The spectra of a class of convolution operators
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Abstract. The aim of this paper is to obtain results concerning the spec-
tra of a class of convolution operators and to develop a numerical Matlab
procedure to compute the spectra of these operators. The paper is a con-
tinuation of our previous works [4], [5]. We define the convolution operator
K,: L*(R,H) — L*(R, H) by K,z = pu* z, where p is a bounded, Bore-
lian, regular, B(H)- valued measure on R. In Theorem 2.1, it is proved
that such a convolution operator K, and a multiplication operator Mj
are unitarily equivalent. In Theorem 2.2, we compute the spectra of the
convolution operator K, for a B(C")- valued measure pu.
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1 Introduction

In this paper we extend to continuous time- invariant systems, the results obtained
in [6].

Let R be the aditive group of real numbers, let (H,| - ||) be a complex Hilbert
space and let (B(H),|| - ||) be the Banach algebra of all linear bounded operators on
H. Let L}(R,H) and L?(R, H) be the usual Hilbert spaces of H- valued, integrable
(square integrable) functions on R. Let (M (R, B(H)), ||-||1) be the (non-commutative)
Banach algebra of all bounded, Borelian, regular, B(H)- valued measures on R, with
the total variation as norm and the convolution defined by
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where x 4 is the characteristic function of the Borelian set A and £ € H. It is easy to
observe that for every u € M(R,B(H)) and z € L*(R, H) the function

(s )() = [ alt = s)du(s)
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is in L?(R, H) because
g+ zllo < flpellaf]2-
Hence, the convolution system defined by
K, L*(R,H) - L*(R,H),K, s =p*x
is well defined and continuous.
Definition 1.1. ([8]) If z € L}(R, H) N L*(R, H), then its Fourier transform is

(Fx)(t) =2(t) = /R e S (s)ds

and the inverse of F is
1 .
(Fa) (1) / el (s)ds
R

T or
Definition 1.2. ([8]) The Fourier transform of a measure y € M(R,B(H)) is
i = F(u): R — B(H)
defined by

Aat)E = /R e ¢du(s), Vte R, &€ H.

Let A be the Lebesgue measure on R, let Bor(R) be the family of Borelian sets
on R and let ¢: R — B(H) be a measurable function; the essential supremum of ¢ is

[¢lloc = nf { sup [l¢(t); A € Bor(R),A\(4) = 0}.
teR\A

We denote by L>* (R, B(H)) the Banach algebra of essentially bounded functions, i.e.
[¢lloc < o0

Definition 1.3. ([1]) For every ¢ € L*°(R, B(H)), the multiplication operator
My: L*(R,H) — L*(R, H)

is defined by
Mgz = ¢z,

where (¢x)(t) = ¢(t)z(t) for all ¢ € R.

2 Main results

Using some of the results in [4], we prove the following theorems:

Theorem 2.1. For every p € M(R,B(H)), the operators K,, and My are unitarily
equivalent and FK,F~1 = M.
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Proof. First we show that the function g is uniformly continuous. For every t,s € R,
we have

) — Tils) = su (4 — Tils _ e—i(t—s)u d w).
172(2) = E(s)l MH&H(M@) 1))l S/Rll ||l (w)

The measure ||u||; is regular, hence for every € > 0 there is a compact A = A(e) CR
such that ||u|li(R\ A) < €. Because A is compact, there is B = B(A4,¢) C R such
that if t,s € B, then |1 — e (*=9)%| < ¢ Vu € A. Tt results that if ¢, s € B, we have

70 - )l < [ 1= @+ [ el () <
A R4

<e(lpli(A) +2) — 0 if e — 0

For every u € M(R,B(H)) and z € L*(R, H), we prove that (1 * 2)(t) = 1i(t)2(t), Vt €
R. Let p € M(R,B(H)),{ € H,t € R,z € L'(R, H) N L*(R, H). We obtain :

(Fxz)(u),€) = </R eit“(p*:c)(t)dt,§> -

(- smor)

_ < A e_isui(u)du(S),€> — (AW)F(w),€).

Since L'(R, H) N L?(R, H) is dense in L?(R, H), the equality holds for every = €
L*(R, H). Consequently, the operators K,, and M are unitarily equivalent. 0

Theorem 2.2. Let p € M(R,B(C")). Then

renR)
where o denotes the spectrum.

Proof. By Theorem 2.1, since the operators K,, and M; are unitarily equivalent, it
results that they have the same spectrum and the same eigenvalues.

We leave to the reader to check that (R) is compact (the dimension of H is
finite); we must prove the equivalence : M} is invertible if and only if T is invertible

for every T' € [i(R). Let us first suppose that all the operators T' € i(R) are invertible
and let ¢(t) = (a(t))~*,vt € R. We define G: i(R) — ¢(R),G(T) = T~*. Then
P(R) C G(i2(R)). The last set is compact because G is continuous and f(R) is
compact. It results that ) € L>(R,B(H)), hence M} is invertible and its inverse is

My

Conversely, if Mj; is invertible results that fi is invertible in L>° (R, B(C™)), hence
every operator T' € [i(R) is invertible. Let T € u(R) and let T,, € (R) such that
T,, — T. The sequence S,, = T,;* is bounded (because fi is invertible) and is con-
tained in the compact set g=1(R). It results that there is a convergent subsequence
Sk, € Sy. Let § =lim S, ; then from the equalities Ty Sk, = Sk, Tk, = I, it results
that S is the inverse of T', hence T is invertible. O
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3 The algorithm

As a consequence of Theorems 2.1 and 2.2 the following algorithm for computing the
spectra of convolution operators holds :

1. Read p(t),t € R;
2. Compute the Fourier transform fi(w),w € R;

. For every w € R, compute the spectrum (eigenvalues) of the matrix p(w);

w

I

. The spectrum, o(K,) = U o(f(w));
weR

5. Draw the graphics of the eigenvalues.

The numerical procedure is a MatLab 7.5 application whose details we skip (we just
mention that the function fspec was used) .

4 Examples
Example 4.1. Let
0 X1 X1 0
i (t) = X[_Ol,l] 8 X[*OLO] ;ﬁ::ﬂ
X[0,1]  X[o0,1] 0 0

With the algorithm in the previous section we obtain the Fourier transform:

0 i(e*i:—l) i(e’i:}’—ll) 0
- 0 0 (1—emi®)  j(1—e=®)
aw) =1 nu 0 R 25t
1(e’iz))“ 1) i(e7‘1:’ 1) 0 76)

The graphic of the spectrum of the Fourier transform u7 = (w)
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Example 4.2. Let

et el 0 te~ It

te=ltl ot* ol 0
=70 el et el

eIt 0 te—ltl o=t

Then the Fourier transform is:

\/776_% 2 0 __diw
p 1+w2w2 \ (1+w?)?
mw) = | T Vre T e, O
0 —TheE VT e

The graphic of the spectrum of the Fourier transform us = (w)

Example 4.3. Let

eit2 (St 0
,u3(t) = eiltl 0 (515
tef‘t‘ 5t 0

Then the Fourier transform is:

The graphic of the spectrum of the Fourier transform u3 = (w)
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