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Abstract. The aim of this paper is to provide a natural frame for affine
Lagrangians and affine Hamiltonians, the focus being on some Hamilto-
nians applicable in classical fields and their generalizations. A unitary
treatment of scalar and volume-valued Hamiltonians in a special class is
obtained using some suitable lifting procedures.
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1 Introduction

A general setting concerning Lagrangians and Hamiltonians on affine bundles is given
in [4] and [5]. The most known examples of affine bundle used in differential geometry
are the higher order tangent space and the jet space of a fibered manifold. These
two classical cases were recently studied in many papers. The higher order spaces are
studied from the affine point of view in [4]. The jet spaces are studied in the context
of multi-time Lagrangian and Hamiltonian geometry in [7] and in an affine setting in
[1]-[3]. The purpose of our paper is to indicate a link between these two cases, and
also to give a general setting for Lagrangians and Hamiltonians on affine bundles. An
F-Hamiltonian (volume-valued) and an affine Hamiltonian (scalar valued) are defined
as sections in certain affine bundles, both naturally lifting to F̃ -Hamiltonians. Further
investigations are given in [6], where considering a Hamilton-Jacobi variational prin-
ciple for F̃ -Hamiltonians, one obtain some Hamilton-Jacobi equations that extend the
classical ones studied in [1]-[3].

2 Affine Lagrangians and Hamiltonians on affine
spaces

Let A be an affine space modeled on the real (finite dimensional) vector space V . A
Lagrangian on A is a differentiable function L : A → IR. An affine Hamiltonian on
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A is a differentiable map (non-necessary linear) h : V ∗ → A† such that π ◦ h = 1V ∗ .
Using local coordinates, the affine Hamiltonian is

(2.1) (pi)
h→ (pi, h0 (pi)) .

If the coordinates change, then

(2.2) h′0 (pi′) = h0(pi) + pia
i.

For example, if x0(αi) ∈ A, then (pi)
hx0→ (

pi, α
ipi

)
is an affine Hamiltonian. For

more details concerning affine Lagrangians and Hamiltonians on affine spaces and
affine bundles see [4] and [5].

If h1 and h2 are two affine Hamiltonians, then h1−h2 induces a map H : V ∗ → IR,
called a vectorial Hamiltonian; we write H = h1−h2, or h1 = H +h2. In particular, if
h is an affine Hamiltonian and x0 ∈ A, then Hx0 = h−hx0 is a vectorial Hamiltonian.
Every vectorial Hamiltonian H : V ∗ → IR has this form, using the affine Hamiltonian
H + hx0 .

The vertical Hessian of a Lagrangian L (affine Hamiltonian h) is defined by

gij(yk) =
∂2L

∂yi∂yj
(yk) (by hij(pk) =

∂2h0

∂pi∂pj
(pk) respectively).

The Legendre map defined by a Lagrangian L : A → IR is L : A → V ∗, L(yi) =
∂L

∂yi
(yj)ei and the co-Legendre map defined by an affine Hamiltonian h : V ∗ → A† of

the form (2.1) is H : V ∗ → A,L(pi) =
(

∂h0

∂pi
(pj)

)
.

The Lagrangian L is regular (hyperregular) if the Legendre map is a local diffeo-
morphism (global diffeomorphism). Analogous one say that an affine Hamiltonian h
is regular (hyperregular) if its co-Legendre map is a local diffeomorphism (global dif-
feomorphism). A Lagrangian (affine Hamiltonian) is singular if it is not regular. For
example, the image of the co-Legendre map of an affine Hamiltonian of the form hx0

is {x0} and its vertical Hessian is null (degenerate; an extreme case).
Then L (or h) is regular iff the vertical Hessian is non-degenerate in every point

(as a bilinear form).
Let L : A → IR be a hyperregular Lagrangian. Then let us denote by L−1 :

V ∗ → A the inverse of the Legendre map; using coordinates, L−1(pi) = (Lj(pi)).
Then h : V ∗ → A†, h(pi) = (pi, h0(pi)), h0(pi) = pjL

j(pi) − L(Lj(pi)), is an affine
Hamiltonian.

Conversely, let h : V ∗ → A† be a hyperregular affine Hamiltonian and H−1 : A →
V ∗ the inverse of the co-Legendre map; using coordinates, H−1(yi) = (Hj(yi)). Then
L : A → IR, L(yi) = yjHj(yi)− h0(Hj(yi)), is an affine Lagrangian.

