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Abstract. The aim of this paper is to provide a natural frame for affine
Lagrangians and affine Hamiltonians, the focus being on some Hamilto-
nians applicable in classical fields and their generalizations. A unitary
treatment of scalar and volume-valued Hamiltonians in a special class is
obtained using some suitable lifting procedures.
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1 Introduction

A general setting concerning Lagrangians and Hamiltonians on affine bundles is given
in [4] and [5]. The most known examples of affine bundle used in differential geometry
are the higher order tangent space and the jet space of a fibered manifold. These
two classical cases were recently studied in many papers. The higher order spaces are
studied from the affine point of view in [4]. The jet spaces are studied in the context
of multi-time Lagrangian and Hamiltonian geometry in [7] and in an affine setting in
[1]-[3]. The purpose of our paper is to indicate a link between these two cases, and
also to give a general setting for Lagrangians and Hamiltonians on affine bundles. An
F-Hamiltonian (volume-valued) and an affine Hamiltonian (scalar valued) are defined
as sections in certain affine bundles, both naturally lifting to F-Hamiltonians. Further
investigations are given in [6], where considering a Hamilton-Jacobi variational prin-
ciple for F-Hamiltonians, one obtain some Hamilton-Jacobi equations that extend the
classical ones studied in [1]-[3].

2 Affine Lagrangians and Hamiltonians on affine
spaces

Let A be an affine space modeled on the real (finite dimensional) vector space V. A
Lagrangian on A is a differentiable function L : A — IR. An affine Hamiltonian on
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A is a differentiable map (non-necessary linear) h : V* — AT such that 7o h = 1y-.
Using local coordinates, the affine Hamiltonian is

h
(2.1) (pi) = (pisho (i) -
If the coordinates change, then
(2.2) ho (pir) = ho(pi) + pia’.

For example, if xg(«;) € A, then (p;) g (pi,aipi) is an affine Hamiltonian. For
more details concerning affine Lagrangians and Hamiltonians on affine spaces and
affine bundles see [4] and [5].

If hy and ho are two affine Hamiltonians, then hy —ho induces a map H : V* — IR,
called a wvectorial Hamiltonian; we write H = hy — ho, or hy = H + hs. In particular, if
h is an affine Hamiltonian and z¢ € A, then H,, = h—h, is a vectorial Hamiltonian.
Every vectorial Hamiltonian H : V* — IR has this form, using the affine Hamiltonian

H + hy,.
The wvertical Hessian of a Lagrangian L (affine Hamiltonian h) is defined by
0%L g 0%h
() = === (") (by hii(py) = ——2 tively).
93 (") = 5 g W) (by W (k) = 5 - o, (pk) respectively)

The Legendre map defined by a Lagrangian L : A — Ris L: A — V*, L(y') =
oL, .. .
—(y7)e" and the co-Legendre map defined by an affine Hamiltonian h : V* — AT of

oy’
. Ohg
the form (2.1) is H: V* — A, L(p;) = (ap(p]))

The Lagrangian L is regular (hyperregular) if the Legendre map is a local diffeo-
morphism (global diffeomorphism). Analogous one say that an affine Hamiltonian h
is regular (hyperregular) if its co-Legendre map is a local diffeomorphism (global dif-
feomorphism). A Lagrangian (affine Hamiltonian) is singular if it is not regular. For
example, the image of the co-Legendre map of an affine Hamiltonian of the form h,
is {zo} and its vertical Hessian is null (degenerate; an extreme case).

Then L (or h) is regular iff the vertical Hessian is non-degenerate in every point
(as a bilinear form).

Let L : A — IR be a hyperregular Lagrangian. Then let us denote by £~ :
V* — A the inverse of the Legendre map; using coordinates, £~ (p;) = (L7 (p;)).
Then h : V* — AT, h(pi) = (pi. ho(pi)), ho(pi) = p; L7 (pi) — L(L3(py)), is an affine
Hamiltonian.

Conversely, let h : V* — Al be a hyperregular affine Hamiltonian and H~' : A —
V* the inverse of the co-Legendre map; using coordinates, H~1(y*) = (H;(y")). Then
L:A— R, L(y") = ¥H;(y") — ho(H;(y")), is an affine Lagrangian.

A surjective submersion E = M is usually called a fibered manifold; the manifold
E is called the total space, M is the base space and 7 is the (canonical) projection.
If the projection is understood, the fibered manifold is denoted by FE. If z € M, the
submanifold E, = 7~ (z) C E is the fiber of m at x. In general, the fibers need not
to be all homeomorphic; for example the fibered manifold m : E = R*\{(0,0)} =
M .,m1(z,y) =y has not all the fibers connected.

