Minimum energy transfer and controllability in a
class of multidimensional continuous discrete systems

Valeriu Prepelita

Abstract. The problem of the minimum energy transfer is analysed for
a class of multidimensional time-varying continuous-discrete systems. A
suitable separable multidimensional partial differential-difference equation
is solved and a variation-of-parameters type formula is established.This
formula is employed to derive the formula of the state and the input-
output map of the system. The concepts of controllability and reachabil-
ity are analyzed and suitable controllability and reachability Gramians
are constructed to characterize the controllable and the reachable time-
varying systems. The optimal control which realizes the minimum-energy
transfer is determined and the formula of the minimum control energy is
provided in the case of completely controllable systems.
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1 Introduction

In the last three decades the theory of two-dimensional (2D) or, more generally, of
multidimensional (nD) systems become a distinct and important branch of the sys-
tems theory due its continually growing interest. The reasons for the interests in this
domain are on one side the richness in potential application fields and on the other
side the richness and significance of its theoretical approaches. The application fields
include circuits, control and signal processing, image processing, computer tomogra-
phy, gravity and magnetic field mapping, seismology, control of multipass processes,
etc. The domain of nD systems needs a specific theoretical approach, since many as-
pects of the 1D systems do not generalize and there are many nD systems phenomena
which have no 1D systems counterparts. Various state space 2D discrete-time models
have been proposed in literature by Roesser [15], Fornasini-Marchesini [5] Attasi [1],
Eising [4] and others.
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A quite new field of the nD systems theory is represented by the 2D continuous-
discrete (hybrid) models, whose state equation is of differential-difference type [8], [12],
[13]. These 2D continuous-discrete models have applications in various areas such as
linear repetitive processes [7], [16], pollution modelling [6], long-wall coal cutting and
metal rolling [17] or in iterative learning control synthesis [11].

This paper focusses on the concept of controllability, which is fundamental in con-
trol theory and which was introduced for 1D systems by Kalman in [9], being imposed
by the engineering problems of time optimal control. This concept and its dual (ob-
servability) characterize the minimal systems. In the case of 2D systems some notions
such as local and global controllability were introduced, but they are not satisfac-
tory from the point of view of minimality. In [10] the concepts of modal controlla-
bility /observability were defined and it was shown that a system is minimal iff it is
modally controllable and observable, but these notions do not allow the richness of the
characterizations of the 1D notions. We notice that in the case of continuous-discrete
2D Fornasini-Marchesini type model the controllability was studied by Kaczorek [8]
and in a geometric approach in [3] and [18].

In the present paper we consider a class of multidimensional continuous-discrete
systems described by differential-difference state equations. These systems depend
on ¢q and r respectively continuous and discrete time variables and they represent
an extension of the Attasi’s 2D discrete-time time-invariant model. The considered
systems are studied from the point of view of controllability and reachability. This
class of systems was preferred since it allows the generalizations of many important
results which characterize the 1D linear systems.

In Section 2 a suitable separable multidimensional partial differential-difference
equation is solved and a variation-of-parameters type formula is established. The state
space representation of the systems is derived from this formula and the formulas of
the state as well as of the input-output map are obtained.

Section 3 introduces the notions of completely controllable and completely reach-
able systems. Suitable controllability and reachability Gramians are constructed and
they are used to obtain necessary and sufficient conditions of controllability and reach-
ability for time-varying systems.

In Section 4 the minimum-energy transfer is analyzed and the optimal control as
well as the minimum control energy are provided in the case of completely controllable
systems.

We shall use the following notations: ¢ € N and » € N being the number of
continuous and discrete variables respectively, a function z(t1,...,tq; k1,..., k), t; €
R, k; € Z will be sometimes denoted by x(t; k), where t = (t1,...,t), k = (k1,. .., k).
By s <t, s,t € R? we mean s; < t; Vi € ¢ and a similar signification has [ < k, I,k €
Z"; (s;1) < (t;k) means s < t, (I < k) and (s;1) # (t;k). For t°,t! € R? and
KOkt € 27, t° <t kY < k! we denote by [t°,#1] and [k°, k'] respectively the sets

