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Abstract. The main purpose of this paper is to investigate the fractional
differential systems associated to classical Toda-type systems in terms of
fractional Caputo derivatives.
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1 Introduction

Fractional differential equations are equations that contains derivatives of non-integer
order [12, 1, 7].

In the last three decades, the fractional calculus has played an impotant role in
various branches of mathematics, engineering, chaotic dynamics, classical and quan-
tum mechanics, field theory and optimal control, biology and economics [6, 7, 10, 12,
14, 15]. Also, the fractional calculus has been used successfully to the description of
classical dynamical systems, especially non-conservative dynamical systems [8, 9, 11,
14, 15].

Various applications of fractional calculus are based on replacing the time deriva-
tive in an evolution equation with a derivative of fractional order.

The paper is structured as follows. In Section 2, some preliminaries concerning
the fractional Leibniz structure defined on a manifold are presented. In Section 3 we
define the concept of fractional Leibniz realization of a fractional dynamical system.
Also is defined the n— dimensional fractional Toda lattice and its fractional Poisson
realization is constructed. In Sections 4 and 5, the fractional metriplectic system (4.8)
associated to the 2— dimensional fractional Toda lattice and its numerical integration
are investigated.

2  Fractional Leibniz manifolds

We start this section with some basic formulas of the fractional calculus.
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Let f € C*°(R) and o € R, > 0. The fractional differential operator is described
by

Dy f(t) = I f"(t), a >0,

where m € N* such that m —1 < o < m, f™)(t) is the general m— order derivative,
and J? is the f— order Riemann - Liouville integral operator which is expressed as
follows

g L[ -1
P = 15 [ = s 50,
where I is the Euler gamma function.

The operator DY is called the a— order Caputo differential operator ( for details
see [1, 7]).

It is well known that, if &« — 1 then D¢ f(t) = ‘;—{.

In this paper we suppose that a € (0,1).

The a— order Caputo differential operator has the following properties:

(1) I f(t) =c,(V)t € [a,b] then DY f(t) = 0;

.. r —a
(i) Tf f(t) = t%, ()t € [a,b] then D f(t) = pris2hst’ .
Let M be a n— dimensional smooth manifold, U C M a local chart and
(z%),i = 1,n a system of local coordinates on U. For f € C*°(U), we denote with
D?; f the Caputo partial derivatives defined by

1 /mb Of (xt, ... a7t s 2t 2™ 1
Tl —a) Jo ox? (xt —s)e

0 _
where (=—),7 = 1,n is the canonical basis of vector fields on U.

We denote by X*(U) be the module of the fractional vector fields generated by
the operators D%, i = 1,n. A fractional vector field X € X%(U) has the form ( see [4]):

[} al

X=XD% X cC®U),i=Tn

i

Let D*(U) the module generated by 1 - forms d(z%)%,i = 1,7 on U. The fractional
exterior derivative d* : C°(U) — D*(U), is defined by ( see [2, 4] ):

d*(f) = d(=")*Dg:(f),  feC™(U).

Let us consider a fractional 2— tensor field P € X° (M) x X*(M) and d“f,d“g €
D*(M). The bilinear map [-,-]* : C®°(M) x C>*°(M) — C*°(M) defined by

(1) [f,h]e = P(dof,dh), (V)f,h € C=(M),

is called the fractional Leibniz bracket.
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The pair (M, [-,-]*) is called fractional Leibniz manifold. If the bracket [-,]* is
(e}

skew-symmetric ( equivalently, P is skew-symmetric ), we say that (M, [, ]%) is a
fractional almost Poisson manifold. If @ — 1, then one obtain the concept from [13].
For h € C*°(M), where M is a fractional Leibniz manifold, the fractional vector

field 31( n, defined by

(22)  Xu(f) =I[f.0]", (V)f € C=(M),
is called the fractional Leibniz vector field associated to h and its associated dynamical
system is the fractional Leibniz system.
Locally, if the fractional 2— tensor field P on M is generated by the matrix
at]

(03
P = (P ), then the fractional Leibniz system is given by
at]

(2.3) Dyt (t) = [#'(t), h(t)]*, where [z°,h]* =P -Dh.

[e%
If P is skew-symmetric, then (2.3) is called the fractional almost Poisson system

(0%
associated to P with the Hamiltonian h € C*°(M).
For more details concerning the classical Leibniz bracket and the fractional Leibniz
structures, the reader can be consult the papers [8,9].