A surjective submersion E
π→ M is usually called a fibered manifold; the manifold

E is called the total space, M is the base space and π is the (canonical) projection.
If the projection is understood, the fibered manifold is denoted by E. If x ∈ M , the
submanifold Ex = π−1(x) ⊂ E is the fiber of π at x. In general, the fibers need not
to be all homeomorphic; for example the fibered manifold π1 : E = IR2\{(0, 0)} =
M ,π1(x, y) = y has not all the fibers connected.

A fibered manifold map (fmm) sends fibers in fibers: if π : E → M and π′ : E′ →
M , then f : E → E′ is a fmm if π = π′ ◦ f ; if π : E → M and π′ : E′ → M ′, then
f : E → E′ is an fmm if there is an induced f0 : M → M ′ such that f0 ◦ π = π′ ◦ f .
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The local coordinates on M and E adapted to the submersion π are

(2.3)
{

(xi) on M and
(xi, yα) on E,

such that π has the local form (xi, yα) → (xi).
A case when all the fibers are homeomorphic is that of a locally trivial fibration

E
π→ M with the fiber type a manifold F . In this case there is an open cover of M with

sets U such that for every U there is a locally diffeomorphism ψ : π−1(U) → U × F .
For example, a vector bundle is a locally trivial fibration with the fiber type a vector
space and each of its fibers has an intrinsic structure of a vector bundle. In particular,
the tangent and the contangent bundles of a manifold are vector bundles.

A locally trivial fibration A
π→ M is an affine bundle if its fiber is modeled by a

(real) affine space A0 and the structural functions are affine transformations of A0.
A vector bundle is a particular case of an affine bundle. An affine bundle π : A → M
gives rise to the vector bundles π̄ : Ā → M (given by the director vector space in
every point) and its dual vector bundle π̄′ : Ā∗ → M , called the dual vector bundle of
the given affine bundle and usually denoted by π∗ : A∗ → M , or A∗ for shortness.

Let π1 : F → M be an affine bundle with the affine line IR as typical fiber (i.e.
with a one-dimensional fiber). The local coordinates on F change according to the
rules

(2.4)
{

xi′ = xi′(xi)
y′ = yσ(xi) + τ(xi).

If σ = 1 and τ = 0, then π1 : F → F = M × IR → M is the projection on the first
factor, thus it is the trivial vector bundle. If only σ(xi) = 1 (for every local chart),
then the affine bundle is associated with the trivial vector bundle M × IR → M ; we
say that the affine bundle F has structural translations.

Let π : A → M be an affine bundle and π1 : F → M be an affine bundle with
a one-dimensional fiber. The F̄ -dual of A is L(Ā, F̄ ), denoted by A∗F . The local
coordinates on A∗F change according to the rules

(2.5)
{

xi′ = xi′(xi)
σpα′a

α′
α (xi) = pα.

Let us consider F̄∗ ⊂ F̄ , the fibered submanifold of the vector bundle π0 : F̄ → M ,
consisting in non-null vectors. Denote Ã = A×M Ē. The natural projection π̄ : Ā → F̄∗
is the canonical projection of an affine bundle. Let us denote also by F̃ = F ×M F̄∗
and by π̃0 : F̃ → F̄ the canonical projection.

Proposition 1. The projection π̃0 : F̃ → F̄∗ is the canonical projection of an affine
bundle with structural translation (i.e. the associated vector bundle is the trivial vector
bundle M × IR → M).

Proof. The local coordinates on F change according to the rules (2.4). Let us
denote by (xi, ȳ) the local coordinates on F̄∗ and by (xi, ȳ, y) the local coordinates on
F̃ , such that π̃1 has the local form (xi, ȳ, y) → (xi, ȳ). The local coordinates ȳ change
according to the rule



An intrinsic link between scalar and volume-valued Lagrangians 171

ȳ′ = σ(xi)ȳ.