A fibered manifold map (fmm) sends fibers in fibers: if 7 : E — M and 7’ : B/ —
M, then f: FE — FE' isafmmifr=xn"of;ifr: E— M and «’ : E/ — M’, then
f:E — E’is an fmm if there is an induced fo : M — M’ such that foom =7’ o f.
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The local coordinates on M and E adapted to the submersion 7 are

(%) on M and
(23) { o

such that 7 has the local form (2%, y®) — (x%).

A case when all the fibers are homeomorphic is that of a locally trivial fibration
E 5 M with the fiber type a manifold F. In this case there is an open cover of M with
sets U such that for every U there is a locally diffeomorphism ¢ : 7=1(U) — U x F.
For example, a vector bundle is a locally trivial fibration with the fiber type a vector
space and each of its fibers has an intrinsic structure of a vector bundle. In particular,
the tangent and the contangent bundles of a manifold are vector bundles.

A locally trivial fibration A = M is an affine bundle if its fiber is modeled by a
(real) affine space Ay and the structural functions are affine transformations of Ag.
A vector bundle is a particular case of an affine bundle. An affine bundle 7 : A — M
gives rise to the vector bundles 7 : A — M (given by the director vector space in
every point) and its dual vector bundle 7' : A* — M, called the dual vector bundle of
the given affine bundle and usually denoted by 7* : A* — M, or A* for shortness.

Let m : F — M be an affine bundle with the affine line IR as typical fiber (i.e.
with a one-dimensional fiber). The local coordinates on F change according to the
rules

2t = (xz)
(24) { y' = yo(zh) + 7(x).

Ifeo=1land 7=0,thenm : F — F =M x IR — M is the projection on the first
factor, thus it is the trivial vector bundle. If only o(x?) = 1 (for every local chart),
then the affine bundle is associated with the trivial vector bundle M x IR — M; we
say that the affine bundle F has structural translations.

Let m : A — M be an affine bundle and 7 : F' — M be an affine bundle with
a one-dimensional fiber. The F-dual of A is L(A, F), denoted by A*F. The local
coordinates on A*F change according to the rules

- f o =l

Upa’ag/ (xl) = Pa-

Let us consider F, C F, the fibered submanifold of the vector bundle 7y : F — M,
consisting in non-null vectors. Denote A = Ax yE. The natural projection 7 : A — F,
is the canonical projection of an affine bundle. Let us denote also by F = F x; F,
and by 7o : F — F the canonical projection.

Proposition 1. The projection 7o : F — F, is the canonical projection of an affine
bundle with structural translation (i.e. the associated vector bundle is the trivial vector
bundle M x IR — M ).

Proof. The local coordinates on F change according to the rules (2.4). Let us
denote by (z?,%) the local coordinates on F, and by (x%,%,%) the local coordinates on
F, such that 7; has the local form (7, 7,y) — (z, 7). The local coordinates 7 change
according to the rule
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y =o(2")g.
Since on F' one have vy’ = o'yt + 7" =o'(cy+7)+ 7 = o'oy+ (¢'7+ 7') and ¢y’ =

o"y+ 7", it follows ¢’/ = ¢’c and 7"/ = o'7 + 7. Also §” = o'y’ = o”j. Consequently
T T T 4T T - _
—t+—=—-—= —1— — = ——. Also denoting z = % on ' = F x,; F,, one
'y cy ooy ooy o'y 7

T .
have z” = 2’ + —, thus the conclusion follows. O
ay

If 7: E — M is a fibered manifold, its first jet space J'm can be regarded as an
affine bundle J'm — E. Using local coordinates (2.3), adapted to the submersion, the
coordinates on Jlm have the form (2, y*,y%) and change according to the rules:

X X
(2.6) v =9

Yir i — Vi Oy Ozt

If s: M — E is a section (it can be a local one), then it lifts to a section
s’ : M — J'E of the fibered manifold J'E — M. Using local coordinates, if s has
. . . . . 08
the local form (2') — (2%, s*(x")), then s’ is (z') — (z*, s*(x"), 88 ).
:Z:AZ
The manifold J'7* = V*E ® 7*TM is the total space of a vector bundle over E.
The local coordinates on J17* have the form (z%,y%,pi,). The change rule of (z*) and
(y®) is given by relations (2.6), while

g Oy 0x?
P oy Paggi

2.7)

If E = M x T, where T is a manifold, then ' = z¥ (2%), y* = y* (y*) and
the coordinates (y&) on J'm change in a tensor manner, thus J'v = VE @ m*T*M
is a vector bundle and J'7* is its dual vector bundle. This vector bundle is used
in a systematic way in the study of multi-time Lagrangians and Hamiltonians (see
[8] and the references therein). Another particular case, considered below, is when
w1 : F'— M is an affine bundle with a one dimensional fiber. In this case the formulas
(2.6) have the form:

