Leafwise 2-jet cohomology on foliated
Finsler manifolds
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Abstract. The tangent space of a Finsler manifold (M, F') is a Rieman-
nian manifold with respect to the induced Sasaki-Finsler metric and ad-
mits a natural foliated structure Fy given by the vertical distribution (A.
Bejancu and H.R. Farran, 2006). It is known that the Levi-Civita connec-
tion on the slit tangent space TM? induces a connection in the structural
bundle. In this paper the Vaisman connection on (T'M?, Fy/) is introduced;
this induces connections on the structural and the transversal bundles. It
is shown that the Levi-Civita and the Vaisman connections induce the
same connections in the structural bundle iff (M, F) is a Landsberg man-
ifold and that (MY, Fy) is a Reinhart space iff (M, F) is a Rieman-
nian manifold. Further, on the foliated manifold (TM°, Fy/) is introduced
and studied the space J{2HTMP) of leafwise 2-jets. A decomposition of
this space is obtained, and the 1-dimensional Cech cohomology group of
(TMP, Fy) with coefficients in the sheaf of basic functions is expressed
in terms of fields of leafwise 2-jets. We define the leafwise Mastrogiacomo
cohomology group with respect to the connection V induced in the struc-
tural bundle by a connection on (TM°, Fy/) ; as well it is shown that the
cohomology group is isomorphic with the 1-dimensional Cech cohomology
group of TM? with coefficients in the sheaf Qv of germs of functions f on
TMP°, which satisfy Vdf = 0. In particular, for the 4-dimensional 4-root
space, it is proved that the sheaf {2y is isomorphic with the sheaf of basic
functions on T'MP.

M.S.C. 2000: 53C12, 58A20, 53C60.
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1 Preliminaries

Generally speaking, jets are equivalence classes of maps between manifolds, maps
which have the same derivative up to a specified order, [1], [8]. The second order
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jets are elements of J2(M, N), where M, N are two differentiable manifolds. In this
paper we consider only the case N = R, hence the jets of the real differentiable
functions on M. Supposing that M has a foliated structure, in [5] we introduced the
leafwise 2-jets and the transversal 2-jets on M. These new types of 2-jets define the
Mastrogiacomo cohomology groups on M, groups which are related with some Cech
cohomology groups of the manifold M.

The tangent bundle of a Finsler manifold (M, F) is a Riemannian manifold with
respect to the Sasaki-Finsler metric GG, and it has a natural foliated structure F'y
given by the vertical distribution, [3]. It is known, [3], that the Levi-Civita connection
on TM? induces a connection in the structural bundle. In this paper we introduce the
Vaisman connection, [10], on (TM?, Fy), which induces connections on the structural
and the transversal bundles. We show that the Levi-Civita and the Vaisman connec-
tions induce the same connections in the structural bundle iff (M, F') is a Landsberg
manifold. Moreover, (TM°, Fy) is a Reinhart space iff (M, F) is a Riemannian man-
ifold.

On the foliated manifold (TM?, F'y) we introduce and study the space of leaf-
wise 2-jets, J'2(TM?). We obtain a decomposition of this space and we express the
1-dimensional Cech cohomology group of (T'M°, Fy) with coefficients in the sheaf of
basic functions in terms of fields of leafwise 2-jets. If V is the connection induced
in the structural bundle by a connection on (T'M°, Fy/), then we define the leafwise
Mastrogiacomo cohomology group with respect to V. This cohomology group is iso-
morphic with the 1-dimensional Cech cohomology group of TM? with coefficients in
the sheaf Qy of germs of functions f on TM° which satisfy Vdf = 0.

At the end we present a particular case, where M is a 4-dimensional 4-root space,
and we compute the sheaf Qy, proving that it is isomorphic with the sheaf of basic
functions on TM?°.

2 A natural foliation on the tangent bundle of a
Finsler manifold

In this section we follow [4], [3] to present some questions about Finsler manifolds. Let
M be an n-dimensional paracompact manifold and T'M its tangent bundle. If F is a
bundle over M, we denote by I'(E) the module of its smooth sections. If (z),_1 are
the local coordinates on M and (y'),_; are the fiber coordinates, then (', y"),_1
are the local coordinates on T'M. It is well-known that the transformation of local
coordinates on T'M are

s . . 8521 )
(2.1) =3 (22", gt = o y'.
In this paper the indices take the values i, j, k, i1, j1, ... = 1, n and we use the Einstein

convention for summation.