Since on F one have y′′ = σ′y′ + τ ′ = σ′(σy + τ) + τ ′ = σ′σy + (σ′τ + τ ′) and y′′ =
σ′′y + τ ′′, it follows σ′′ = σ′σ and τ ′′ = σ′τ + τ ′. Also ȳ′′ = σ′ȳ′ = σ′′ȳ. Consequently
τ ′

σ′ȳ′
+

τ

σȳ
=

τ ′

σ′σȳ
=

τ ′ + σ′τ
σ′σȳ

=
τ ′′

σ′′ȳ′′
. Also denoting z =

y

ȳ
on F̃ = F ×M F̄∗, one

have z′′ = z′ +
τ

σȳ
, thus the conclusion follows. 2

If π : E → M is a fibered manifold, its first jet space J1π can be regarded as an
affine bundle J1π → E. Using local coordinates (2.3), adapted to the submersion, the
coordinates on J1π have the form (xi, yα, yα

i ) and change according to the rules:

(2.6)





xi′ = xi′(xi)
yα′ = yα′(xi, yα)

yα′
i′

∂xi′

∂xi
= yα

i

∂yα′

∂yα
+

∂yα′

∂xi
.

If s : M → E is a section (it can be a local one), then it lifts to a section
s′ : M → J1E of the fibered manifold J1E → M . Using local coordinates, if s has

the local form (xi) → (xi, sα(xi)), then s′ is (xi) → (xi, sα(xi),
∂sα

∂xi
).

The manifold J1π∗ = V ∗E ⊗ π∗TM is the total space of a vector bundle over E.
The local coordinates on J1π∗ have the form (xi, yα, pi

α). The change rule of (xi) and
(yα) is given by relations (2.6), while

(2.7) pi′
α′

∂yα′

∂yα
= pi

α

∂xi′

∂xi
.

If E = M × T , where T is a manifold, then xi′ = xi′(xi), yα′ = yα′(yα) and
the coordinates (yα

i ) on J1π change in a tensor manner, thus J1π = V E ⊗ π∗T ∗M
is a vector bundle and J1π∗ is its dual vector bundle. This vector bundle is used
in a systematic way in the study of multi-time Lagrangians and Hamiltonians (see
[8] and the references therein). Another particular case, considered below, is when
π1 : F → M is an affine bundle with a one dimensional fiber. In this case the formulas
(2.6) have the form:

(2.8)





xi′ = xi′(xi)
y′ = yσ(xi) + τ(xi)

yi′
∂xi′

∂xi
= yiσ(xi) + y

∂σ

∂xi
+

∂τ

∂xi
.

If π1 : F → M is a vector bundle, then τ = 0.
Let us suppose that π1 : F → M is an affine bundle with structural translations. If

(xi) and (xi, y) are local coordinates on M and on F respectively, then the coordinates
change according to the formula

xi′ = xi′(xi), y′ = y + f(xi).

The first jet bundle J1π1 has as coordinates (xi, y, ui), where the coordinates (ui)

change following the rule: u′i = ui +
∂f

∂xi
. There is an affine bundle ν : F1 → M
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such that F1 has as coordinates (xi, ui) and the affine bundle J1π1 is canonically
isomorphic with the induced bundle π∗1ν; we write J1π1 = π∗1ν.

A section s ∈ Γ(π1) lifts naturally to a section s′ ∈ Γ(J1F1 → M), given locally

by (xi) → (xi, s(xi),
∂s

∂xi
). It induces a section s′′ ∈ Γ(ν) and implicitely an affine

section sJ ∈ Γ(J1F → F ) having the local form (xi, y) → (xi, y,
∂s

∂xi
). The section

sJ defines a null curvature connection on the bundle π : E → M . If a connection on
π : E → M is defined by a section ξ ∈ Γ(J1F → F ), (xi, y) → (xi, y, ξi(xi, yα)), its

curvature is locally given by Rij =
∂ξi

∂xj
− ∂ξj

∂xi
. The curvature vanishes iff locally ξ

has the form ξ = sJ , i.e. it is a lift of a local section s ∈ Γ(π1).
We are going to prove that one can associate an affine bundle with a one dimen-

sional fiber and structural translations with every affine bundle with a one dimensional
fiber.

