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1 Introduction

Fractional differential equations are equations that contains derivatives of non-integer
order [12, 1, 7].

In the last three decades, the fractional calculus has played an impotant role in
various branches of mathematics, engineering, chaotic dynamics, classical and quan-
tum mechanics, field theory and optimal control, biology and economics [6, 7, 10, 12,
14, 15]. Also, the fractional calculus has been used successfully to the description of
classical dynamical systems, especially non-conservative dynamical systems [8, 9, 11,
14, 15].

Various applications of fractional calculus are based on replacing the time deriva-
tive in an evolution equation with a derivative of fractional order.

The paper is structured as follows. In Section 2, some preliminaries concerning
the fractional Leibniz structure defined on a manifold are presented. In Section 3 we
define the concept of fractional Leibniz realization of a fractional dynamical system.
Also is defined the n− dimensional fractional Toda lattice and its fractional Poisson
realization is constructed. In Sections 4 and 5, the fractional metriplectic system (4.8)
associated to the 2− dimensional fractional Toda lattice and its numerical integration
are investigated.

2 Fractional Leibniz manifolds

We start this section with some basic formulas of the fractional calculus.
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Let f ∈ C∞(R) and α ∈ R,α > 0. The fractional differential operator is described
by

Dα
t f(t) = Jm−αf (m)(t), α > 0,

where m ∈ N∗ such that m− 1 ≤ α ≤ m, f (m)(t) is the general m− order derivative,
and Jβ is the β− order Riemann - Liouville integral operator which is expressed as
follows

Jβf(t) =
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ds, β > 0,

where Γ is the Euler gamma function.
The operator Dα

∗ is called the α− order Caputo differential operator ( for details
see [1, 7]).

It is well known that, if α → 1 then Dα
t f(t) = df

dt .
In this paper we suppose that α ∈ (0, 1).
The α− order Caputo differential operator has the following properties:

(i) If f(t) = c, (∀)t ∈ [a, b] then Dα
t f(t) = 0;

(ii) If f(t) = tβ , (∀)t ∈ [a, b] then Dα
t f(t) = Γ(1+β)

Γ(1+β−α) t
β−α.

Let M be a n− dimensional smooth manifold, U ⊂ M a local chart and
(xi), i = 1, n a system of local coordinates on U . For f ∈ C∞(U), we denote with
Dα

xif the Caputo partial derivatives defined by

Dα
xif(x) =

1
Γ(1− α)

∫ xi

0

∂f(x1, ..., xi−1, s, xi+1, ..., xn)
∂xi

1
(xi − s)α

ds, i = 1, n,

where (
∂

∂xi
), i = 1, n is the canonical basis of vector fields on U .

We denote by Xα(U) be the module of the fractional vector fields generated by

the operators Dα
xi , i = 1, n. A fractional vector field

α

X ∈ Xα(U) has the form ( see [4]):

α

X =
α

X
i

Dα
xi ,

α

X
i

∈ C∞(U), i = 1, n.

Let Dα(U) the module generated by 1 - forms d(xi)α, i = 1, n on U . The fractional
exterior derivative dα : C∞(U) → Dα(U), is defined by ( see [2, 4] ):

dα(f) = d(xi)αDα
xi(f), f ∈ C∞(U).

Let us consider a fractional 2− tensor field
α

P ∈ Xα(M)×Xα(M) and dαf, dαg ∈
Dα(M). The bilinear map [·, ·]α : C∞(M)× C∞(M) → C∞(M) defined by

(2.1) [f, h]α =
α

P (dαf, dαh), (∀)f, h ∈ C∞(M),

is called the fractional Leibniz bracket.
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The pair (M, [·, ·]α) is called fractional Leibniz manifold. If the bracket [·, ·]α is

skew-symmetric ( equivalently,
α

P is skew-symmetric ), we say that (M, [·, ·]α) is a
fractional almost Poisson manifold. If α → 1, then one obtain the concept from [13].

For h ∈ C∞(M), where M is a fractional Leibniz manifold, the fractional vector

field
α

Xh defined by

(2.2)
α

Xh(f) = [f, h]α, (∀)f ∈ C∞(M),

is called the fractional Leibniz vector field associated to h and its associated dynamical
system is the fractional Leibniz system.

