Adjoint multidimensional acausal systems

Valeriu Prepelita

Abstract. Multidimensional (¢D, ¢ > 2) time-varying acausal systems
are presented. These systems represent the continuous-time counterparts
of the Attasi’s 2D discrete-time time-invariant models. The state space
representation is given and the formula of the input-output map is ob-
tained. Two types of adjoint systems are introduced and the relationship
between the input-output maps of the acausal systems and of their ad-
joints is emphasized by means of four suitable inner products.

M.S.C. 2000: 93C35,93B05, 93C20, 35B37, 35L35.
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1 Introduction

Different state space models of two-dimensional 2D systems were proposed by Roesser
[12], Fornasini and Marchesini [4], Attasi [3] and others. Their study has known an
important development in the last three decades due to their significant applications
in various areas as image processing, seismology, geophysics or computer tomography.
The above mentioned papers and the subsequent ones have studied the causal systems,
i.e. systems whose states and outputs are determined by the inputs and the initial
states.

Linear one-dimensional (1D) acausal systems, i.e. systems with boundary condi-
tions were introduced by A.J. Krener [9], [10] and were developed by I. Gohberg and
M.A. Kaashoek in a series of papers [5], [6], [7], [8], motivated by the problem of
boundary value regulation or by the analysis of Wiener-Hopf integral equation. M.B.
Adams, A.S. Willsky and B.C. Levy [1], [2] have obtained important results in the
linear estimation of stochastic processes governed by acausal systems.

In this paper we extend these results to multidimensional (gD, ¢ > 2) acausal
systems, by introducing a class of systems which represents the continuous-time time-
varying counterpart of Attasi’s discrete-time 2D model.

In Section 2 the state-space representation of the considered ¢D acausal systems
is given, including well-posed boundary conditions. The formulas of the state and of
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the input-output map of the gD acausal systems are obtained, by means of a suitable
variation-of-parameters formula.

Section 3 introduces the adjoint of a ¢D acausal system and the input-output map
of the adjoint systems is derived. Two inner products are defined and they are used to
obtain the relationship between the input-output operators of the ¢D acausal systems
and their adjoints.

Section 4 is devoted to the study of a reduced adjoint system and a similar rela-
tionship is emphasized.

2 Time-varying gD systems with well-posed bound-
ary conditions

We shall use the following notations: [a,b] := [a;,b;] where ¢ € N*, a =

-

%

1
t,enty), 2(t) :

(a1,...,ay) ERE b= (by,...,by) € R, a; < bijt = ( : =a(ty,... 1)
for m € N*, m := {1,2,...,m} and for 7 = {i1,...,4} C q, |7| := 1, T :=m\ T,
0 o 0

E:m ;ifT:q,E:&;7'C(jmeansrincludedincjandT;é(j.

Fori € q i:=qg\{i}andi = {i+1,...,q}. For 7 C G, 2(k,,l;) denotes the
function z(¢) with the arguments ¢; = k; if i € 7 and t; = 1; if ¢ € T.

We consider the linear spaces X = R", U = R™ and Y = R", called respectively
the state, input and output spaces.

Definition 2.1. A multidimensional (gD) time-varying acausal system is a set
¥ = ({Asli € q}, B,C,D, Ny, Ny, M1, Ms) where A;(t;) € R™™" are commutative
matrices Vt; € [a;,b;], Vi € g, B(t) € R™*", C(t) € RP*", D(t) € RP*™, Vt € [a, ],
Ni,No, My, My € R™"; the matrices A;, B,C, D have continuous entries and the

N1 N
matrix @ =

M, M,
integrable on [a;, b;], Vi € g, the input matrix B and the output matrix C' are square

integrable and the external matrix D is measurable and essentially bounded on [a, b].
The system X has the state space representation

] is nonsingular. The drift matrices A; are assumed to be

Doty = Y-yt (H Aim)) 2 at) + Byu(r) (2.1)

TCq €T
y(t) = Ct)(t) + D(Byu) (22)
Nyz(a) + Naz(b) = v (2.3)
z = Mix(a) + Max(b) (2.4)

where the vectors z(t) € X, u(t) € U, y(t) € Y V¢ € [a,b], v,z € R". The vec-
tors z(-) € L*([a,b], X), u(-) € L*([a,b],U), y € L*([a,}],Y), v and z are called
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respectively state, input function, output function, input vector and output vector.
The number n is called the dimension of the system ¥ and it is denoted by dim3.