We assume that M is a Finsler manifold, so there exists a function F' : TM —
[0, 00) which vanishes only on the zero section on TM and is smooth on TM" =
TM\{0}, such that it is positive 1-homogeneous in y,

F(z,ky) = |k| F(z,y), Vk€R,
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and the matrix of coefficients
1 0%F?

( ) glj (Jf, y) 2 ayzayﬂ ’

is positive definite at any point of the domain of the local chart.

Let Fy be the foliation on TM° determined by the fibers of 7 : TM? — M,
called the vertical foliation. The leaves are exactly {T,M°},car. The local coordinates
(2%, y%); are adapted to this foliation, which means that the leaves are locally defined
by x' = constant. The sections of the structural (also called vertical) bundle VT'M°
are locally spanned by {%}Z We consider the functions

i~ ik _ J
G =19 aykaxhy Oxk ¢

1, [ 0°F2 , OF? ey
4 o oyt

where the matrix (g?*) is the inverse of the matrix described by(2.2).
There is a complementary bundle HTM? to VT M in TTM?, called the transver-

sal (or horizontal) bundle of the foliation, whose sections are locally spanned by

e NI
szt Oxt oyt
We have the decomposition
(2.3) TTM° = HTM° & VT M,

so every vector field X on TM° has a vertical part VX and an horizontal part HX.
The relations

) 9 o 5 9
G(M’émi) G(aywayj) = Gij» G((w,(w) =0,

define a Riemannian metric on 7'M 0. called the Sasaki-Finsler metric.
Let V be the Levi-Civita connection of G. It induces a connection V on VT M?°
given by

VxVY = V(VxVY),

where X,Y € I'(TTMP°) and V is the projection morphism of TTM°® on VT MP.
Locally, V has the following expression ([3]):

1o} ok 0 0 ok 1o}
where
L 31 0gi 1 dgni  O0gnj  0ij
2. ko ZgkhZJ4 - pk _ Z hk 4 i _ 9295\
( 5) Cz] 29 ayhv 1] 2 5$j (S.Tl &Eh

Remark 2.1. M being a paracompact manifold, there is a Riemannian structure on
M, let a = (ai;) be the coeflicients of its Riemannain metric. We have F' = \/a;;y'y?
(hence g;; = a;; don’t depend on y), and, in general, (M, F') is Riemannian, iff

Cl =0, Vijk=Tn
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The decomposition (2.3) shows that for an arbitrary connection on TM?, the
torsion T has the decomposition

T(X,Y)=V(T(X,Y)) + H(T(X,Y)),
where H is the projection morphism of TTM° on HTM?P.

In the following we consider some notions from [10], related to foliated manifolds,
in our particular case, (TTM°, F'y, ). First of these notions is the Vaisman connection
V? on a Riemannian foliated manifold. This is a connection on TM°, uniquely defined
by the conditions:

a) If Y € I(VTMP)) (respectively € T(HTM?)), then V%Y € I'(VITMP) (respec-
tively € T(HTM?)) for every X;

b) if X,V,Z € T(VTM®) (T(HTM?)), then (V%G)(Y, Z) = 0

c) V(T(X,Y)) = 0if at least one of the arguments is in [(VTM°) and H(T(X,Y)) =
0 if at least one of the arguments is in I'(HTM?).

In [10, p. 188], the coefficients of V¥ in an adapted chart are given and it is proved
that:

Proposition 2.1. Let (M,F) be a Finsler manifold. Then the Vaisman connec-
tion V on (TM°,G, Fy), is locally expressed with respect to the adapted local basis
{%, %} as follows:

) ) )
v I ) v =
vﬁ ozt Yk’ va?,: ozt 0,
o 0GE 9 , 0 )

2. T =Ciigr
( 6) v$ 8yl 8y’ 8yk’ ﬁ@yz Czyayk

An imediate consequence of the above proposition is:

Proposition 2.2. If (M, F) is a Finsler manifold, then the Levi-Civita and the Vais-
man connections on the foliated manifold (TM°,G, Fy) induce the same connection
on the structural bundle iff M is a Landsberg manifold.

