Numerical study for two point boundary problems
in nonlinear fluid mechanics

Elena Corina Cipu, Carmen Pricina

Abstract. We study a nonlinear second order differential equation for
two point boundary problems. We present a numerical algorithm in order
to approximate the solution. We generalize the method for a system of
two second order differential equations. We discuss upon accuracy and
precision of the algorithm. In case of heat transfer problem for a third
grade fluid flow, we obtain the approximate solution, and compare it with
those obtained by V. Tigoiu [7]. We conclude that the numerical technique
presented can be used for new two point boundary problems, where the
exact solution is unknown.
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1 Introduction

A lot of problems in nonlinear fluid mechanics are modelled by second or higher order
differential equations. For example, for heat transfer problem of a third grade fluid
flow between two heated parallel plates (see Figure 1) were obtained the following
dimensionless two point boundary value problems:

) V' () + af(my' (n) = 2af (n)b(n) + af"(n) =0,
1.1

and
©"(n) + af(n)¢'(n) + 2¢(n) + 4af(n) = 0,

¢(0) = 0;(1) = b= (61 — 0o)/M; M = ct.,

(1.2)
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where ¥(n) and ¢(n), with n = y/d, define the temperature of the fluid (see V. Tigoiu
[7]) by

0(z,n) — 0o = M(p(n) +2*¢(n));  0(z,0) = 0,0(z,1) = 1.

bbb by 4y

= ¥

Figure 1: Geometric representation of the flow domain.

The function f, related to the velocity field: u = cxf’(n), v = —cdf(n), is deter-
mined from the equations of motion, solving a fourth nonlinear differential equation
with boundary conditions on the plates (see E.C. Cipu, C. Pricina [1]):

fIV — Re(f/ f// _ ff///) + O_Z1R6(ffv _ f/ fIV),
f(0)=f'(1)=0,£(0) =1, f(1) = vy /cd = K.

(1.3)

2 Numerical study of the bilocal problem for one
ODE

2.1 General problem. Notations

In order to solve the particular problems (1.1) and (1.2) we shall study a more general
one. Find the function y € C? 0, 1], solution of the problem:

(2.1) y'(z) + F(2)y' + G(x)y = k(x);  y(0) =do, y(1) = dy,

with dy and d; known constants. There exist one solution of (2.1). We approximate
the solution using the finite difference method. The corresponding problem of (2.1)
in differences is:

—yir1(Fih/2 + 1) + (Gih? = 2)y; + (F;h/2 — 1)yi—1+

(2.2) +(Cry; + F;hCoy;) = —kih?, i€ 2,n,
y1 =do,yn = dy.

We shall consider common notations, as follows:
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e N=n+1 is the number of the points z; = (i — 1)h of the division of interval,
I'=00,1], h=1/n, yi = y(x:), Fi = F(;),Gi = G(2:), ki = k(z;)

e Difference operators:

D = differentiation operator; E = ¢"P?, A = 1+ E, § = EY/?2 - F~1/2 =
2sh(hD/2), up = EY/? 4 E=Y/2 = 2ch(hD/2);

o Oy =—564+ 5500 — . Cy=—Lpsd+ 56— ...

Remark 2.1.
For i € 2,n, the following statements hold true:

L y(z+i-h) = E'y(x);

2. oy(x) = y(z +h/2) —y(z — h/2); and dy(zi + h/2) = yiy1 — yi

3. py(x) = y(z+h/2) +y(x—h/2) and py(z; + h/2) = Yyis1 + yi1,

4. Cryi = —150%i + 550%i — .. ; Cayi = — ¢ ud°yi + 550°0i — ...
2.2 Approximation of the solution

We shall find approximations for the problem in differences (2.2) with a given error. We
shall make a first approximation of the solution, that will be done by neglecting
the term Chy; + F;hCay; in (2.1), called correction. The system (2.2) becomes:

(2.3) AY = B,
with
Y = (42,93, yn)" s
B = — (koh? + do (Fih/2 — 1) ksh?, .. kn_1h?, knh? — dp(Fih/2 + 1)) ,

A is tridiagonal matrix with nonzero components: A4; ; = 2 — h2G;, i €1,n —1;

h h P
Ai—Li =—F-1,1€2,n-1; Ai,i+l =——F-1,i€el1l,n-2.