3  Fractional Leibniz realization of fractional dy-
namical systems on R"

Definition 3.1. A fractional dynamical system on R", is a system of fractional dif-
ferential equations of the following type:

(3.1) Dexi(t) = fi(zt(t),...,2"(t), f'e C®(R",R), i=1,n. O

Let [,-]* be a Leibniz structure on R™ with P = (P ) the associated matrix, i.e.
atj o _
P =[z"27]% i,5=1,n.

Definition 3.2. We say that a fractional dynamical system on R" of the form (3.1)

has a fractional Leibniz realization, if there exist an almost Leibniz structure [-,-]* on
R" generated by the matrix P = (P ) and a Hamiltonian function H € C*°(R", R)
such that the fractional dynamics (3.1) can be written in the following form:

(32)  Dfa(t) = P(a(t)) - VO H(a(t),

where z(t) = (z'(t),...,2"(t))T and V°H = (D% H,...,D2%H)T. O
A fractional Leibniz realization is denoted by (R",[-,:]%, H) or (R", P, H).
If the matrix P = (P ) is skew-symmetric, then (R", P, H) is called the fractional
almost Poisson realization of the system (3.1).
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Definition 3.3. A fractional Casimir function of the configuration (R", [-, -]%, ﬁ)
is a function C' € C*°(R", R) with the property that:
(03
(3.3) [C,f]*=0, (V)f€C®R"R). O
Remark 3.1. A function C € C*®(R",R) is a Casimir of the configuration
(e}
(R™,[-,-]%, H) if and only if the following relation holds:

34)  P(a(t)) - VoC(x(t)) = 0 0

As example we discuss the fractional Leibniz realization of the fractional dynamical
system associated to n- dimensional Toda lattice.

For definitions and results about the classical dynamical system of the Toda- type,
see the paper [5].

The phase space consists of variables xt, yj forl1<i<m—1land1<j<n.

The fractional differential equations

Dext = 2yttt —yh), i=1,n—-1
(3.5) e , .
Dy’ = 2[(@’)? = (@'71)?], j=1Ln
where 2° = 2" = 0, is called the n-dimensional fractional Toda lattice. O

(0%
Let P be a skew-symmetric fractional 2— tensor field on R*"~! generated by the
matrix P = (P"®), r,s = 1,2n — 1 where

—2' for r=i,s=n+i-1li=1,n—-1
(3.6) Prs = —PpPrs = 2t for r=idi,s=n+i i=1n—1
0 in the rest.

Proposition 3.1. (i) The n-dimensional fractional Toda lattice (3.5) has a frac-

tional almost Poisson realization (R* ™, %7 ﬁ), where P = P given by (3.6) and H
is defined by

(3.7) H(z',...,a" Lyl ...y = Z ”“+Z )l

« &7
(ii) A fractional Casimir function C € C®(R*~1 R) of the configuration (R**~*, P, H),
is given by

n
o1 n-1,1 ny _
(3.8) Czt,...,x 7y7""y)_F(1+a)j:1

Proof. It must to prove that the System (3.5) can be written in the form (3.2).

[e3

For Vol = (VoD H,..., VD2, . H,V*D% H,...,V*Dg H)" we have D H =
22 i=1,n—1 and D;‘jH =y, j=1n
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The line of rank ¢ for ¢ = 1,n — 1 of the matrix f—f’ . V”‘gf is

n—1 e 2n—1 a . . a . . «a
> PRDOH + Y, PUD?, . H =P Do H  Pintipe,  H =
k=1 l=n

i+l

= —aiyl + iyt = zi(y y).

Since 2! (y**t! —y') = D@z’ for i = T,n — 1, we obtain that the lines 1,2,...,n—1
of the relation (3.2) are verified.

The line of rank n — 1 + j for j = 1,n of the matrix P-V*H is

n—1 o 2n—1 . @ L @

Pn—l—i—j,kD;zkH + Z Pn—1+J,2D;{_n+1H — Pn—1+J7J—1D$j71H+
k=1 l=n

+Pr DY H = —gd 7 2297 4 g 209 = 2[(27)? — (27 71)?].

Since 2[(z7)? — (2771)2] = D¢y’ for j = 1,n, we obtain that the lines n,n +
1,...,2n — 1 of the relation (3.2) are verified.

[e3 e « « (63

(i) For VoC = (VoD%C,...,V*D%, ,C, VoD% C,...,V*D%.C)T we have

DoC=0,i=Tn—1 and D%C=1, j=Tn.

The line of rank ¢ for ¢ = 1,n — 1 of the matrix f’ . Vo‘g’ is

n—1 «a 2n—1 a . . a ) . a
PRD.C+ Y PUDY,,.,C = P=14Do,C 4 PintiDe, O =

k=1 l=n

=—z-14+2'-1=0.