Proof: The relations (2.6) give the local expression of the induced connection on
VT MP. Taking into account relations (2.6) and (2.4), we have that the Levi-Civita
and the Vaisman connections on the foliated manifold (TM°, G, Fy) induce the same
connection on the structural bundle iff

oGl

2. A
( 7) ayz )

The first member of the above equality is usualy denoted by ij and a Finsler manifold
where holds the relation (2.7), is a Landsberg manifold ([3]).
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Remark 2.2.  In [3, p. 137, theorem 2.2], it is proved that a Finsler manifold is a
Landsberg manifold if and only if the vertical foliation Fy on the Riemannian manifold
(TM°, G) is totally geodesic (that means all leaves are geodesic submanifolds). So, we
can say that the Levi-Civita and Vaisman connection induce the same connection on
the structural bundle VI MP if and only if the foliation Fy is totally geodesic.

Definition 2.1. A Riemannian foliated manifold with Riemannian metric g is called
a Reinhart space iff

(2.8) (V&) (Y, 2) =0,

for all the sections X of the structural bundle and Y, Z sections of the transversal
bundle, where the covariant derivative is taken with respect to the Vaisman connection
of the manifold.

Proposition 2.3. Let (M, F) be a Finsler manifold. The foliated manifold (TM°, G, Fy)
is a Reinhart space if and only if (M, F) is a Riemannian manifold.

Proof. Let X € I(VTM°) and Y,Z € T(HTM?"), and V" be the Vaisman con-
nection on (T'M°, G, Fy). In an adapted local chart we have

9 5 )
X=X~ Y=YiI—~— Zz=z7F—_.
oyt’ dxd’ dxk

o)

By the linearity of V¥ we can consider X = By Then we compute

(Vva G) Y, 2) = 821' (YjZkngg) -G (v%yjcﬁj’zk(&c) _

ayt oy’

_ j_d v k_d _ vj7k 995k
G(Y 61"’v65’iZ Mk,)YZ Dy
Y

Hence the condition (2.8) for all Y, Z € T'(HTM?) is equivalent to %g;f = 0, so, by

remark 2.1, it is equivalent to (M, F') Riemannian manifold.

Remark 2.3.  In [3, p. 137, theorem 2.1], it is proved that a Finsler manifold is
a Riemannain manifold if and only if the Sasaki-Finsler metric G is bundle-like for
the vertical foliation Fy of TMY. So, we can say that the Sasaki-Finsler metric G
is bundle-like for the vertical foliation Fy of TM° if and only if (TM°,G, Fy) is a
Reinhart space.

Let Q°(TM?) be the ring of real differentiable functions on TM? and QP¢(TM?)
be the module of (p,q) forms on the foliated manifold (TM°, G, Fy/). Hence, 6 €
OP9(TMP) is a (p+q)-form on (TM°, G) which is potentially different from zero only
if p arguments are sections of HT M and ¢ arguments are sections of VT MY, By this
definition, § € Q%(TM?) has the local expression

(2.9) 0 = 0:5y",

where 6; are differentiable functions on the domain of the local chart and {dxz?, §y’}

is the dual basis of { 5‘;1. , a%i}' Obviously, if U, U are two domains which overlap, then

in their intersection
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~ oy oz

where we used also (2.1).

Let doy : QP9(TM°) — QP4 (TMY) be the foliated derivative on (TM°, G, Fy).

It is well-known, [10], that d3; = 0. If f € Q%(TM°) and 6 € Q®Y(TMY), then we
locally have

0 00; 06,

dorf = 2L %

oyt ayl Oyt

The foliated derivative define the leafwise cohomology of a foliated manifold. In this

paper we present only the 1-dimensional leafwise cohomology group of (TM°, G, Fy),

which is interesting for our research.

We recall that a (0,1)-form @ is called do; — exact if there exists f € QY(TM?)
such that 8 = dy1f and it is called dg; — closed if dy10 = 0. The Poincare lemma
assures that every dp;-closed form is dy; —locally exact.

Let Z%Y(TM") and B®'(TM?) be the groups of (0,1)-forms which are, respec-
tively, do1-closed and dgi-exact. Obviously, B®(T'M?) is a subgroup of Z%(TM?).
The quotient group

Syt,  do1f = ( > Sy? Aoyt

1 Z01(TM?)
(211) H (FV)_ BO’I(TM0)7
is called the 1-dimensional leafwise cohomology group of the foliated manifold (T M?,
G, Fy).