Locally, if the fractional 2− tensor field
α

P on M is generated by the matrix
α

P = (
α

P
ij

), then the fractional Leibniz system is given by

(2.3) Dα
t xi(t) = [xi(t), h(t)]α, where [xi, h]α =

α

P
ij

·Dα
xj h.

If
α

P is skew-symmetric, then (2.3) is called the fractional almost Poisson system

associated to
α

P with the Hamiltonian h ∈ C∞(M).
For more details concerning the classical Leibniz bracket and the fractional Leibniz

structures, the reader can be consult the papers [8,9].

3 Fractional Leibniz realization of fractional dy-
namical systems on Rn

Definition 3.1. A fractional dynamical system on Rn, is a system of fractional dif-
ferential equations of the following type:

(3.1) Dα
t xi(t) = f i(x1(t), . . . , xn(t)), f i ∈ C∞(Rn, R), i = 1, n. 2

Let [·, ·]α be a Leibniz structure on Rn with
α

P = (
α

P
ij

) the associated matrix, i.e.
α

P
ij

= [xi, xj ]α, i, j = 1, n.
Definition 3.2. We say that a fractional dynamical system on Rn of the form (3.1)

has a fractional Leibniz realization, if there exist an almost Leibniz structure [·, ·]α on

Rn generated by the matrix
α

P = (
α

P
ij

) and a Hamiltonian function
α

H ∈ C∞(Rn, R)
such that the fractional dynamics (3.1) can be written in the following form:

(3.2) Dα
t x(t) =

α

P (x(t)) · ∇α
α

H(x(t)),

where x(t) = (x1(t), . . . , xn(t))T and ∇α
α

H = (Dα
x1

α

H, . . . ,Dα
xn

α

H)T . 2

A fractional Leibniz realization is denoted by (Rn, [·, ·]α,
α

H) or (Rn,
α

P ,
α

H).

If the matrix
α

P = (
α

P
ij

) is skew-symmetric, then (Rn,
α

P ,
α

H) is called the fractional
almost Poisson realization of the system (3.1).
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Definition 3.3. A fractional Casimir function of the configuration (Rn, [·, ·]α,
α

H)

is a function
α

C ∈ C∞(Rn, R) with the property that:

(3.3) [
α

C, f ]α = 0, (∀)f ∈ C∞(Rn, R). 2

Remark 3.1. A function
α

C ∈ C∞(Rn, R) is a Casimir of the configuration

(Rn, [·, ·]α,
α

H) if and only if the following relation holds:

(3.4)
α

P (x(t)) · ∇α
α

C(x(t)) = 0 2

As example we discuss the fractional Leibniz realization of the fractional dynamical
system associated to n- dimensional Toda lattice.

For definitions and results about the classical dynamical system of the Toda- type,
see the paper [5].

The phase space consists of variables xi, yj for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n.
The fractional differential equations

(3.5)

{
Dα

t xi = xi(yi+1 − yi), i = 1, n− 1

Dα
t yj = 2[(xj)2 − (xj−1)2], j = 1, n

where x0 = xn = 0, is called the n-dimensional fractional Toda lattice. 2

Let
α

P be a skew-symmetric fractional 2− tensor field on R2n−1 generated by the
matrix P = (P rs), r, s = 1, 2n− 1 where

(3.6) P rs = −P rs =




−xi for r = i, s = n + i− 1, i = 1, n− 1
xi for r = i, s = n + i, i = 1, n− 1
0 in the rest.

Proposition 3.1. (i) The n-dimensional fractional Toda lattice (3.5) has a frac-

tional almost Poisson realization (R2n−1,
α

P ,
α

H), where
α

P = P given by (3.6) and
α

H
is defined by

(3.7)
α

H(x1, . . . , xn−1, y1, . . . , yn) =
1

Γ(2 + α)
[2

n−1∑

i=1

(xi)1+α +
n∑

j=1

(yj)1+α].

(ii) A fractional Casimir function
α

C ∈ C∞(R2n−1, R) of the configuration (R2n−1, P,
α

H),
is given by

(3.8)
α

C(x1, . . . , xn−1, y1, . . . , yn) =
1

Γ(1 + α)

n∑

j=1

(yj)α.

Proof. It must to prove that the system (3.5) can be written in the form (3.2).

