L-moment problems

Anca Zlatescu and Luminita Lemnete-Ninulescu

Abstract. In this note we solve two L -moment problems. The first prob-
lem is a two dimensional complex L-moment problem on the closed unit
disc in C having as data a complex sequence {yq,3} C C. The second is a
real L-moment problem on an arbitrary compact set in R having as data
a real sequence {A,}, C R.
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1 Introduction

This note is devoted to the L-moment problem. The L-moment problem consists in
characterizing the sequence of moments a, = fR t"f(t)dt,n € N of a measurable
function f (with prescribed support) which satisfies a boundedness condition such as
0 < f <L a.e.dt. The L-moment problem was formulated and completely solved by
Akhiezer and Krein in the thirties [2]. The interest for the moments of a bounded
measurable function on the real axis goes back to A. A.Markov in the ninth decade of
the last century. The aim of the present paper is to study a two dimensional complex
L-moment problem (in Section 2) and a one-dimensional real moment problem (in
Section 3).

2 A complex L-moment problem

The L-complex moment problem consists in characterizing a double complex sequence
{Ya.8}a,pez+ in order to represent the moments of a measurable function g on D,
which satisfies a boundedness condition 0 < g < L a.e.du for a positive constant
L > 0. We state and solve this L-complex moment problem in the following theorem.
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Theorem 1. Let D1 = {z € C,|z| < 1} be the closed unit disc endowed with a
planar positive measure i (e.g., the measure constructed in [11]). Let {ya g}apez+ be
a sequence of complex numbers with a finite number of non-zero terms. The following
assertions are equivalent:

(i) There exists a positive constant M > 0 such that for all finitely supported
multi-sequence {€ntaen C C and any k € N we have:

03 > (1) Clyasopro€als <

a,B 0<0<k

<MY > (—1)Clearoprobads,

a,B 0<0<k

where cq g stands for
Ca,p = / 227 du(z).
Dy

(i) There exists a real-valued bounded function g € L>°(D;) with 0 < g < La.e.is
for L a positive constant, such that:

Yo 3 = / 2277 g(2)du(z) Ve, B € Zy..
D,

Proof. (1)=(ii) Let P,(2,2) = {P(2,Z) = 3 a0 32°%",a43 € C} be the C-vector
space of polynomials with complex coefficients in z,Z. We define the linear functional
L(z%28) = yq 5 for all a, B € Z, and extend L to P,(z,%) by linearity. From (i) we
have 0 < L(P(2,%)) < [}, P(2,%)du(2) for all polynomials P(z,%) = |Q(2)|*(1—|2|*)*
with Q(2) = > &,2% an analytical polynomial and for any k € N. Let f(z,%Z) be
an arbitrary polynomial in P,(z,%); in this case f(z,Z) = fi(z,2) + if2(2,Z), with
f1, fo polynomials in z,Z with real coefficients. If we take z = x + iy, we obtain
fi(2,2) = fi(z,y) +iff (x,y),j = 1,2 with ff polynomials in real variable x,y with
real coefficients for all k = 1,2,5 = 1,2. From Cassier’s paper [4] and from [10], we
have the the decompositions: fi(z,vy) = qi(2,%) — q2(2,%) and f2(x,y) = ¢3(2,2) —
q4(272)7 Simﬂary f;}(x,y) = q5(275) - QG('Z>E) and f%(wvy) = Q7(Zag) - QS(Z7E) with
qi(2,2) = [P(2) (1 — |2|2)¥, for P(2) € Py = {P, P(2) =Y. 402", a, € C}.