We recall that f € QY(TM?) is called basic if do1f = 0, or, equivalent, if it is
constant on the leaves, so it doesn’t depend on z. Let @ be the sheaf of germs of basic
functions on (TM°, G, Fy). An important result is the de Rham theorem:

Theorem 2.4. The cohomology group H'(Fy) is isomorphic with the 1-dimensional
Cech cohomology group of TMC with coefficients in the sheaf ®:

HY(Fy)~H! (TM?, ®).

3 Leafwise 2-jets on (TM° G, Fy)

If M is a differential real manifold, we know, [1], [8], that two functions f,g € Q°(M)
determine the same 2-jet at a fixed point © € M if f(x) = g(z) = 0 and their first
and second derivative are equal at x.

On a foliated manifold two differentiable real functions determine the same leafwise
2-jet at a point if they determine the same 2-jet in the leaf through that point ([5]).
So, for (TM°, G, Fy) we have the following definition:

Definition 3.1. We say that f,g € Q°(TM°) determine the same leafwise 2-jet, or
1,2-jet at (z,y) € TMP if they determine the same 2-jet at (z,y) in T, M°.

The relation ”to determine the same 1,2-jet at (z,y)” is an equivalence on
Q%(TM"Y). The equivalence class containing f is denoted by jéfy) f and it is called the
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[,2-jet of f at x. By the above definition we have that the equality jéfy)f = jéfy)f’
is locally expressed by:

af of f *f

for every i, = 1,n. These conditions have geometrical meaning and they can be
considered as definition for ” f, g determine the same 1,2-jet at (z,y)”.
For every f,g € Q°(TM°) and a € R, we define the following operations:
GGt + 309 =3+ 9),
@ j(;c,y)f - j(;c,y)(a )
1,2 1,2 0.2
I I = I 9)-

It is easy to see that the above operations are well-defined. For example We shall
prove that the product doesn’t depend on the representatives. Let f € j(x Y f and

g€ ](m ,)9- By the definition 3.1, it results f(x,y) = g(z,y) = flz,y) = §(z,y) =0,
and

S (x,y) = 5L (2,y),  Fodr(2.y) = 5o (x,0),
o (2y) = 5% (2y),  Foisr(@,y) = 5odr (2, 9).
Then we have
a(f - g) _of g ) _
oy (z,y) —ayi(%y) g(z,y)+8yi(m,y) flx,y) = oy (z,y) =0

*(f - 9) of 99 of 99 (f-9)

ay’bayj ('r’ y) 8yz (xa y) ayZ (x7 y) 8y2 (.1:, y) ayl (x7 y) 8y18yﬂ (.T, y)7

which shows that jéﬁy)(f cg) = jéﬁy)(f.g), q.e.d.

Now let f € Q°(TMP) such that f(x,y) = 0 for a fixed point (x,y) € TM°. Let
(U, (x%,9")) be a local chart at (z,y), such that y*(z,y) = 0,7 = 1,n. In U, both the
functions f and

0 1, 9
Y5y a0 (L Y) + 5y'y ayiayj(x,y),

determine the same 1,2-jet at (x,y), so we obtain the local expression of jéfy) b

f 1,2 P 1o i a2
(.Z’,y)j( +* ](w,y) y' (Ly)yj-

0
12 . 9f
Jew! = oyt 2 Qytoyd

Moreover, we say that it is a 12-jet at (z,y) every expression locally given in
(U, (=, ")) by

1 12 i 2
5@is (T Y)J eV Ty ¥

2 L2
(3.1) Vo) = @il Y) Iy + 5
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where w;,w;; € Q°(U) are satisfying w;; = wj; and if U is another domain of local
chart at (z,y), then in U NU these functions satisfy

ayi ~ a2yi ' ayz ayj

Wi, = Wi@’ Wi = Wi oy 0y T O™ oG

Taking into account (2.1), the transformation of the component functions of a 1,2-jet
at (z,y) are:

oxt . ox' Oxd

(3.2) Wiy =Wig—ms Qg = Wij oo

We denote by J 1,2

(z,y)
a real algebra. The space J"2(TM°) = U,y eraro J(lﬁy) (TM?) is a fiber bundle over

TM?°, where the fiber coordinates are (w;,w;;)1<i<j<n-

(TMY) the space of 1,2-jets at (x,y) and we can see that this is

Definition 3.2. An 1,2-jet at (z,y) locally given by (3.1) is called homogeneous if
w; =0 for all i = 1,n.