Since the matrices A;(t;) commute, it results by Peano-Baker formula that their
fundamental matrices ®;(¢;,s;) commute too.

Definition 2.2. The vector 2° € R" is called an initial state of the system X if
x(tr;,az) H@ (tiya;)x (2.5)
PET

for any 7 C g; equalities (2.5) are called the initial conditions of X.
Let us consider the ¢gD PDE

Oy = (1) qf'l@jA ) 2(t) + £(0). (2.6)

TEQ 1ET

Adapting the proof in [11, Proposition 2.3] we obtain a multidimensional variation
- of - parameters formula given by the following

Theorem 2.3. The solution of the initial value problem (2.6), (2.5) is (with s =

(s1,...,5¢))

z(t) = (H@i(ti,ai)> xo+/ 1 / (H@i(ti7si)> f(s)dsy...ds,.  (2.7)
i=1 a1 Qq i=1

The boundary condition (2.3) is said to be well-posed if the homogeneous problem
corresponding to (2.1) and (2.3) (i.e. with u = 0 and v = 0) with the initial conditions
(2.5) has the unique solution x = 0; by replacing 2° by z(a) and ¢ by b in (2.6), this

q

is equivalent to the condition that the equation <N1 + Ny H@i(bi,ai)> z(a) =0
i=1
has the unique solution z(a) = 0. Therefore (2.3) is well-posed iff the matrix F' =
q
Ny + Ny H ®,(b;,a;) is nonsingular.
i=1

Definition 2.4. The canonical boundary value operator of the acausal gD system

Y is the matrix

q
P:PE :F_lNQH(bi(bi7ai). (28)

i=1

Theorem 2.5. The state of the acausal system ¥ determined by the input (u,v) €
L?([a,b],U) x R™ is

(H(I) ti,a; > F~ly—

/b1 / (ﬁ D, (t;,a; ) P (ﬁ (I%-(ai,si)> B(s)u(s)ds1 . ..dsq+ (2.9)
i=1 i=1

+LTHATOﬁ@mwOB@MWm“d%

i=1
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Proof. We replace f(s) by B(s)u(s) in (2.7) and we get the formula of the state of
the (causal) system (2.1), (2.5)

z(t) = (H <I>i(ti,ai)> 20+ /tl .../tq <H D, (t;, 84 ) (s)u(s)dsy ...dsq (2.10)

hence, for t = b we obtain

b) = (f[q)i(bi,ai)) x0+/b1 /b (H q’i(biysi)> B(s)u(s)dsy ...ds,. (2.11)

=1

By replacing z(a) with 2° and z(b) (2.11) in the boundary condition 2.3 we get

q by by [ 4
N1+ Na (H D, (b;, ai)> x0—|—N2/ . / (H D, (by, 31)> B(s)u(s)dsy ...dsq = v,
i=1 a1 g \i=1

hence

b1 bq q
20 = F 1y — F*lNQ/ / (H D, (by, sl)> B(s)u(s)ds1 ... dsq. (2.12)
a1 @q  \i=1

By replacing 2° (2.12) in (2.10) and taking into account the semigroup property
D, (t;,8;) = ©i(bs, a;)P;(ai, s;) one obtains the state of the acausal system

(ﬁ q)i(ti,ai)> F~ly—
- (H@’?(ti»ai)> F7IN, /abl /ab <f[<1)i(bi,ai)>.
/ / (li[q% ti, si ) (s)u(s)ds . ..ds,

For t = (t1,...14), t; > a;, Vi € ¢ we shall use the notations: [a,t] := H[ai7ti]

and [ t] = [a,b] \ [a,t]) / /bl / /[a . / / / and a similar

meaning has / ;dsi=dsy...dsq.
[a, t]

x(t)

@
I Q
._.:

D, (a;, s; ) B(s)u(s)dsy ...dsq+

+

which gives (2.9).

