 0, (A%, = A’}), which models the evolution of a
deformable continuous media, we can (locally and) canonically associate differentiable
(n + 1)-forms on the jet space J!(N, M) such that the solutions of the system are
among the characteristic manifolds. Some of these forms satisfy the supplementary
property to be closed. We call them superfield forms and there coefficients superfield
coefficients. The conditions imposed to the superfield forms in order to be closed, are
called the Mazwell equations.

We denote by J2(N, M) the space of the second order jets from N to M, where
N and M are two smooth manifolds, respectively of dimensions n and m.

On N we consider a volume form:

(0.1) wo = wdzt A--- Ada™.

0
By the inner product with —, we obtain the (n — 1)-forms:

oxt’

(0.2) i o wo=w;=(—1)"twdz' A--- A dzi A A dz", (i=1,n),

ozt

satisfying the properties: da’ A wj = dwo, dz’ A w; = nwp.
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1 The Lagrange form

1.1 The definition of the general Lagrange form.

Let us consider the smooth manifolds R™ and M, respectively of dimensions n and
m and of local coordinates (z%) and (u®). On the manifold R" we have the canonical
volume form wy and the forms w;. On the jets space J1(R", M) we consider a set of
particular (n + 1)-forms 2, locally written:

. 1
Q= Al dud A du® Awy, + §ngdu“ A du® A wp+
(1.1)

1 . ,
+§Q;thdu? A dul Awp + (Eqdu® — Pidug) A w,

o h o
where: B, + B, =0, Qi)'+ Q] =0, Vi, j,h=T1,n.
We assume that the conditions:

By, —Ay,
(1.2) detA;;p, = det . g #£0, Vi,j,h=1,n,
J Az] ijh
ab Qab
are satisfied. It follows:
By, —Aj.  Ea
(1.3) detDij, = det | A% QUM —pi | £0, Vi,j,h=T1,n,
-E, P} 1

By, —Ay Ea
detDijy, = det | A% QY —PI | =0, Vi,j,h=T1,n.
-E, P 0

Definition 1. We call Lagrange form on J*(R", M) a (n + 1)-form written, in a
local map, by (1.1) and verifying the conditions (1.2).

1.2 The Cartan’s theorem

0 8+Xa8

Let us consider, on JY(R™, M), the fields: X = X'— + X 2— and

oxt ou® ou?
X=X a, + X 0 + X7 9 , where h = 1,n. To the form  we associate the
h h Ozt h Ou*  h ' Oud

functions: Q(X, )1(, o X)),

Definition 2. A field X which satisfies the condition Q(X, X,...,X) =0, VX,
1 n h
h = 1,n, is called characteristic field associated to the form .
By the definition follows that the n-form i x €2, called characteristic form, lead us to

the equation ix = 0. We say that X is a solution of the equation Q(X, X,..., X) =
1 n
0,if (X, X,...,X)=0,VX. A necessary condition such that this property to hold
1 n h

is that the following relations to be satisfied:
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(1.4) Wy=io Q=0, Ui=i,

dud Bu,‘.l
i

Moreover, the relations:

(1.47) U'i=io, Q=0,Vi=1n

hold.

The system (1.4) is build by m(n+1) conditions and to it belong the n not essential
conditions (1.4"). These relations represent a system of m + n + mn equations with
the same number of unknown differentials:

v, = iiaQ = ngdub A wp — AZZdub- Awp + E,wg =0,
(1.4") Pl = 2. Q AZhdu /\wh+Q du Awp — Plwy =0,
Ui = Z%Q = —(Bydu® — Pjdu§) A w; = 0.
Definition 3. We call characteristic manifold a submanifold given by the functions
(equations) u® = u®(x"), if they, together with there partial derivatives, transform the

characteristic equations (1.4”) in identities.
The characteristic manifolds lead us to the equations:

Blyup — Aia uj, + Eq =0,
" ,
(15) Al + Qb — Pi=0,
fEbuh + Pb ujh =
also called characteristic equations.
The last set of the equations (1.53) are linear combinations of the equations (1.51)

and (1.52). It follows that, on the jets space, the characteristic manifolds are of di-
mension n.

Proposition 4. To any Lagrange form Q we can (canonically) associate a system

of second order partial differential equations so that its solutions are the characteristic
manifolds of the form 2.