The relations (3.2) show that the notion of homogeneous 1,2-jet has geometrical
meaning. We denote by @l(j y)(TMO) the space of homogenous 1,2-jets at (x,y). The

space ©L2(T M) = U(Iyy)eTMO(")l(g (TMY) is a fiber bundle over TM?, where the

@y
fiber coordinates are (w;;)1<i<j<n- :

The smooth sections of J42(TM?), ©L2(TMP) are called the fields of 1,2-jets, and
the fields of homogeneous 1,2-jets (or h,1,2-jets) on T MY, respectively. The spaces of
these sections are denoted by J2(Fy ), ©%(Fy ), respectively. We have the inclusion
O%(Fy) C J*(Fy).

Let j''2 be the map which assigns to every f € QO(TM?) its field of 1,2-jets

(3.3) b2 QNTM°) — JH(Fy).
The local expression of this map is

Of a2, i

(3.4) jorp= gy 1 o’y iRyt iRy
' oyt 2 Oyioy’ ’

The changing rules for the fields of 1,2-jets of the coordinates are:

e il o1 0% , .
1,250 1,21 - 1,200 1,2, 5
Ity Tyi] Y +28yi8yj] Yy -1y,
o e 3@1‘1 5@3‘1 ) o .
]l,2yzl ']l’2yj1 — ayl ayj l,2y1 .jl,QyJ.

Taking into account relations (2.1), the above transformations become:

oFh . . - 9Fh pFa ,
1,2 4 0.2~i1  1,2~51 _ 0200 1,2
Joryt gty = 3yt

J
ozl Yo Ozt OxJ v

(35) M=

Let w? be an arbitrary field of 1,2-jets on TM?, locally given by
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1

2 1.2 i
+ 2

w? = w; - jY 4wty iRy,

where the relations (3.2) hold. The relations (3.2) and (3.5) show that the expressions

) 1 . )
1 1,2 4 2 020 1,2
Wi =wi s JUY W = Wi i Y v,

have geometrical meaning. Moreover, w? is a field of h,1,2-jets. We call w! the 1-type

part of w? and w? the homogeneous part of w?. it results that every field of 1,2-jets on
TM? is a sum of its 1-type and homogeneous parts:

(3.6) w? = w' + w2

Let J(lxzyl) (TMP) the set of all the expressions w;(x,y) ]éfy)yz satisfying (3.2) and

(3.5). The space

JW2HTMO) = Uz,y)eTmo J(lf,;) (TM?)

is a fiber bundle over TM?°, and a subbundle of J“2(TM"). The space of its sections
is denoted by J%1(Fy).
Using the relation (3.6) it is easy to verify that

Proposition 3.1. The bundle of I,2-jets on the foliated manifold TMC, Fy is the
direct sum of the bundles J421(TM°) and ©42(TM?).

An immediate consequence is the decomposition
JA(Fy)=J%!(Fy)® 0°%(Fv).

Proposition 3.2. The space J>1(Fy) is a QO(TM°)-module, isomorphic with the
module Q%1 (TMP) of (0,1)-forms on TM?P.

Proof. Let & : Q%Y(TM°) — J*(Fy) be the map which assigns to every (0, 1)-
form 6 locally given by (2.9) the field of 1,2-jets w? locally given by 6, - j"2y. From
(2.10), (3.2) and (3.5), it results that & is well-defined. Also, it is an isomorphism of
modules.

Remark 3.1. Ones could say that every field of 1,2-jets on TM? is congruent modulo
Q0T MPO) to every field of h,1,2-jets on the same manifold.

We can see that the map £ from the proof of Proposition 3.2 satisfies
(Eodn)f = (Gf)', VfeQ(TM?),

where the second member is the 1-type part of the field of 1,2-jets of the function
f. Let 6“2 be the map who assigns to every f € QY(TM°) the homogeneous part of

Jb2
(3.7) ob2 . Q0N T MO) — ©%(Fy), V% f = (542f)..

By the relations (3.3), (3.4), (3.6)-(3.7), we have
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Proposition 3.3. The map j52 satisfies
j¥? = €odor + 0%
Now, we define the following map
D : Q"N TM°) — ©%*(Fy),

given locally by

106 00, i 1
De:0y") = § (8yj + a;ﬁ) T AT R TR

By a direct calculation, D has geometrical meaning. Moreover, for an arbitrary f €
QO(TM?), we can compute in every local chart

O0F N 1 PF a0 4ei .
(Dodo)f =D (a;@l) = 58yi§;jyl’2y Py = (52 )0 = 02 F.