3 Lagrangians and Hamiltonians on affine bundles

Let π : A → M be an affine bundle and π1 : F → M be an affine bundle with a one-
dimensional fiber. An F -Lagrangian on E is a fibered manifold map L : A → F (i.e.
π1 ◦L = π). Since every affine map induces a linear map on the director vector space,
then there is a canonical projection Π : Aff(A,F ∗) → A∗F . An F -Hamiltonian on E
is a fibered manifold map h : A∗F → Aff(A,F ∗) such that Π◦h = 1A”F . For example,
let us consider F = M×IR and p1 : M×IR → M be the projection on the first factor.
The F -dual of A is just A∗. An F -Lagrangian has the form L(e) = (π(e), L0(e)),
where L0 : A → IR is usually called a Lagrangian. An F -Hamiltonian on A has the
form h : A∗ → Aff(A,M × IR). This case was considered in the study of affine
Hamiltonians of higher order (see [3]). Another more elaborated example, using jet
spaces, is given in [6].

Then an F -Lagrangian L has the local form (xi, yα) L→ (xi, L0(xi, yα)) and the
local functions L0 change according to the rules given by (2.4):

(3.1) L′0(x
i′ , yα′) = L0(xi, yα)σ(xi) + τ(xi).

Since
∂L0

∂yα
= σ

∂L′0
∂yα′

∂yα′

∂yα
= σ

∂L′0
∂yα′ a

α′
α ,

the formula (xi, yα) → (xi,
∂L0

∂yα
) defines a Legendre map L : A → A∗F of L. The local

form of a map Ω ∈ Aff(A,F ∗) is (yα) Ω→ (
yαpα b

)
; then Π(Ω) has the local form

(yα)
Π(Ω)→ (yαpα).

There are also local forms of Π : Aff(A,F ∗) → A∗F and of an F -Hamiltonian h :
A∗F → Aff(A, F ∗) given by

(
pα p

) Π→ (pα) and by (xi, pα) h→ (xi, pα, h0(xi, pα)),
respectively. The change rules of local coordinates are:

(
pα p

)
= σ · ( pα′ p′

)(
aα′

α aα′

0 1

)
,
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or
(

pα′ p′
)

= σ′ · ( pα p
)(

aα
α′ aα

0 1

)
, where (aα

α′) = (aα′
α )−1, σ = (σ′)−1 and

aα = −aα′aα
α′ . Thus h′0(x

i′ , pα′) = σ−1(xi) · (pαaα(xi) + h0(xi, pα)). Since

pα = σpα′a
α′
α

∂h′0
∂pα′

=
∂h0

∂pα

∂yα′

∂yα
− aα′ =

∂h0

∂pα
aα′

α − aα′ ,

it follows that (xi, pα) → (xi,−∂h0

∂pα
) defines a co-Legendre map H∗ : A∗F → A of h.

A Lagrangian L : A → F is regular if its Legendre map is a local diffeomorphism; it
is equivalent to say that the vertical hessian, given by the local matrix

(
gαβ =

∂2L

∂yα∂yβ

)

is non-singular. The Lagrangian is hyperregular if its Legendre map is a (global)
diffeomorphism.

If L : A → F is an F -Lagrangian, then L̃ : Ã → F̃ defined locally by L̃(xi, yα, ȳ) =
L(xi, yα)

ȳ
is an F̃ -Lagrangian on Ã. We say that L̃ is the lift of L from A to Ã. It is

easy to see that the following statement is true.

Proposition 2. The lift L̃ is regular (hyperregular) iff L is regular (hyperregular).

Analogously, if h : A∗F → Aff(A,F ) is an F -Hamiltonian, then one can consider

an F̃ -Hamiltonian h̃ : Ã∗F̃ → Aff(Ã, F̃ ) defined by h̃(xi, ȳ, p̃α) =
1
ȳ
h(xi,

1
ȳ
p̃α). We

say that h̃ is the lift of h (from A∗F to Ã). It is easy to see that the following statement
is also true.

Proposition 3. The lift h̃ is regular (hyperregular) iff h is regular (hyperregular).

There are natural maps Φ : A∗ ×M F̄ = Ã∗ → A∗F and Ψ : Aff(A, IR) ×M F̄ =
Aff(Ã, IR) → Aff(A,F ) given in local coordinates by

Φ : (xi, p̃α, z̄) → (xi, pα = z̄−1p̃α),

Ψ : (xi, p̃α, z̄, p̃) → (xi, pα = z̄−1p̃α, .z̄−1p̃).