The line of rank n — 1 + j for j = 1,n of the matrix P-V*C is

n—1 . «@ 2n—1 X « L. 53
S ProMRDe O Y PrDe, O = PPl O
k=1 l=n

pprltiipe ¢ = preltiil. g4 proltid g =,

Hence, the relation (3.4) holds. O

« atj
Let [-,-]* be a Leibniz structure on R™ generated by the matrix P = (P ) and
C1,...,Cr € C°(R",R) a complete set of functionally independent Casimir func-

tions. Let G be a smooth function from R" to the vector space of symmetric matrices
of type n x n.

Definition 3.4. An fractional almost metriplectic system on R™ is a system of
fractional differential equations of the following type:

[e3

(89)  Dpa(t) = Pla(t)) - Vo H(a(t)) + Gla(t) - Voo (Ch,..., Cr) (b)),

where H € O (R™, R) and ¢ € C°°(R", R) such that the following conditions hold:
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@) P(z)-VeCy(z) =0, i=T1Fk

) )

[ e « (a7
i.e. for each i = 1,k, the function C; is a Casimir of the configuration (R", P, H);

@)  G(z) VH(z) = 0;
(7it) (Ve(C1,...,Cr)(x)T - G(x) - Vo (Cy,...,Ck)(x) <O0. O
a atl
If the matrix P = (P ) is skew-symmetric, then the system (3.9) is called the
fractional metriplectic system on R".
Remark 3.2. The fractional ( almost ) metriplectic system (3.9) can be regarded
as a perturbation of the fractional Leibniz system

(3.10)  Dga(t) = P(x(t)) - VOH(x(1))

with the fractional dissipation therm g’(x) . V"gp(g’l, cee g'k)(m)

The function @(8’1, e g'k) is called the fractional control function of the frac-
tional dynamics (3.10). O
Remark 3.3. If in the fractional metriplectic system (3.9) we consider o« — 1,
then we obtain the concept of metriplectic system on R™ discussed in the paper [3].0

4 Fractional metriplectic system associated to 2—
dimensional fractional Toda lattice

In this section we associate a fractional metriplectic system for the fractional Toda
lattice in the particular case n = 2.
The 2— dimensional fractional Toda lattice is described by:

(41)  Dpat = —aly' + 22, Dyt =2(2')?, Dpy? = —2(x')?

2

Using the transformations z! = !, y' = 22, y? = 23 the fractional dynamical

system (4.1) becomes:

Deat = al(—2? +23)
(4.2) Dga? = 2(2h)?
Dg¢a® = —2(zt)?

Applying Proposition 3.1, the 2— dimensional fractional Toda lattice (4.2) has
a fractional almost Poisson realization (RS,P = Ppp,H = Hypp,) with the Casimir
function C' = Crp, € C=(R?, R), where

(43) PTL = .131 0 0 5
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(4.4) ﬁTL(1'17$2,$3) — ﬁ[2($gl)l+a 4 (m2)1+o¢ 4 ($3)1+a)}7
(4.5) 8TL(1‘1,172,£E3) = ﬁ((lﬂ)a + (2)%).

(e} «
For the fractional Hamiltonian h; = Hrr, we have
« (e} «
D%hy = 221, D¢ hy = ac2, D% hy = 3.

. . - j
We determine now the symmetric matrix G = (3 ), where

i k=3 a ij ji a a o
(46) g =—k71§%#.(pgkh1)2, §' =G =D%hy - Dxhy for i#j.

Using the relations (4.6) we find the matrix G = G, where

—(22)? — (23)? 27122 2123
(4.7) G= 2z :c2 —4(z1)? — (23)? 2223
221y %23 —4(xh)? — (2?)?

[e3 (o7
We consider now the function hy = aCrp with a € R.
[e% (6%
For the skew-symmetric matrix P = Pry, , the fractional Hamiltonian h; = Hpp,

the symmetric matrix G = G given by (4.7) and the function ¢(C) = aCry, the
fractional system (3.9) becomes:

[e%

Dga(t) = P(a(t)) - Voha (a(t) + G(a(t)) - Voha(a (),
or equivalently

D¢at = 2t[(2a — 1)2? + (2a + 1)2?]
(4.8) D¢a? = 2(1 — 2a)(a!)? — ax®(2® — 2?)
D¢a® = —2(1 + 2a)(2')? + ax®(2® — 2?).

The fractional differential system (4.8) is called the fractional perturbed system of
the 2-dimensional fractional Toda lattice.

If in (4.8) we consider a = 1 we obtain the fractional revised system of the 2-
dimensional fractional Toda lattice.