For ∇α
α

H = (∇αDα
x1

α

H, . . . ,∇αDα
xn−1

α

H,∇αDα
y1

α

H, . . . ,∇αDα
yn

α

H)T we have Dα
xi

α

H =

2xi, i = 1, n− 1 and Dα
yj

α

H = yj , j = 1, n.
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The line of rank i for i = 1, n− 1 of the matrix
α

P · ∇α
α

H is

n−1∑
k=1

P ikDα
xk

α

H +
2n−1∑
`=n

P i`Dα
y`−n+1

α

H = P i,n−1+iDα
yi

α

H + P i,n+iDα
yi+1

α

H =

= −xiyi + xiyi+1 = xi(yi+1 − yi).

Since xi(yi+1− yi) = Dα
t xi for i = 1, n− 1, we obtain that the lines 1, 2, . . . , n− 1

of the relation (3.2) are verified.

The line of rank n− 1 + j for j = 1, n of the matrix
α

P · ∇α
α

H is

n−1∑
k=1

Pn−1+j,kDα
xk

α

H +
2n−1∑
`=n

Pn−1+j,`Dα
y`−n+1

α

H = Pn−1+j,j−1Dα
xj−1

α

H+

+Pn−1+j,jDα
xj

α

H = −xj−1 · 2xj−1 +−xj · 2xj = 2[(xj)2 − (xj−1)2].

Since 2[(xj)2 − (xj−1)2] = Dα
t yj for j = 1, n, we obtain that the lines n, n +

1, . . . , 2n− 1 of the relation (3.2) are verified.

(ii) For ∇α
α

C = (∇αDα
x1

α

C, . . . ,∇αDα
xn−1

α

C,∇αDα
y1

α

C, . . . ,∇αDα
yn

α

C)T we have

Dα
xi

α

C = 0, i = 1, n− 1 and Dα
yj

α

C = 1, j = 1, n.

The line of rank i for i = 1, n− 1 of the matrix
α

P · ∇α
α

C is

n−1∑
k=1

P ikDα
xk

α

C +
2n−1∑
`=n

P i`Dα
y`−n+1

α

C = P i,n−1+iDα
yi

α

C + P i,n+iDα
yi+1

α

C =

= −xi · 1 + xi · 1 = 0.

The line of rank n− 1 + j for j = 1, n of the matrix
α

P · ∇α
α

C is

n−1∑
k=1

Pn−1+j,kDα
xk

α

C +
2n−1∑
`=n

Pn−1+j,`Dα
y`−n+1

α

C = Pn−1+j,j−1Dα
xj−1

α

C+

+Pn−1+j,jDα
xj

α

C = Pn−1+j,j−1 · 0 + Pn−1+j,j · 0 = 0.

Hence, the relation (3.4) holds. 2

Let [·, ·]α be a Leibniz structure on Rn generated by the matrix
α

P = (
α

P
ij

) and
α

C1, . . . ,
α

Ck ∈ C∞(Rn, R) a complete set of functionally independent Casimir func-

tions. Let
α

G be a smooth function from Rn to the vector space of symmetric matrices
of type n× n.

Definition 3.4. An fractional almost metriplectic system on Rn is a system of
fractional differential equations of the following type:

(3.9) Dα
t x(t) =

α

P (x(t)) · ∇α
α

H(x(t)) +
α

G(x(t)) · ∇αϕ(
α

C1, . . . ,
α

Ck)(x(t)),

where
α

H ∈ C∞(Rn, R) and ϕ ∈ C∞(Rk, R) such that the following conditions hold:



Fractional differential systems 85

(i)
α

P (x) · ∇α
α

Ci(x) = 0, i = 1, k,

i.e. for each i = 1, k, the function
α

Ci is a Casimir of the configuration (Rn,
α

P ,
α

H);

(ii)
α

G(x) · ∇α
α

H(x) = 0;

(iii) (∇αϕ(
α

C1, . . . ,
α

Ck)(x))T ·
α

G(x) · ∇αϕ(
α

C1, . . . ,
α

Ck)(x) ≤ 0. 2

If the matrix
α

P = (
α

P
ij

) is skew-symmetric, then the system (3.9) is called the
fractional metriplectic system on Rn.