In this case

|L(H)| = |L(f1) +iL(f2)| < [L(f1)] + |L(f2)]

and
(@IL(fO)] < LD+ L) = [L(ar — g2)] + | L(gz — aa)| <
< /Dl ¢1(2,2) — g2(2, 2)|dp(2) + /D1 lg3(2,%) — qa(2,Z)|dp(z) <
<2 [ Ifldue)
Similarly

() |L(f2)| <2 /D | Faldp(2)
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From (a) and (b), we obtain:

(o) [L(f) < 4 / [ Fldu(2)

D,

for any f € P,(z,%Z). We extend with the Hahn-Banach theorem the functional L
on L'(D;) preserving the inequality (c). In this case, L is a bounded functional on
LY(D,); it follows that there exists g € L°°(D1) such that L(f fDl 2)du(z)
for any f € L'(D;). Because 2°z° € L'(D;) it follows that L(z* ) = Yo8 =
Ip, 22Pg(2)du(2). In this case we have

0 < L(lp(2)*(1 — |2[*)") = /D |P(2)]P(1 = [21*)*g(2)dp(z)

for any analytical polynomial P(z) and any k& € N, we have also 0 < L(h) =
fD g(2)du(z ) for any Hermitian polynomial h(z,%z) with h(z,Z) > 0 on Dj.
In thls case () < L(f) = fD1 f(2)g(z)du(z) for any continuous function f on D; with
f(z) > 0. It follows that g9(z) > 0 a.e.u. Similarly, g < 4 a.e.u on D;. From both
inequalities, we get 0 < g < 4 a.e.u. Conversely: ii)= ).

From (ii), we have

Za.ﬂ Zogegk(_l)ecef D, zotzP+o (z)fagdu(z) =
= [p, A= [2))¥|P()Pg(2)du(z) < L [, (1= [2[*)*|P(2)|Pdu(z) =
= Lza,g Zogogk(_ ) Cgca%,ﬁ%fafﬁ-

3 A real L-moment problem

Another real L-moment problem appears when we connect the L-moment problem
of a continuous, compact supported function on the real axis and the solution of the
Dirichlet problem for bi-harmonic equation in the half plane. The Dirichlet problem
is the following;:

Theorem 2. Let H = {x + iy,z,y € Ry > 0} and ¢ = R = (—o00,400). The
Dirichlet problem (D.P.) requires to find a harmonic function U(z,y) from C?*(H)
continuous on HU c such that Uly=o = U*(x) . The solution of the D.P. ([3],[7]) is:

It is also known from Cissotti’s formula that:

Theorem 3. If on the c¢ axis, the real part U*(x) and the imaginary part V*(x)
are known, under regularity conditions one can drive in H the holomorphic functions
flz) = L [T v (t)dt+zK1 or f(z) = %fj—;o thg)dt + K5 whose real and imag-

1T — 00
inary parts respectwely are solutions of the D.P. The real constants K1, Ko can be

determined knowing the value of f(z) at a single point in H.
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Indeed, we have

I T /1 D o B /A ()

— 00

+oo *
_RrY / _urw

T ) (t=2)%+y?

In connection with the D.P. and the real L-moment problem we can prove the following
theorem:

Theorem 4. The function [ represents the solution of the D.P. with data a com-
pact supported continous function on R if and only if there exists a L -moment
sequence {A,}n for a continuous, compact supported function on R such that we
have the representation:f(z) = —-= Zzz Apz7 1 when |z2| > L > 0 and L >
{inf|suppf|, sup|suppf|} with inf and sup being the lower, respectively the upper
bound of the compact support of f.

Proof. Let f(z) be the solution of the D.P. with data a function U* € C§(R). In
this case, according to Cisotti’s formula, the function

+oo *
6= [

M J_ T—%

is the solution of the D.P. We have for |z| > maz{inf |suppf|,sup |suppf|}

+eo * 7 +oo rr* +oo

z - n=0
1R pree
- [/ U*(t)t"dt} 7L
v n=0 -0

Taking A, = fj;: U*(t)t"dt, we get the required representation.

Conversely, let {An}n be a L-moment problem sequence of a continuous, compact
supported function on R, U* € CJ(R) that is A, = f:r;o U*(t)t"dt. Computing the
expression

1 +oo 1 +oo  too
- _ A —n—1 - _ * n —n—1 —_
f(2) ”nz:% n? — Z/ U*(6)i"dt)z

[
n=0 Y~

L,

T t—=z

— 00

for |z| > L, we get from Cissoti’s formula, that f(z) is a solution of the D.P. with
data a function U* € CZ(R).0
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