Theorem 2.6. The input-output map of the gD acausal system X is the operator
T : L*([a,b],U) x R" — L?([a,b],Y) x R™, T(u(-),v) = (y(), ), where
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y(t) = C(t) <H @i(ti,ai)> F~ly—
_ /b C(t) (H D, (t;, a4 > P (H D, (a;, s; ) (s)u(s)ds+ (2.13)

+ / O(t) (H@Z tz,s> (s)u(s)ds + D(t)u(t)

1=

—

and

q
z = <M1 +M2H(I)Z(b“az)> F~1y—

i=1

q b q
<M1 + M, H@i(bi,ai)> P/ (H @i(ai,si)> B(s)u(s)ds+  (2.14)
a i=1

b ql:
+ MQ/ (H@i(bi,si)> B(s)u(s)ds.

Proof. The expression (2.13) of y(t) results by replacing the sate z(t) (2.9) in the
output equation (2.2). Formula (2.14) can be obtained by replacing z(a) = 2° (2.12)
and z(b) given by (2.11) in (2.4) and by using the semigroup property; we obtain

z = Miz(a) + Max(b) =

by by [ 4
= MlF—lv—MlF—lNz/ / <H @i(bi,si)> B(s)u(s)ds+
a1 % \i=1
<H<I> bl,az>F Ly—

MQ/bl / Ta( bl,az> (f[ (s, s ) (s)u(s)ds+

1=

Ak /bl / ' H(I)’ bi, si > (s)u(s)ds = <M1 + M, <ﬁ (I)i(bi,ai)>> F~ly—

i i=1

1=

q by by [ 4
—MF 1N, <H (I)i(bi,ai)) / / (H @i(ai,si)> B(s)u(s)ds+
q by by [ 4
by by (.9
+ M, . D, (b;, s1) | B(s)u(s)ds.
[ L (fLee)

—
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3. Adjoint systems

Let us consider the ¢D acausal system 3 = ({A;|i € ¢}, B,C, D, N, No, M1, M) (2.1)-
(2.4) with well-posed boundary condition (2.3) and the canonical boundary value
Ny N,

operator P (2.8). Assume that the matrix Q = [ M M
1 2

Q1 Q2 }
Qs Qa4 |
From Q7 'Q = I, and QQ ™' = I, we obtain:

] is nonsingular and

partition its inverse as Q7! = [

Q1N1 + Q2My = Q3No + Q4 My = I,

(3.1)
Q1 N2 + Q2My = Q3 N1 + Q4M; = Oy, (3.2)
N1Q1 + NoQs = M1Qa + MaQy = I, (3.3)
N1Q2 + NoQa = M1Q1 + MaQ3 = O (3.4)

Lemma 3.1. The matriz F = —Q2 + (H D, (a;, Z)> Q4 is nonsingular.

i=1
Proof. Let us assume that Fis singular. Then Jv € R", v # 0 such that

—Qqv + (H@ ai,b > Qqv = 0. (3.5)
=1

Q2
Q4
or Q4u is nonzero. If Q4v # 0 we premultiply (3.5) by Ny and we get by (3.4) the
following equalities:

Since Q! is nonsingular, rank = n, hence at least one of the products Qov

q
0=—-NiQ2v+ Ny (H‘D a;, z)) Q4v = NaQuv + Ny (H‘b (as, z)) Quv =

i=1 i=1

- <N1+N2 <iﬁlq>,—(ai, ; )) <H<I> i, bi ) Qqv

q
and since (H @i(ai,bi)> is nonsingular we have w := (Hfb a;,b; > Quv # 0; it

i=1
results that the matrix F' = Nj + Ny H ®,(a;,b;) | is singular, contradiction of the

1=
assumption that ¥ is with well-posed boundary condition. The case Q2v = 0 can
similarly be treated.