Remark 3.2. The fractional ( almost ) metriplectic system (3.9) can be regarded
as a perturbation of the fractional Leibniz system

(3.10) Dα
t x(t) =

α

P (x(t)) · ∇α
α

H(x(t))

with the fractional dissipation therm
α

G(x) · ∇αϕ(
α

C1, . . . ,
α

Ck)(x).

The function ϕ(
α

C1, . . . ,
α

Ck) is called the fractional control function of the frac-
tional dynamics (3.10). 2

Remark 3.3. If in the fractional metriplectic system (3.9) we consider α → 1,
then we obtain the concept of metriplectic system on Rn discussed in the paper [3].2

4 Fractional metriplectic system associated to 2−
dimensional fractional Toda lattice

In this section we associate a fractional metriplectic system for the fractional Toda
lattice in the particular case n = 2.

The 2− dimensional fractional Toda lattice is described by:

(4.1) Dα
t x1 = −x1y1 + x1y2, Dα

t y1 = 2(x1)2, Dα
t y2 = −2(x1)2.

Using the transformations x1 = x1, y1 = x2, y2 = x3 the fractional dynamical
system (4.1) becomes:

(4.2)





Dα
t x1 = x1(−x2 + x3)

Dα
t x2 = 2(x1)2

Dα
t x3 = −2(x1)2

Applying Proposition 3.1, the 2− dimensional fractional Toda lattice (4.2) has

a fractional almost Poisson realization (R3,
α

P = PTL,
α

H =
α

HTL) with the Casimir

function
α

C =
α

CTL ∈ C∞(R3, R), where

(4.3) PTL =




0 −x1 x1

x1 0 0
−x1 0 0


 ,
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(4.4)
α

HTL(x1, x2, x3) =
1

Γ(2 + α)
[2(x1)1+α + (x2)1+α + (x3)1+α)],

(4.5)
α

CTL(x1, x2, x3) =
1

Γ(1 + α)
((x2)α + (x3)α).

For the fractional Hamiltonian
α

h1 =
α

HTL, we have

Dα
x1

α

h1 = 2x1, Dα
x2

α

h1 = x2, Dα
x3

α

h1 = x3.

We determine now the symmetric matrix
α

G = (
α
g

ij
), where

(4.6)
α
g

ii
= −

k=3∑
k=1,k 6=i

(Dα
xk

α

h1)2,
α
g

ij
=

α
g

ji
= Dα

xi

α

h1 ·Dα
xj

α

h1 for i 6= j.

Using the relations (4.6) we find the matrix
α

G = G, where

(4.7) G =



−(x2)2 − (x3)2 2x1x2 2x1x3

2x1x2 −4(x1)2 − (x3)2 x2x3

2x1x3 x2x3 −4(x1)2 − (x2)2


 .

We consider now the function
α

h2 = a
α

CTL with a ∈ R.

For the skew-symmetric matrix
α

P = PTL , the fractional Hamiltonian
α

h1 =
α

HTL,

the symmetric matrix
α

G = G given by (4.7) and the function ϕ(
α

C) = a
α

CTL, the
fractional system (3.9) becomes:

Dα
t x(t) =

α

P (x(t)) · ∇α
α

h1(x(t)) + G(x(t)) · ∇α
α

h2(x(t)),

or equivalently

(4.8)





Dα
t x1 = x1[(2a− 1)x2 + (2a + 1)x3]

Dα
t x2 = 2(1− 2a)(x1)2 − ax3(x3 − x2)

Dα
t x3 = −2(1 + 2a)(x1)2 + ax2(x3 − x2).

The fractional differential system (4.8) is called the fractional perturbed system of
the 2-dimensional fractional Toda lattice.

If in (4.8) we consider a = 1 we obtain the fractional revised system of the 2-
dimensional fractional Toda lattice.

Proposition 4.1.The fractional dynamical system (4.8) is a fractional metriplec-
tic system on R3.

Proof. We shall verify the conditions (i)− (iii) from Definition 3.4. From Propo-
sition 3.1, follows that the condition (i) is satisfied.

We have

α

G·∇α
α

h1 =



−(x2)2 − (x3)2 2x1x2 2x1x3

2x1x2 −4(x1)2 − (x3)2 x2x3

2x1x3 x2x3 −4(x1)2 − (x2)2







2x1

x2

x3


 =
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=




0
0
0


 . Hence the condition (ii) holds.