2 2
Remark 2.2.
For n large enough (meaning h — 0), we have A = A,,_1, for
2 -1 0 0 ... 0 0 0
-1 2 -1 0 ... 0 0 0
A, = 0 -1 2 -1 ... 0 0 0 € M,
0 0 0 0 e Y/ -1
0 0 0 0 ... 0 -1 2

with the determinant a,, = det(4,41) = —(n+2),n=1,2,....
It results that for n large enough, the matrix A~! exists and the solution of (2.3)
could be written as: Y = A~!B.
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Approximation of the solution using correction in differences

The approximation will be made starting with n = 4, meaning h = 1/4, with
unknowns (yé ),yél),yi )), in points (1/4,1/2,3/4). For this, the matrix A of the
system (2.3) is:

2—Gy/16 —F,/8—1 0
A=| F3/8—1 2-G3/16 —F3/8—1
0 Fy/8—1 2—G4/16

Hypothesis:
For functions F,G and k we consider the following hypotheses:
F € C(I) growing on I = [0,1],with F'(0) =0, G € C(I) is a non positive function.

Remark 2.3. Since det(A) # 0 we have Y1) = A~1B.

Proof. a. If G = 0 then det(A) = 4 + F3 (Fy + Fy) /32 + (Fy — Fy) /8 > 0.
b. If F' =0 then det(A) =4 — G2G3G4/4096+

+ (G2Gy + G2G3 + G3Gy) /128 —3 (G2 — 4G5+ G4) /16 >0
c. In the complementary case, we get
det(A) = 4 — G2G3G41/4096 + (G2G4 + G2G3 + G3Gy) /128—
—3 (G2 —4G3 + G4) /16 — F3 F3G4/1024 — F3F,G5/1024+
+(FoGy — F5G4) /128 + (FyF5 + F3F,) /32 4 (Fy — Fy) /4. = det(A) > 0.

a

In order to obtain the error of neglected term Cy; = Ciy; + F;hCoy; we shall
construct the Table 1. In this table we also use the values of y* = y() at external
points (—1/2,—1/4,5/4,3/2) obtained from equation (2.2), using ¢ = 1,0; 5,and 6

v = (kih? + (Gih? — 2y — (1 + Fyh/2)y) /(1 = Fih/2),
y) = (koh? = (1+ Foh/2)yi" + (Goh? — 2)yi")/(1 = Foh/2),
= (ksh? + (G5h? — 2)ys" + (Fsh/2 — D)y /(1 + F5h/2),

) = (keh® + (Gsh? — 2)ys” + (Fsh/2 — 1)y{") /(1 + Fsh/2),

and the following notations:
o1 = y((Jl) (1) , 021 =dy — y 1; 031 = y —do, 041 = yél) - yél),

551294(1) (1)756 —y()— 4(11)7571— é)—y5 ,581_31() y(l)

5,‘73' = 6i+17] 1— 5173 1, 1 E 1, 7; j S 2, ;ud ij = 6z+1,] 5L7]

The procedure is as follows:

e stepl: calcul of C*M) = —§,41 4/1240;6/90— (i1 1,3 —pdi 5/5)F; /24,1 = 1,2, 3,
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Table 1.
< y* 5y* 523/* 53y* 64y* 55y* §6y* ,U,(S?’y* /~L65y* Cy*
-1/2 | Y
011
-1/4 y(()l) d12
21 013
0 do 022 014 po13
31 023 015
1/4 yé” 032 o4 016 pdos | péis | CH
041 033 25
1/2 yg(:,l) 042 034 026 pdss | poas | C2
51 043 35
3/4 y;&l) 052 044 36 poas | pdss | C3*
d61 J53 045
1 dy 62 054 1053
d71 63
5/4 | 5P 72
081
3/2 | 4"

The solution will be Y (.

step 2: compare C*(!) with the error imposed e,

step 3: if C(1) < ¢ the algorithm stops, else: make a correction to the first
approximation, a better approximation of the solution will be Y?) =Y () 4 7.
The problem reduces to finding Z that has zero null values on the boundary
and satisfies:

(2.4)

Z=A"1BW),
BY = —((Cy + FohCo)ys”, (Cr + FshCa)ys”, (C1 + FihCa)y),
Z = (22, 23,24)".

step 4: reconstruct the Table 1 for increment Z after finding Z, at the external
points. Go to step 2.

Remark 2. 4. For h = 1/4k, k > 2, we can calculte the solution Yk(m’“) after

y(me+1) _ y-(mi)

my, iterations, with error e. The algorithm stops when ’ et 1

HYk(mk)((i —1)/4) = Y™ ((G - 1)/4)H < err, for a given error.