Proposition 4.1.The fractional dynamical system (4.8) is a fractional metriplec-
tic system on R>.

Proof. We shall verify the conditions (i) — (#7) from Definition 3.4. From Propo-
sition 3.1, follows that the condition (¢) is satisfied.

We have
. . ~(22)? — (2%)? 9l 22 9l 23 91
G-V%h; = 2xlx? —4(z)? — (23)? z2x3 x? =

97143 2243 —4(21)? — (22)? 23
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0
= | 0 |. Hence the condition (ii) holds.
0

«@ o « «@ (0% «
Since D% hy =0, D%hy =a, Dhy = a, we have (Veho)T - G- Vhy =

—(2%)? — (23)? 221 2? 2zt a3 0
=(0 a a) 27122 —4(z1)? — (23)? 223 a
22123 %3 —4(z1)? — (2?)? a

= a?[-8(x')? — (22 — 23)?] < 0. Hence the condition (iii) holds. O

5 Numerical integration of the fractional metriplec-
tic system (4.8)

We consider the fractional differential equations given by

Dpal(t) = (1), 22(t),2%(1))
(5.1) Deat(t) = £(a'(t),22(t),23(t) |
Dpad(t) = E(z'(t),2*(t),2%(1))

with the initial values z%(0) = z{,i = 1,3, «a € (0,00) and 0 <t < T.
The fractional dynamical system (5.1) is equivalent to the Volterra integral equa-
tion ( see [7] ):

(5.2)  ai(t) = 2 (0 FL/ )21 (2 (s), 2%(s), 27 (s)) ds.
0

We can integrate numerically the set of fractional differential equations (5.1). For
T
this, let h = N t, =nh,forn=0,1,..., N.
We shall use the following notations:
hOC «
= A5/ o B = La
Ta+2) ol (@)
zi[n] = 2t (nh), Lin] = £ (zt[n], 2%[n], 23[n]), for i =1,3 and
0] — il 2 3 . _7a
O[] = £ (z,[n], x5 [n], z;,[n]), for i=1,3.

P

by =20T1 — 1, ¢ =20H1 2,

Discretizing the Volterra integral equation (5.2) as above yields:

zi[n+ 1) = 29[0] + B( Y blk,n+ 10k + by [n]), i = 1,3
(5.3) 716_:10
wiln +1] = 2°[0] + A(Y alk,n + 10 (k] + c1£i[n] + i [n +1]), i = 1,3,
k=0
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where:
alo,n+1] = n*tl—(n—a)(n+1)*
(5.4) alk,n+1] = (n—k+2)**" +(n - k) —2(n - k+ 1)
’ b0,n+1] = (n+1)*—n®
blk,n+1 = (n+1-k)*—(n—k)*
fork=1,n—1

The above scheme given by the relations (5.2) and (5.3) is called the predictor-
corrector Moulton- Adams algorithm for fractional differential system (5.1) ( see for
details [6]).

The error estimate for the algorithm described by (5.2) and (5.3) is:

(5.5) max{maxo<p<n(z'[k] — 2} [k]) | i = 1,3} = O(h*t?).

In what follows, using the above algorithm and the software Maple 11 we obtain
the orbits of the system (4.8) for: a =0, a =08, a=1landa=1,a=0.8, a =1.

Fig1.(x1[j],x2[j1,x3[j]) alpha=0.8,a=0. Fig2.(x1[j].x2[j1,x3[j]).alpha=1,a=0

102 10 7
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Fig3.(x1[j],x2[j1,x3[j]).alpha=0.8,a=1. Fig4.(x1[j],x2[j1,x3[j]).alpha=1,a=1

103

' )
102 1.5 AQ
109 64 2., x2

x1

In the Figure 1 respectively Figure 2 is represented the orbit of the numerical so-
lution of the 2— dimensional fractional Toda lattice [i.e. the system (4.2)] respectively
the orbit of the numerical solution of the 2— dimensional Toda lattice [i.e. the system
(4.8) with & = 1 and a = 0].

In the Figure 3, respectively Figure 4 is represented the orbit of the numerical
solution of the fractional revised system of the 2— dimensional fractional Toda lattice
[i.e. the system (4.8) with aw = 0.8 and a = 1], respectively the orbit of the numerical
solution of the revised system of the 2— dimensional Toda lattice [i.e. the system (4.8)
with a =1 and a = 1].

Remark. Applying the algorithm given by (5.2) and (5.3) and the software Maple
11, for other values of o > 0 and a € R we obtain the orbits of the solutions for the
fractional metriplectic system (4.8). O
Related results can be found in [10, 2].
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