Since Dα
x1

α

h2 = 0, Dα
x2

α

h2 = a, Dα
x3

α

h2 = a, we have (∇α
α

h2)T ·
α

G · ∇α
α

h2 =

=
(

0 a a
)


−(x2)2 − (x3)2 2x1x2 2x1x3

2x1x2 −4(x1)2 − (x3)2 x2x3

2x1x3 x2x3 −4(x1)2 − (x2)2







0
a
a


 =

= a2[−8(x1)2 − (x2 − x3)2] ≤ 0. Hence the condition (iii) holds. 2

5 Numerical integration of the fractional metriplec-
tic system (4.8)

We consider the fractional differential equations given by

(5.1)





Dα
t x1(t) = `1(x1(t), x2(t), x3(t))

Dα
t x2(t) = `2(x1(t), x2(t), x3(t))

Dα
t x3(t) = `3(x1(t), x2(t), x3(t))

,

with the initial values xi(0) = xi
0, i = 1, 3, α ∈ (0,∞) and 0 ≤ t ≤ T.

The fractional dynamical system (5.1) is equivalent to the Volterra integral equa-
tion ( see [7] ):

(5.2) xi(t) = xi(0) +
1

Γ(α)

t∫

0

(t− s)α−1`i(x1(s), x2(s), x3(s))ds.

We can integrate numerically the set of fractional differential equations (5.1). For

this, let h =
T

N
, tn = nh , for n = 0, 1, . . . , N.

We shall use the following notations:

A =
hα

Γ(α + 2)
, B =

hα

αΓ(α)
, b1 = 2α+1 − 1, c1 = 2α+1 − 2,

xi[n] = xi(nh), `i[n] = `i(x1[n], x2[n], x3[n]), for i = 1, 3 and

`i
p[n] = `i(x1

p[n], x2
p[n], x3

p[n]), for i = 1, 3.

Discretizing the Volterra integral equation (5.2) as above yields:

(5.3)





xi
p[n + 1] = xi[0] + B(

n−1∑
k=0

b[k, n + 1]`i[k] + b1`
i[n]), i = 1, 3

xi[n + 1] = xi[0] + A(
n−1∑
k=0

a[k, n + 1]`i[k] + c1`
i[n] + xi

p[n + 1]), i = 1, 3,
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where:

(5.4)





a[0, n + 1] = nα+1 − (n− α)(n + 1)α

a[k, n + 1] = (n− k + 2)α+1 + (n− k)α+1 − 2(n− k + 1)α+1

b[0, n + 1] = (n + 1)α − nα

b[k, n + 1] = (n + 1− k)α − (n− k)α

for k = 1, n− 1.

The above scheme given by the relations (5.2) and (5.3) is called the predictor-
corrector Moulton- Adams algorithm for fractional differential system (5.1) ( see for
details [6]).

The error estimate for the algorithm described by (5.2) and (5.3) is:

(5.5) max{max0≤k≤N (xi[k]− xi
p[k]) | i = 1, 3} = O(hα+1).

In what follows, using the above algorithm and the software Maple 11 we obtain
the orbits of the system (4.8) for: a = 0, α = 0.8, α = 1 and a = 1, α = 0.8, α = 1.
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In the Figure 1 respectively Figure 2 is represented the orbit of the numerical so-
lution of the 2− dimensional fractional Toda lattice [i.e. the system (4.2)] respectively
the orbit of the numerical solution of the 2− dimensional Toda lattice [i.e. the system
(4.8) with α = 1 and a = 0].

In the Figure 3, respectively Figure 4 is represented the orbit of the numerical
solution of the fractional revised system of the 2− dimensional fractional Toda lattice
[i.e. the system (4.8) with α = 0.8 and a = 1], respectively the orbit of the numerical
solution of the revised system of the 2− dimensional Toda lattice [i.e. the system (4.8)
with α = 1 and a = 1].

Remark. Applying the algorithm given by (5.2) and (5.3) and the software Maple
11, for other values of α > 0 and a ∈ R we obtain the orbits of the solutions for the
fractional metriplectic system (4.8). 2

Related results can be found in [10, 2].
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[6] P.A. Damianou, Multiple Hamiltonian structures for Toda-type systems, J. Math.
Phys., 35 (1994), 5511- 5541.
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