Remark 2.5. Other processes for correction

1. Use the differential equation for approximation Y1)

k

< err, and

Y(l)//(x) + F(x)Y(l)/ +G(2)YM = k(z) + e(x); e(x) residual error,

Y1(0) = do, YV (1) = dy.

and for the correction Z: Z"(x) + F(x)Z' + G(x)Z = —e(zx); Z(0) = Z(1) = 0.
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2. Iterative processes:
(a) evaluate a sequence of functions Y,,,m € 0,n that satisfies:

Vi1 (@) + G(@) Y1 = k(z) — F(2)Y,; € [0,1], Y, (0) = do, Yo (1) = dy,
until [|Y,41 — Ya|| < err; process generraly used when G(z) =0 .

In this case the problem in differences obtained is: AY,, =V, with
t t
Ym = (ym72a Ym,35 - - - 7ym,n) 7V = (U7n,27 Um,3,--- 7Um,n) ;

Vi = F(Ym—1,i41 — Ym—1,i-1)1/2 — kih? /2;
Aiﬂ' =2- hQGi, 1€ 1,7’?,; Ai—l,i = 71, xS 2,71; Ai,i+1 = 71, xS 1,7’L — 1.

LEMA: A is a symmetric and positive defined tensor.
Consequently, there exists a solution, Y, = A~V (see 1. Rosca [6]).

(b) for G(z) # 0,Vz € [0,1], evaluate a sequence of functions Y,,m € 0,n
which satisfy:

Vi1 = k(2)/G(z) = V" () = F(2)/G(2)Yn's x € [0,1],
Y (0) = do, Y (1) = dy, until ||Yo41 — Yy| < err.

The choice of the iterative process must be made taking into account the dominant
term of the differential equation.

2.3 Extension for two differential equations of order two

We consider two equations of type (2.1) as:
y'(z) + Fi(z)y’ + Gi(2)y + Hi(x)z' + Ry (2)y = ki (x);
z )z =k

(
"(x) + Fa(z)2 + G1(x)z + Ha(x)y' + Ra(z 2(2);

(2.5) )
y(0) = do, y(1) =dys; 2(0) = go, y(1) = gs.

The corresponding problem in differences is:
Yir1(Frih/2 4+ 1) + (G1ih* = 2)yi + (1 = Fiih/2)yi—1+
+Hyiziv11h/2 + Riizih® — hHyizi—1 /2 + (K}) = kb2, i € 2.,
(2.6)  zig1(Foh/2 +1) + (Goih? — 2)z; + (1 — Foih/2) 21+
+Ho;iziv1h/2 4+ Rojyih® — hHoiyi—1 /2 + (K?) = koih?, i € 2,n,
1 =do,yn =dy, 21 = go,ZN = Gy, -
A3 A4
(Y2, Y3, - - > Yn, 22, 23, - - .,zn)t, A* € M,,_1 ,,—1 tridiagonal matrix of type A defined

by (2.3). Therefore problem (2.6) admits a solution which approximates the solution
of (2.5).

Al A2
By neglecting (K}) and (K?) we find: AU = B, A = ( >, U =
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2.4 Accuracy and precision

A better accuracy is obtained by using the differential equations in differences with
smaller coefficients or the coefficient of the last difference as small as possible (see L.
Fox, [3]). A better precision is given by smaller values for the errors imposed: €, err.

3 Conclusions

3.1 Application to some problems from nonlinear fluid me-
chanics

In Figure 2 is presented the solution of (1.1) without correction, for different values of
n. Then the iterative process presented in Remark 2.4 is applied. For a better accuracy
we have considered the following errors: ¢ = 107!% and err = 10~*. The results
obtained for solutions of the problems (1.1) and (1.2) are presented in Figure 3. The
solution of the temperature of the fluid 6(z,n) is expressed in Figure 4. We observe
small differences on the shape of the solution in comparision with those obtained by
V. Tigoiu [7], using asymptotic development techniques and functional analysis.

3.2 Final remarks

The study of non-linear fluid mechanics problems leads, often, to solving Cauchy
problems for differential equations (see M.O. Daramola et al. [2]) or partial differential
equations (see for instant A.M. Mirza [5], and R.T. Matoog et al. [4]). We have
considered a numerical study of a general two point boundary problem that appears in
modelling the behaviour of non-Newtonian fluids. We were interested also on accuracy
and precision of the algorithm, that are expressed by two types of established errors.

——a=1/100
== =a=110

00251

, N
15F v W 00151 i N

o5k 00054 S

Figure 2. Function v for b = —0.4, a = 0.01, solution without correction;y for a = 0.1;0.01
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Figure 3. a) Function ¢; b) Function 6(z,n), & = 0.7; for b = —0.4, and a = 0.1;0.01
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