Let us denote by P the adjoint operator

(ch (ai, b;) ) QuF L (3.6)
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Lemma 3.2. The following equalities hold:

<M1 + M, <H q)i(biaai))) Fl=p1 <Q1 - (H‘I’ (aq, z))) Qs, (3.7)

Fl= <H<I> (a;, J) Qs+ P (Ql - <H ‘I’i(aivbi)> Q3> ) (3.8)

i=1

F_l = Mg (ﬁ @i(bi,ai)> <M1 + M2 (f[ (I)i(aia bz))) P7 (39)

i=1

P+P=1I,. (3.10)

Proof. Taking into account the expressions of F and F', (3.7) is equivalent to

( Q2+ <ﬁq)z ag, z) ) <M1+M2H(I) bz,az)> =
i=1 i=1

< <f[ CI)Z al, i ) ) <N1 —l—Ngf[(I)i(bi,ai))

and this equality results by applying (3.1) and (3.2).
By (3.6) and (3.7), the right hand member of (3.8) can be written as

(H‘I‘ a;, 1>Q3+<Hq> a;, 2>Q4 <M1+M2 (Hq) b“az)>>F_1.

But by (3.2) and (3.1) Q4M; = —Q3N1 and Q4Ms = I — Q3Ns, hence taking into
account the definition of F' it becomes:

q
(H@ ai,b > <Q3F Q3 <N1+N2H<I> (b, as ) +H<I>i(bi,ai)> Fl=
=1

=1

(ch (as, b ) <H<I> bz,al> 1= p-1,

Similarly we can prove (3.9).
Finally, by (3.8), (3.2), (3.1), (3.6) and again by (3.1) we get
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q
i(ai, b; >Q3N2H@ (i, a;) p(QlNQH@i(biaai)

i=1 i=1

_ < i(ai, b, )) QsN: [ ] @i b“az)> +P=
=1

i=1
q
i=1 =1

< Q (H(p Qg Z>Q4M2Hq) buaz
—<ﬁq>l (ai, Z)ch b, a; ) +P=

q
)(Q3N2 + Q4M>) H(I)i(bia a;)— P+ P=
=1

Il [l
o~ 1
:l”‘ :a
S

(b’L aw z)H(I) bzval =

Definition 3.3. The system 3= ({A li € q}, B C,D,N NQ,Ml,Mz) with A; =
—A7, B=—-C*C=B*D=D* N =—Q3 Ny, = QF, = Q* and My, = —Q;
is called the adjomt of the system Z.

Let us denote the input and the output of 3 by (a(-), ) and (4(-), 2) respectively
z

)
and by T the input-output map of ¥, i.e. (4, 0) = (7, 2).

Theorem 3.4. The inputs and the outputs of the system ¥ and of its adjoint by
verify the relation

by
U+/ / tl,..., (tl,...,tq)dtl...dtq:

b (3.11)
1
_fU Z+/ / tl,... y(t17...7tq)dt1...dtq

Proof. We apply (2.12) and (2.13) to the adjoint system 3. since the fundamental
matrix of the matrix —A* is related to the matrix A by ®_4+(t,s) = P a(s,t)*, we
obtain the output
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= PP (f[ ®;(a; t;)) B(t)+
b . A
+ / a(s)*C(s) (H ‘I%(si,a,;)> P (H ®;(a; m) B(t)ds— (3.12)
_ / i(s)*C(s) <H @i(si,ti)> B(t)ds + a(t)*D(t)
a =1
o*F—1 (Ql — <H (I)i(azabz)> Q3> +
b q
/ a(s)*C(s) (H @i(si,ai)> P <Q1 — (H @i(ai,bi)> Q3> ds+ (3.13)
a i=1 i=1
/ i(s)*C(s) (H @i(si,bi)> Qsds.