1.3 The Maxwell’s principle

The Maxwell’s principle is the property of the form Q to be closed ([4]). By dQ2 = 0,
we obtain the Maxwell equations:

3 OBy _ 3 0Qu _, 9Bh, 9B, OE,

oue o ou Crh T But oub 0,
(a,b,c) (a,b,c),(i,5,k)
(1.6) 0Qw | 9Py 9P _ o 0A% 0B, 0P
dah  oub  Oug To0zh T Oud o oub ’
i ij Aij ijh Ajh ih
aBab + aAca o 9 cb _ 07 aQ + 9 be 8Aac —=0.

ous oub  Oue 8u“ ouf oub

J
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1.4 The potential form

Given a Lagrange form (1.1) satisfying the Maxwell’s principle, locally there exists a
n-form, called potential form, £ such that d¢ = Q. Let denote:

&€= Alrdu® A wy, + CHhdul A wy, — V.
Its exterior differential is:

h ih
s <6Ab ac 1

Al Al
)du‘;/\dub/\wh—&-(a b _ 94

ou® Oub

ou¢  oub

Jh ih
1 (801, _ aOa >du?/\du§-/\wh—

5 ) du® A dub A wp+

2\ our ub
(24 L OV o o (95 L OV ]
ozt oue ) T\ ow Ty ) ] PO

By identifying the coefficients of d¢ with those of 2, follows:

i AL B ocih . 9A} B OA!

@ oub T T T gya Gyb”’

1.7 A , . g

(1) Qi — aocy acih - 9AL 9V, 9CH 9V
W@ ouy oub T Tt 9xt Que’ T dxd T duy’

The potential form is not unique, it is defined via the addition of a form d®* A w;,
where ®* are arbitrary functions. We have:

i o9t 09, OP?
dd* Nw; = <auadu + au?duj> /\wl—i—%wo.

. ot
The functions ®* can be chosen so that a5 = V. In this case the coefficients of

x
the superfield are expressed by the normed potential:

i — 5142 B 8C;h i _ % B 0A,

@ Jug oub T T Py fub”’
(1.7 i . . g
g _ 0C_0ch oAy L ocy
@ Quy oub A

1.5 The reduced Lagrange form

Definition 5. A Lagrange form ) is called reduced Lagrange form if (and only if)
all its coefficients Q;th are equal to zero, V(x?).
Such a form is written:

, 1
(1.8) Q= Al dud A du® A wp, + ingdu“ A du® A wp,+

+(Eydu® — Pidu?) A wo.



Superfields associated to second order dynamical systems 141

Its characteristic equations:
U, = ngdub Awp — Aisdug Awp + E,wy =0,
(1.9) Ui = A" qub A wp, — Plwg = 0,
V! = —(Eudu® — Pdu$) Aw; =0
lead us to the partial differential equations:

— APl + Biyub + E, =0,
(1.10) A ub — Pi =0,
—Eouf + Pgu?i =0.
The Maxwell’s principle is expressed by:

h h
OBl _, OBl 0B, 9B,

ouc T o9xzh T Que dub
(a,b,c)
111) oP, 0P _ . 0AY 0B, 0Py
ul Ouf ozl Ouf  oub
aBab + 8"40](1 _ 8AzZ:Jb =0 aA{)cL _ 6"4(1};" —0.
ous oub  Ju® T oud Aub

2 Lagrange forms associated to systems of partial
differential equations written in main form. The
construction of them

We will define and build general Lagrange (n+ 1)-forms associated to the evolution of

dynamical systems of deformable continuous media, described by equations written
in main form:

(2.1) Fo=Ajul; + B, =0, (A%, =A%), det(A%) #0, Vi,j =T,n,
where F : J2(R", M) — T*M.

On R"™ we consider the canonical map and the n-form wy = wdz! A --- A dz” as
volume form. The relations (0.2) hold.

A solution of the equations (12) is a set of functions u® = u®(x"), which, together
our o%u®

with there partial derivatives u{ = e ug; = D200
x xt0x

, transform the equations (12)
in identities.

We multiply the left-hand sides of (12) with wy and we obtain, along the solutions
of (12), the forms: Fowo = (A} u; + Ba)wo, (A}, = Al}). By the definitions of wp
and w;, we have the n-forms:

(2.2) Ve = Aisdu? A wp, + Bawo.

We denote the contact forms by: 0% = du® — uldz®, 03 = du? — u?jdxj.
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2.1 The simple Lagrange form

To the system (12) we associate a simple Lagrange (n+1)-form: Q = —* A1), which
is also written:

(2.3) Q= A" dud A du® A wp, + (Badu® — Pldul) A wo,

where E, = —B, (the Lorentz force), P! = A%u’]’- (the impulse of the system). These
relations generalize the Lorentz conditions.

In general, the form  is not closed. Let assume that it is closed (the system
satisfies the Maxwell’s principle). This happens if and only if the Mazwell conditions:

3AZ% % 8P;’_0 %_aE“_O ﬂ_ﬂ_o

dzh " Qug T oub T Qus Qub T ub Guf
(2.4) - g " _

oAy oay _ oal oan

dub  Que 7 Quf dub

hold. By replacing the functions E, and P! with there expressions, follows:
Proposition 6. The dynamical systems for which the simple Lagrange form is
closed, are selfadjoint.