If we denote by ¢ the map & + D, then ¢ : Q®Y(TM°) — J?(Fy) is satisfying by
proposition 3.3 the following relation

(3.8) 342 = Codo.

4 Mastrogiacomo leafwise cohomology on (T'M°, G, Fy)

In this section we use the fields of leafwise 2-jets from the previous section for defining
two cohomology groups of the foliated manifold (TM°, G, Fy), one of them being
essentially dependent by a given connection on TM?°.

Definition 4.1. We say that a field of 1,2-jets w? € J%(Fy) is j"2-exact if w? = jL2 f
for some f € QO(TMP), and it is j''2-closed if it is locally j!'?-exact.

We denote by E?(Fy), C%(Fy) the spaces of fields of 1,2-jets on TM° which
are jl2-exact, respectively j'2-closed. Obviously, E?(Fy) C C?(Fy). We call the
Mastrogiacomo leafwise cohomology group of TM? the quotient group

Hl’z(Fv) = =7 -

Proposition 4.1. If { is the map from the relation (3.8), then we have
C(2%HTM®) = C*(Fv), ¢ (B"(TM")) = E*(Fv),
where the spaces Z%H(TMY), B (TMP) are from the relation (2.11).

Proof: Let 0 € Z%Y(TM?), which means that it is a (0, 1)-form satisfying do,0 =
0. The Poincare lemma assures that in every domain U from T M 0 there exists fu €
Q°(U) such that in U we have 6 = do1 fy. We compute in U

¢(0) = (Codn)(fv) = j" fu
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using relation (3.8). It results that () is locally j“2-exact, so it belongs to C?(Fy).

Considering now an arbitrary w? € C?(Fy/), we have that in every domain U from
TMP there is a differentiable function fy; such that w? = j52fy. Let 6 be the (0,1)-
form locally given in U by 6 = do1 fy. This form is globally defined because the field
of 1,2-jets w? is globally defined. Moreover, dg10 = 0 and ((0) = w?, so C?>(Fy) C
¢ (Z 01 (TM 0))7 which entails the first equality. The second equality follows by an
analogous argument, q.e.d..

An immediate consequence is:

Theorem 4.2. The map ( induces an isomorphism between the 1-leafwise cohomology
HY(Fy) and the Mastrogiacomo leafwise cohomology group H“2(Fy/).

Proof. The map
¢ H'Y(Fv) — HY2(Fv),  ¢([0) = [€(0)]"*,
is well-defined by Proposition 4.1 and it is an isomorphism of groups.
From Theorems 2.1 and 4.1, it results:

Theorem 4.3. The Mastrogiacomo leafwise cohomology group of the foliated manifold
(TM°, G, Fy) and the 1-dimensional Cech cohomology group of TM® with coefficients
in the sheaf ® of basic functions are isomorphic.

In the following, let V be the Levi-Civita connection of the metric G on T'M 0
and V the connection induced by V in the structural bundle, from the section 2. The
following map is well-defined:

52 - QOHTMO) — 21 (Fy),

locally given by

12, 1 ([ O*f k OF \ a2 i a2 g
(4.1) o0y f =3 (ayiayj Cijayk 3y,

where C’fj are the coefficients of the restriction of V to the leaves, given by (2.5).

Indeed, if U and U are two domanis of local charts which overlap, then we have in
Uunu, [4]:

gy O da' Oad

Wit 9kt T W §Fin 9
Using the above transformation, by a direct calculation results that the second mem-
ber of (4.1) satisfies the conditions (3.2) (here w; = 0), so 5lv’2f is a field of h,1,2-jets
on TMP°.

Definition 4.2. We say that a field of h,1,2-jets w? € O2(Fy) is 0%%-ezact if w? = 27 f
for some f € Q°(TMY), and it is 5lv’2-closed if it is locally 5lv’2—exact.