b
By (2.12) and (2.13) the two members of (3.11) 2*v —|—/ J(t) u(t)dt and v*z +

b
/ a(t)*y(t)dt are equal to the sums of seven terms S; — S7 and Sg — S14 respectively,
a

/bﬁ(t)*D(t)u(t)dt, Sg = 0" (Ml + M, f[ D, (b;, ai)> ]‘7‘_1’1)7

i=1
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q b q
So = — <M1 + My Hfbi(bi,ai)> P/ <H ‘bi(ai,si)> B(s)u(s)ds,

i=1

b [ 4
S0 = {;*MQ/ (H @i(bi,si)> B(s)u(s)ds,

Su:/ba(t)*(}(t) ﬁ@i(ti7ai) F~ Yy dt,
a =1

Sip = _/ a(t)* (/ C(t) (H ‘I’i(tn(li)) P <H @i(ai,si)> B(s)u(s)ds> dt,

b t q
Su= [ ( [ ew (H@(ti,si)) B<s>u<s>d5> d,

b
514 = / d(t)*D(t)u(t)dt
Obviously S7 = S14 and S; = Sg by (3.7). By (3.9) we have

Sy + S10

q
@* <M2 H CI)Z(bZ, ai)—

i=1

— <M1 + M, f[q)i(b%ai)) P) /b (H ®;(ai,

i=1 =1

e = /b (ﬁ @i(ai,si)> B(s)u(s)ds,

si)> B(s)u(s)ds =

hence Sy + S19 = S4. Similarly (3.8) implies Sy + S3 = S11. By (3.10),

Ss+ S5 = /b ( (H D;(si,t; ) (t)u(t)ds> dt—
a i=1

The second integral is S1o and, by changing the variables ¢t and s and the order of
integration in Sys, it results that S; + Sg = S12 + S13, hence the two members of

(3.11) are equal.

Let us denote by (-,-); and (-,-)2 the inner products on L?([a, b],

L?([a,b],Y) x R™ respectively, where

((9,2), (u,v))1 —zv+/b1 /b2 (t1,. . tg) ulty, . .-,

U) x R™ and

ty)dty ... dt,
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and (-, )9 has a similar definition. Then Theorem 3.4 can be restated as follows:

Corollary 3.5. For any ¢D acausal system with well-posed boundary condition ¥
and its adjoint X2, the following equality holds:

<T(ﬁ'7 f))v (ua v)>1 = <('LA"’ f))v T(ua v)>2'

4. Reduced adjoint systems

Let us consider the system ¥ (2.1), (2.2) with the well-posed boundary condition (2.3)
(that is without the output equation (2.4)).

Definition 4.1. The (¢D) system (3,) having the representation

i) = Y1) (H Az-m)*) 2 at) — Oy dt) (4.1)
§(t) = B(t)"a(t) + D) a(t) (42)
#a) = NI, #(b) = —N3A (4.3)

is called the reduced adjoint of the system X.

Proposition 4.2. The state of the reduced adjoint system 3, determined by the
control 4 is

z(t)r = /[a ; <Zlf[1q)l Syt >ds
b q
.

Proof. Equation (4.1) is similar to (2.1) with —C(t)* instead of B(t) and —A;(t;)*
instead of A;(t;). Since ®_4x(ti, 8:) = P4, (si,t:)", by (2.9) we obtain

&(t)* = i(a)* H(I%-(ai,ti) f/ a(s)*C(s) <H @i(si,ti)> ds. (4.5)

(4.4)