2.2 The reduced Lagrange form
We build the reduced Lagrange form, associated to the system (12), by:

1
(2.5) Q=—0"Nthy + ingaa A 0% A wp,

where the coefficients Bf;b are, for the moment, not determined.
This form is written in coordinates:

. 1
25) Q= Al dud A dub A wy, + §Bf;bdu“ A dub A wp,—
—[(Ba + BMub)du® + A ub dud] A wo.

a

The relations:

(2.6) E, = —B, — Bj,ul, Pi=Ajul, Q' =0

follow. They are called Lorentz conditions, with the meaning that —B, = E, + ng“?‘

is the Lorentz superforce and P! = Afjéug’- represent the superimpulse.

The Maxwell’s principle, expressed by the condition d2 = 0, lead us to the system
of equations (1.11), called Mazwell-Helmholtz equations.

Theorem 7. The necessary condition so that a dynamical system to be selfadjoint
1s that the reduced Lagrange form, associated to it, to be closed.

In this case, the Maxwell equations become the Helmholtz equations.

Proof. By the Lorentz conditions (2.6) and the Maxwell equations (1.11), follow
the relations:
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Bh_l %783‘1
@2\ 0ug  ouh )’

They define the functions ng.
If we remove the functions E,, P! and B!, from the equations (1.11), we obtain:

DAY 9All

T
Aab - Aba’ aug 8’U/;l — Y,
0B, 0B, 0 1o} .
2.7 a — c_~ ih
27) oub + ous 2 (833h + U auc) Aats
OB, 0B, _1 (0 . 0\ (0B 0B
gub  due 2 \azh | hoye oub  ouf )’

which are the (generalized) Helmholtz equations and it follows that the system (12)
is selfadjoint.

Given the coefficients B?,, Az) and B,, the coefficients E, and P! follow.

A necessary condition so that the Lagrange form to be closed is that the relation:

9B, 0B, 0B, 0B, 0B, 0B.
oub  Ouy  Ouf Cou§ T oud oub N

0
to hold (rot, B = 0). O

2.3 The special Lagrange form

Let assume that we have a system of partial differential equations given in the special
form:

(2.8) Fy = A ub; + Bj,ul + Cu =0, (A, = AT}).

ba i

Such a system is written in the main form (12), where: B, = Ezauf + C,.
Multiplying the left-hand sides from (2.8) with wp, we obtain the forms:

Vg = Aggdug A wp, + E{jadub A wp + Cawy.
We build the Lagrange form by Q = —0% A ¢, and it is written:

) 1
(2.9) Q= A" dud A dub A wy, + Engdu“ A du® A wy,—
—[(Cq + égbuZ)du“ + Aihub dud] A wo,
where: ng = ng — Ef}a, Qz)h = 0, and the Lorentz conditions are:

_ ni b i __ Aij, b
-C,=F, + Boyu;, P, = Aabuj'

The Maxwell equations are given by (1.11) with the above Lorentz conditions.
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2.4 The Lagrange form associated to Lagrangian dynamical
systems

The evolution of a Lagrangian dynamical system, of deformable continuous media, is
described by the Euler-Lagrange equations:

PL_ ., PL ., L 0L
_— U ’ B —
Qugdub 7 Oufout Tt Qufdxt  Oue

(2.10) =0, a=1,m.

Such a system is written in the special form (2.8) and, thus, we associate to it the
Lagrange form (2.9).
The Euler-Lagrange equations are written in the main form (2.1), where:

G 1 < 0°L 0°L ) °L , &L IL
ab — 5 » Da

duzoul " dutoul T outowr T gufdxrt due

We multiply with wg the left-hand sides of the equations (2.10) and we obtain the
forms:

Pq = 827Ldub-/\wh + ﬁdub/\wh—i— 627[/ _or wo.
(“)u&@u% J ouf dub oudxt  Ju®

The Lagrange form is defined by 2 = —0% A ¢, and locally it is written:

; 1 0?L 0?L
QO = AP due b - _
rdud A du’ A wp, + <8u28ua Dus O

5 ) du® A dub A wp+
+(Eqdu® — Pidul) A wo,

which is the form (2.9), where:

B 2 2 . 2
Azjb:1<aL +8L>7Bl 9L

2 \ Qugdul  ugoul b Jusoud’
. 2L 2L 2L L
(2.11) g, oL oL ", OL 0L
@ ubour  duloub ougdzt  Qu®
L 2L 2L , y
E, = 0 0 0 ?, Pl=A%ub.

g9z - ub
oue  Oufdxt  ubdue T ¢

The following properties hold:
10 A% = A%, = A,

- 2° The set of the coefficients of the Lagrange form can be arranged in three subsets:
A which give the geometrical part, P! representing the kinematical part and E,
and B}, which form the dynamical part.