2= xi/(wi)
(2.8) y = y?.($7) + T(xl)
ox’ (o) + 0o . or
i — Y;0\T - —_—.
Vit gt =Y Yori " i
If 71y : ' — M is a vector bundle, then 7 = 0.
“Let us suppose that 71 : FF — M is an affine bundle with structural translations. If
(z*) and (2%, y) are local coordinates on M and on F respectively, then the coordinates
change according to the formula

7

ot =2 (2%, ¥ =y + f(z).
The first jet bundle Jlm; has as coordinates (z°,y,u;), where the coordinates (u;)

change following the rule: u, = u; + ek There is an affine bundle v : F} — M
:I/.Z
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such that Fy has as coordinates (z%,u;) and the affine bundle J'm; is canonically
isomorphic with the induced bundle 7v; we write J'm = 7.
A section s € I'(my) lifts naturally to a section s’ € I'(J'Fy — M), given locally
by (z) — (2%, s(z?), 8781) It induces a section s” € T'(v) and implicitely an affine
x
, .0
section s/ € I'(J'F — F) having the local form (x%,y) — (2%, y, a—sz) The section
x
57 defines a null curvature connection on the bundle 7 : E — M. If a connection on
7 : E — M is defined by a section £ € T'(J'F — F), (z',y) — (2%, y, & (2%, y®)), its
_ %%
Oxd  Oxt
has the form & = 57, i.e. it is a lift of a local section s € I'(;).
We are going to prove that one can associate an affine bundle with a one dimen-
sional fiber and structural translations with every affine bundle with a one dimensional
fiber.

curvature is locally given by R;; . The curvature vanishes iff locally &£

3 Lagrangians and Hamiltonians on affine bundles

Let m: A — M be an affine bundle and 71 : FF' — M be an affine bundle with a one-
dimensional fiber. An F-Lagrangian on F is a fibered manifold map L : A — F (i.e.
m1 0L = 7). Since every affine map induces a linear map on the director vector space,
then there is a canonical projection IT : Af f(A, F*) — A*F". An F-Hamiltonian on E
is a fibered manifold map h : A*F" — Aff(A, F*) such that [Toh = 1 4-r. For example,
let us consider F' = M X IR and p; : M x IR — M be the projection on the first factor.
The F-dual of A is just A*. An F-Lagrangian has the form L(e) = (w(e), Lo(e)),
where Ly : A — IR is usually called a Lagrangian. An F-Hamiltonian on A has the
form h : A* — Aff(A,M x IR). This case was considered in the study of affine
Hamiltonians of higher order (see [3]). Another more elaborated example, using jet
spaces, is given in [6].

Then an F-Lagrangian L has the local form (z%,y®) EX (2%, Lo(x%,y%)) and the
local functions Ly change according to the rules given by (2.4):

(3.1) Ly(z",y*") = Lo(a?, y*)o(z') + 7(a?).
Since

e

OLy 0Ly dy* ALy
— =0 =o—-;ay,
oy® oy® Oy~ oy~

. - 0L
the formula (z*,y*) — (7, a—a) defines a Legendre map L : A — A*F of L. The local
Y

form of a map Q € Aff(A, F*) is (y%) 2 ( Y*po b ); then IT(Q2) has the local form

ay 1) (o
(¥*) =" (¥"Pa)-
There are also local forms of IT : Af f(A, F*) — A*F" and of an F-Hamiltonian h :

* * : I g h % i
A — Aff(A F*) given by ( pa p ) = (pa) and by (2, pa) = (2%, pa, ho(2", pa)),
respectively. The change rules of local coordinates are:

(Pa p)=0(po P')(ag 5 )

0
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or ( Dot P ) = a/.( Pa P ) < ag/ al >, where (a%/) = (ag')’l, o= (o)1 and
a® = —a® a%,. Thus hj(z", par) = o (@) - (paa®(2?) + ho(z!, pa)). Since

’

Pa = Upo/ag
Ohy — Oho Oy

Do 0y o Do
Opar Opa OY° Opa

[e3%
b

, . h
it follows that (a*,p,) — (27, f%) defines a co-Legendre map H* : A*F — A of h.
P

«
A Lagrangian L : A — F'is regular if its Legendre map is a local diffeomorphism; it
is equivalent to say that the wvertical hessian, given by the local matrix

L
900 = Dyedy?

is non-singular. The Lagrangian is hyperregular if its Legendre map is a (global)
diffeomorphism. o ~ ~

If L: A— Fisan F-Lagrangian, then L : A — F defined locally by L(z%,y%,¢) =
L 7,0 ~ . ~ ~
M is an F-Lagrangian on A. We say that L is the lift of L from A to A. It is

easyyto see that the following statement is true.