We replace t by b in (4.5) and (4.3) gives:

i=1

q b q
—N Ny = &(b)* = ANy [ ] ®ias, bs) —/ a(s)*C(s) <H <I>,-(si,bl-)> ds.  (4.6)
i=1 a

q
We postmultiply (4.6) by H ®;(b;, a;) and we obtain
i=1

q b q
)\* <N1 + N2 H(I%(a“bz)> :/ ’LAL(S)*C(S) <H @i(si,ai)) dS,

i=1
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b q
A :/ a(s)*C(s) <H @i(si,ai)> F~lds. (4.7)

b q
E(b) = —\"Ny = —/ a(s)*C(s) (H @i(si,ai)> F~Nyds.

i=1

hence

Therefore

This is equal to Z(b)* given by (4.5) with ¢ = b, hence

q b q
#(a)* [ ®i(ai bi) —/ a(s)*C(s) (H @i(si7bi)> ds =
i a i=1

. ) (4.8)
= —/ (s)*C(s) (H @i(si,ai)> F~'Nods.
We postmultiply (4.8) by f[ ®,(b;, a;) and we obtain
i=1
b q b q
(a)” Z/ a(s)"C(s) (H ‘I’i(Si,Gi)> ds —/ a(s)"C(s) (H q’i(&'ﬂi)) Pds,

hence, by replacing &(a)* in (4.5)

b q
) = / a(s)"C(s) <H I E z)) ds—

=
3
[0)c]
@
[l

<
I
-

<
Il
N

ie. (4.4).

Theorem 4.3. The input-output map of the reduced adjoint system S, is the
operator T, : L*([a,b],Y) — L?([a,b],U) x R™, T,.(a(+)) = (§(-), \) where

g(t)* = % : (H(I)z Siyti ) )dS—
at i=1

and
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b q
N = / i(s)*C(s) (H @i(si,ai)> Flds.

Proof. We obtain (4.9) by replacing the state #(t) (4.4) in the output equation
(4.2). The expression of \* was obtained in (4.7).

Theorem 4.4. The inputs and the outputs of the system ¥ and of its reduced
adjoint X, verify the relation

by
/ / tl,..., (tl,...,tq)dtl,...dtq+)\*’U:
b1
/ / t17..., y(tl,...,tq)dtl...dtq

Proof. By (4.9), (4.7) and (2.12) we can write the members of (4.10) as fab J(t)*u(t)dt+
Xv =S + S5+ S5+ Sy and [P a(t)*y(t)dt = S5 + S + S7 + Sg where

S1= /ab a(s)"C(s) (f[ q’i(&'ﬂi)) F~lu ds,
S, /ab (/{a t] (ﬁ@ siuty ) (t)u (t)ds> dt,

=1

Sy = —/ab </ab (H@ (si,a;) ) (H@Z (as,t;) ) )u(t)ds) dt,

i=1 i=1

(4.10)

Sy = / ’ a(t)* D(t)u(t)dt,

55 = /b (ﬁ (P’L t'w a/l ) 1'U dt,
b b q q
S6 = —/ (/ a(t)*C(t) (H <I>z-(ti,az-)> P (H @i(ai,si)> B(S)u(s)d5> dt,

b t
Sy = / ( / C(t) <]:[1 @i(ti,si)> B(s)u(s)ds) dt

b
Ss = / a(t)* D(t)u(t)dt.

Obviously, S1 = S5, S3 = S, and S4 = Ss. By changing the order of integration in

So, we obtain
b t q
Sy = / ( / i(s)*C(s) (H @i(si,ti)> B(t)u(t)dt) ds

and by changing the roles of s and ¢ it results that Sy = S7, which proves (4.10).
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Now, we denote by (-,-)3 and (-,-)4 the inner products on L?([a,b],U) x R" and

L?([a,b],Y) respectively, defined by

and

b
(), (3, \))s = / () u(t)dt + Mo

b
(y, s = / a(t) y(t)dt.

Then Theorem 4.4 can be restated as follows:

Corollary 4.5. For any qD acausal system with well-posed boundary condition

and for its reduced adjoint ir, the following equality holds:

<TT (ﬁ)’ (uv U)>3 = <ﬁv T(ua U)>4'
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