We denote by EZ(Fy), C&(Fy) the spaces of fields of h,1,2-jets on TM° which
are 5lv’2—exact, 5lv’2—closed, respectively. Obviously, EZ (Fy) C C&(Fy). We call the
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Mastrogiacomo leafwise cohomology group with respect to V of TM° the quotient

group
Ce(Fy)
HS (Fy) = =22 V0
vV =)

Let Qv be the sheaf of germs of differentiable functions on TM? which satisfy Vdf = 0.
Locally, this condition is equivalent with the following system:

0% f K OF _

dyioys Toyk

(4.2)

0, (V)i,j=TIn.

yield that the solutions of (4.2)

. . .- 8 f o 8% f
The integrability conditions OyT09 0aF = Byfopioy

have to satisfy
of

oyl =

Szl Ov (V)iajah:Lna

where . .

oC;; B aC;),
oyh oy’

are the curvature coefficients of the restriction of V along the leaves. On the other
hand, taking into account the well-known relations, [4],

1 k il k
Sijh = + C35Cn — CinChis

ik
Yy Cij =0,
from the system (4.2) it follows

. 0*f
Y Oytoyi

=0, (V)j=1,n.
which is equivalent to

Lf—fe®TM?),
where L is the vertical Liouville vector field on TM?,

; 0
L:yzayi.

For an arbitrary foliated manifold we proved in [7] that the Mastrogiacomo leafwise
cohomology with respect to a connection V and the 1-dimensional Cech cohomology
group with coefficients in the sheaf Qv of that manifold, are isomorphic ([7], theorem
4.1, p.83). So, we have

Theorem 4.4. If (M, F) is a Finsler manifold, for the foliated manifold (TM°,G, Fy/)
the following isomorphism holds:

HY(Fy) ~ HY (TM?, Q).

In the following we determine the Mastrogiacomo leafwise cohomology group of
TMP° with respect to V in two particular cases.

(I) If the Finsler manifold (M, F') is Riemannian, which is equivalent from remark
.1) to relation C7; = 0 for all indices 1, 7, k, an 1s the induced connection on the
2.1 lati C’fj 0 for all indi 7,k d V is the induced i h
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structural bundle by the Levi-Civita connection on TM?, then the sheaf Qv contains
the germs of functions which are satisfying
_f
OytdyI

=0, (V)i,j=T,n.

The solutions of the above system are f = a;y° + o, with «;, o basic functions. Hence,
we have the isomorphism of shaves Qv ~ ®"*!, where ® is the sheaf of germs of basic
functions on TM?. So, by Theorem 4.3, it results

HG(Fy) ~H' (TM", o"+1),

Taking into account theorem 2.1, we obtain that the 1-leafwise cohomology group of
(TM°, G, Fy) is a proper subgroup of HZV’Q(FV).

(IT) Let (M, F') be a 4-dimensional 4-roots space, where the fundamental functions

F is locally given by F = {/yly2y3y*. We suppose that F is well-defined on TM. By
F2 1 F?2_1

a straightforward calculation we obtain g;; = — s @02 9ii = 5 g and further
. 3 y* . 1 y*
Ol =—_—_*~ __ (k= _2 _ i ok = L
B(y))2’ T8y TR gykr Y 8yiyd’

for all indices i, 7,k € {1,2,3,4} such that ¢ # j # k # i.
Then the system (4.2) becomes

ne O°F ; Of
8(y*)? 4" =0
(y*) IR A
’f of of
Syyjay —&-2ya 8yJ_Lf:0

for all 4,5 € {1,2,3,4}, where the repetition of the same index does not means sum-
mation. So, this system has 10 equations. The integrability conditions give that a
solution f has to satisfy

1 0f 20 _ 30f 4 0f

4. _— = _— = _— = _—
(4.3) Voo~V Y 9 Y gm

hence the system becomes

O*f O*f . s
W - 07 8y18y1 - 07 (V)Z,_] € {1a27374}77’ 7é J-

The solutions are f = a1y’ +aoy? +asy® + asy* +a, where oy, a are basics functions,
so they do not depend on y. These solutions have to satisfy as well the relations (4.3),
hence

ar(2)y' = ax(2)y® = as(@)y’® = au(z)y*, (V)z € M.

It results that «; = 0 for all ¢ € {1,2,3,4}. We have then Qy ~ ®.
For this particular Finsler manifold we obtain
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HY(Fy) ~ H (TM?, &).

Taking into account theorem 2.1, it follows that the Mastrogiacomo leafwise coho-
mology group with respect to V is isomorphic with the 1-leafwise cohomology group
of the foliated manifold (TM°, G, Fy ).
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