Proposition 2. The lift L is reqular (hyperregular) iff L is reqular (hyperregular).
Analogously, if h: A*F' — Aff(A, F) is an F-Hamiltonian, then one can consider

an F-Hamiltonian h : A*F — Aff(A, F) defined by h(z', 7, pa) = %h(wl, %lﬁa). We

say that h is the lift of h (from A*F to A). It is easy to see that the following statement
is also true.

Proposition 3. The lift h is regular (hyperregular) iff h is regular (hyperregular).
There are natural maps ® : A* x F=A* - A*F and U : Aff(A,R) xp F =
Aff(A,R) — Aff(A, F) given in local coordinates by
O (mi7ﬁaa2) - (jS,pa = Z_lﬁa)a

\ (mi,ﬁa,g’ﬁ) - (xivpa = 2_1]3047 -2_1~

p)-
One can see that considering the natural maps

I: Aff(AR) — A7,

I: Aff(A F) — A*F,

the following diagram

Aff(AR) % A*
U | IR
I

Aff(A,F) — A*F

is commutative. If k is the lift an F-Hamiltonian h, then the diagram
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Aff(AR) L Ar
v | | ®
Aff(AF) Lo A*F
is commutative.

Analogously, if h : A* — A Ir (A, R) is an affine Hamiltonian, then one can con-
sider an F-Hamiltonian h : A*F — Aff(A F*) defined by h(z',7,pa) = h(z', pa).
We say that h is the lift of h (from A* to A).

We consider below some examples.

Let 7 : E — M be a fibered manifold (or a bundle). The vector bundle A™(TM) —
M, m = dim M, has a one-dimensional fiber; it has as sections the top forms (or
volume densities) on M. It is easy to see that A™(TM)* = A™(T*M). For our
purpose we consider also the induced vector bundles with one dimensional fibers
m o F=a*A"(TM) — E, 7 : F* = 7*A™(T*M) — E. In this particular case,
our F-Hamiltonian on E is just a Hamiltonian considered in [1, 2, 3] as a section
h: JimF — JiatF having the local form

(3.2) (z',y*,pl) — (2", y*, phy, h(z', y*, pL)).

The local coordinates (p?,) and the local functions h change according to the rules

i 52/ / ; ()xil ay aya/
% 1.4 /
, =0 —, h' = h + 7 .
pa 9ya pa a 7 < Oé 9 o f) 7

An affine Hamiltonian on J'7* is a section h : J'7* — J'x' and it has the local form
The local coordinates (5?,) and the local functions h change according to the rules

o oy~ . ox Oy oy
=p . K =h i .
P Gy = Pogi T Pag o g

We are going to put together F-Hamiltonians and affine Hamiltonians. In order to do
this we consider F-Hamiltonians. In order to simplify notations and the exposition,
we consider F* instead of F, previously. We denote by F = F x ; F* and we use the
canonical projection 7y : F' — F*. Also, J=JE X M F* and 7 : J—E=Exy Fr
(a canonical projection of a fibered mamfold). An F-Hamiltonian on E is a section
h:J* — Jt that has the local form

(3'4) (Il7 yOL?a}’ﬁZJ)() - (a:‘l?ya)@’ﬁ;’ h(ml’ ya’('z)?ﬁf)())'

; 0y° Gy"/
"‘8 o' Qxt
have already seen, an F-Hamiltonian, as well as an affine Hamlltoman lift both to
an F-Hamiltonian. More specifically,

— if h is an F-Hamiltonian that has the local form (3.2), then its lift A is an

By o _ 1 .
F-Hamiltonian that has the local form (3.4), with h(z*, y*, @, p}) = 5h(a:’, y*, @pL);

The local functions h change according to the rules W =h +p . As we
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— if h is an affine Hamiltonian that has the local form (3.3), then its lift & is
an F-Hamiltonian that has the local form (3.4), with h(z?,y*, &, pi,) = h(z', y*, 7%,).
An important tool in the study of F-Hamiltonians (Hamiltonians in the classical
terminology) can be found in the multi-symplectic formalism developped in [1, 2, 3]
(see also the bibliography therein). In [1] one define the action of an F-Hamiltonian h
on sections on £ — M and one deduce the equation of a critical section of this action,
using a Hamilton-Jacobi principle. In [6] one defines an action for an F-Hamiltonian,
in order to recover the same action for the lift of an F-Hamiltonian.
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