One can see that considering the natural maps

Π̃ : Aff(Ã, IR) → Ã∗,

Π : Aff(A,F ) → A∗F ,

the following diagram

Aff(Ã, IR) Π̃→ Ã∗

Ψ ↓ ↓ Φ
Aff(A,F ) Π→ A∗F

is commutative. If h̃ is the lift an F -Hamiltonian h, then the diagram
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Aff(Ã, IR) h̃←− Ã∗

Ψ ↓ ↓ Φ
Aff(A,F ) h←− A∗F

is commutative.
Analogously, if h̄ : A∗ → Aff(A, IR) is an affine Hamiltonian, then one can con-

sider an F̃ -Hamiltonian h̃ : Ã∗F̃ → Aff(Ã, F̃ ∗) defined by h̃(xi, ȳ, p̃α) = h̄(xi, p̃α).
We say that h̃ is the lift of h̄ (from A∗ to Ã).

We consider below some examples.
Let π : E → M be a fibered manifold (or a bundle). The vector bundle Λm(TM) →

M , m = dim M , has a one-dimensional fiber; it has as sections the top forms (or
volume densities) on M . It is easy to see that Λm(TM)∗ = Λm(T ∗M). For our
purpose we consider also the induced vector bundles with one dimensional fibers
π1 : F = π∗Λm(TM) → E, π′1 : F ∗ = π∗Λm(T ∗M) → E. In this particular case,
our F -Hamiltonian on E is just a Hamiltonian considered in [1, 2, 3] as a section
h : J1π∗F → J1π†F having the local form

(3.2) (xi, yα, pi
α) → (xi, yα, pi

α, h(xi, yα, pi
α)).

The local coordinates (pi
α) and the local functions h change according to the rules

pi′
α′

∂yα′

∂yα
= σ−1pi

α

∂xi′

∂xi
, h′ = σ−1

(
h + pi

α

∂yα

∂yα′
∂yα′

∂xi

)
.

An affine Hamiltonian on J1π∗ is a section h̄ : J1π∗ → J1π† and it has the local form

(3.3) (xi, yα, p̃i
α) → (xi, yα, p̃i

α, h̄(xi, yα, p̃i
α)).

The local coordinates (p̃i
α) and the local functions h̄ change according to the rules

p̃i′
α′

∂yα′

∂yα
= p̃i

α

∂xi′

∂xi
, h̄′ = h̄ + p̃i

α

∂yα

∂yα′
∂yα′

∂xi
.

We are going to put together F -Hamiltonians and affine Hamiltonians. In order to do
this we consider F̃ -Hamiltonians. In order to simplify notations and the exposition,
we consider F ∗∗ instead of F̄∗ previously. We denote by F̃ = F ×M F̄ ∗∗ and we use the
canonical projection π̃0 : F̃ → F̄ ∗∗ . Also, J̃ = J1E ×M F̄ ∗∗ and π̃ : J̃ → Ẽ = E ×M F̄ ∗∗
(a canonical projection of a fibered manifold). An F̃ -Hamiltonian on E is a section
h̃ : J̃∗ → J̃† that has the local form

(3.4) (xi, yα, ω̄, p̃i
α) → (xi, yα, ω̄, p̃i

α, h̃(xi, yα, ω̄, p̃i
α)).

The local functions h̃ change according to the rules h̃′ = h̃ + p̃i
α

∂yα

∂yα′
∂yα′

∂xi
. As we

have already seen, an F -Hamiltonian, as well as an affine Hamiltonian, lift both to
an F̃ -Hamiltonian. More specifically,

– if h is an F -Hamiltonian that has the local form (3.2), then its lift h̃ is an

F̃ -Hamiltonian that has the local form (3.4), with h̃(xi, yα, ω̄, p̃i
α) =

1
ω̄

h(xi, yα, ω̄p̃i
α);
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– if h̄ is an affine Hamiltonian that has the local form (3.3), then its lift h̃ is
an F̃ -Hamiltonian that has the local form (3.4), with h̃(xi, yα, ω̄, p̃i

α) = h̄(xi, yα, p̃i
α).

An important tool in the study of F -Hamiltonians (Hamiltonians in the classical
terminology) can be found in the multi-symplectic formalism developped in [1, 2, 3]
(see also the bibliography therein). In [1] one define the action of an F -Hamiltonian h
on sections on E → M and one deduce the equation of a critical section of this action,
using a Hamilton-Jacobi principle. In [6] one defines an action for an F̃ -Hamiltonian,
in order to recover the same action for the lift of an F -Hamiltonian.
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