3° By the main form we deduce that ffiv = — B, represents the Newtonian force
associated to the system.

4° The expression FL = E, + Bflbui-’ represents the Lorentz force associated to the
superfield.

5° The relation:
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y OL 0’L oL,

—B,=FE,+ B}, ul = — - :
+ Yoout Oufort Oufoub Yis

certifies the identity of the two forces.

In general, the Lagrange form associated to a Lagrangian system is not closed. We
have:

Proposition 8. The Lagrange form associated to a system is closed if and only if
the system is selfadjoint.

Indeed, the Maxwell equations written for the coefficients given by the relations
(2.11), are satisfied if and only if:

*L 9L
8u§18u§’- B 8u?8uf'

In this case the system is selfadjoint and reciprocally.

2.5 The construction of the general Lagrange form

Let consider a system of equations in main form: A}y b+ By =0, (A = ATty
describing the evolution of a dynamical system of a deformable continuous media. In
order to define the Lagrange (n + 1)-form, we consider the following auxiliary forms:
0% = du® — uids', 0} = duf — uf;dz?, called contact forms, and also the canonical
volume form wy on R™ and the forms w;.

We multiply the left-hand sides of (2.1) with wg and, by the definitions of wp, w;
and by the relations dz’ ANwj = (5;@0, we obtain along the solutions of (2.1), the forms
(13): ¢, = AZJadug’ A w; + Bawo.

The general Lagrange form associated to the system (2.1) is defined by:

(2.12) = —0% Ay + B’be“ A O A w; + Qj;bhea A8 A wp,

where the functions B" | Qz,h are, for the moment, not determined. The characteris-
tics of 2 are given by the equations §* =0, ¢ = 0 and ¢, = 0.
Developed, this form is written:

(2.12') Q= Aupdut i Nn5 5 Bladu A du A5 Q”hdu?Aduf-Awh

—[(Ba + Blyub)du® + (A% ub + QU b, )dug) A wo.
It is of the general form (1.1), where the relations:
E,=—B, — Blu}
(2.13) oy Qifbhugh

hold. We call them, by generalization, Lorentz conditions.

The functions —B, = E, + B}lbué’ generalize the Lorentz forces and P! = AY bu +
Qfljbhugh represent generalized impulses.

The characteristic manifolds are described by the equations (1.5), where the last
set of relations are linear combinations of the others.
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The Maxwell’s principle ask that the form €2 to be closed. This condition is ex-
pressed by the system of equations (1.6).

In order to integrate the system (1.6), we remove from its equations, by the Lorentz
conditions, the functions E, and P!. By (1.63) and (2.13;) follows:

o .0\, OB, 0B,
(214) <8Ih + uhauc> Bab + 8ub Jua =0

By (1.64) and (2.135) follows:

9 9 9 ijh ij ij
<8xh + “Z% + u?zk 8’&2) Qab + Aab - Aba =0.

These quasi-linear partial differential equations determine the functions B!, and
fobh by the coefficients of the equations of the given dynamical system. We reintroduce
these functions into the Lorentz conditions (2.13), and we obtain all the coefficients

of the superfield and, thus, the general Lagrange form.
Moreover, by (1.65), (2.13) and (1.66) follows the condition:

9 e 0 in _ 9Bb i 0Qu" .
(396" +“hauc> Ao = Guz ~ Piat Tyt =0

which, by the last condition of (1.6), becomes:

d o B , oA 0B, .
21 c_ Y c Alh _ € cb _ B! —0.
(2.15) (&rh +Un ouc + Unk 8uz> ab ~ YUjh oud ou? ba =0

7

Let assume that the system is selfadjoint. In this case, the coefficients ng h =

and Afj; are symmetric. We rewrite the relation (2.15), interchanging the indices a
and b, and by adding and subtracting respectively these relations, we obtain:

; 1[(0B, 0B,
(216) ab — 5 (87//;1 - 8’&?) )
OB, 0B, ) c 0 ih
(2.17) oub i oud 2 <8mh +uh8uc) At
By (2.14) and (2.16) follows:
0B, 0B, 1[0 . 0 0B, 0By
(2.18) o w2 (axh +“hauc) (au;; 8uh> '

Thus, we proved again the proposition that the necessary and sufficient condition
so that a system to be selfadjoint is that its Lagrange form to be reduced and closed.
In this case the Maxwell equations are reduced to the Helmholtz equations.
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