[t°,¢'] = [T, [, ¢;] and [kO, k'] = [Ti_ {k9, kY + 1,...,kj}. By m with m € N™ we
denote the set {1,2,...,m} and by P(m) the family of all subsets of 7.
If 7= {i1,..., 0} is asubset of m, |7]:=l and 7 :=m \ 7; for i € m, i :=m \ {i}

and i := {i+1,...,m}. The notation (7,d) C (g,7) means that 7 and § are subsets of
g and T respectively and (7,6) # (q,7). For 7 = {i1,...,4;} and § = {j1,...,jn} the

operators — and o are defined by

or
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0 o

—ux(t; k) = Wx(t; k), osx(t; k) = x(t; k + es)

or ot;

11 *
where es =e;, +...+¢j,,e; =(0,...,0,1,0,...,0) € R"; when 7 =g and 6 =7 we
~——
j—1
denote 0/01 = /0t and o5 = 0.
If A;, i € m is a family of matrices, Z A; =0 and H A, =1

ied e

If P is a positive definite matrix, one writes P > 0.

2 State space representation

The time set of the Attasi-type multidimensional system is T'=R? x Z", ¢, € N.

Definition 2.1. A (g,7)-D hybrid system is a set ¥ = ({Ault € G}, {Aqli €
7,B,C, D) with A (t; k), i € g and Ag(t; k), j € T commuting n x n matrices V¢t € R?
,Vk € Z" and B(t; k), C(t; k), D(¢; k) respectively nxm, pxn and pxm real matrices,
all these matrices being continuous with respect to t € RY for any k € Z"; the state
equation is

%aa:(t; M= Y (i
(1,0)C(gq,7)
(2.1)

x(HAm-(t;k)> [TAsR) a%_a(;x(t;k)+B(t;k)u(t;k)

= jeé
and the output equation is
(2.2) y(t; k) = C(t; k)x(t; k) + D(t; k)u(t; k)

where
x(t; k) = x(tr, ..., tg; k1, ... k) € R”

is the state, u(t; k) € R™ is the input and y(¢; k) € R? is the output.
For 7 = {i1,...,uu} € ¢ 0 ={j1,....jny CTand t; e R, ie 7, t) e R,i €T,
kje€Z,jeod, k:? € Z, j € § we use the notation

0. 0y .— 0 0 0 0 0 0.
2(tr, 125 ks, k) i= w(t9, 10 iy 8 0 i 8 2

0 0 0 0 0 0
Ko KO kg KO e KO K KO KD,

s Vi —1o s Vip—1

Let ®;(t;,t0;t:; k) be the (continuous) fundamental matrix of A.;(¢; k) with respect
o (th) =
ot;
Aui(t; k)Y (4 k), Y (t5,80; k) =T for any ¢, € R, [ € i and k € R". If A,; is a constant
matrix then ®;(t;, t0; t;, k) = eAei(ti=td),

The discrete fundamental matriz Fj(t; kj, kJ; k3) of the matrix Ag(t; k) is defined
by

to the variables t;,t0, i € g, i.e. the unique matrix solution of the system
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F;(t; k],k?,kj)
Agi(t; kj — l,k‘j)Adj(t; k;j —2, k;) o Agi(t k‘?,k‘j) for k; > k‘?
- I, for k=K,

for any k, € Z, h € j and t € R
F;(t; kj, kj i k) is the unique matrix solution of the difference system

Y(t;kj +1,k;) = Aqy (G R)Y (8 kj, k3), Y (65K k;) = I

]aj y vy vy

._ 1.0
If Agj is a constant matrix then Fj(t; kj, kY; ks) = AI(Z h
Remark 2.2. Under the hypothesis: (H) ” The matrices Ag;(¢; k) are nonsingular

for any t € R%,k € Z" 7, the discrete fundamental matrix F; can be defined for

kj < kY by F, (t kj, k5 k:j) = Fj(t; k3, kj; k)" In this case the semigroup property
Fit; kj7kj,k])F (b kL, KO k) = (i ey, k; ks ) holds for any kO, kL, k.

Definition 2.3. The vector z° € R” is called an initial state of the system X if

(2.3) (tr, 12 ks, k2 (H(I) tl,t?,tz,k> | RGN ES

1ET jES

for any (7,9) C (q,7); equalities (2.3) are called the initial conditions of X.
In [14] one proves

Proposition 2.4. The solution of the initial value problem

9 +r—|7|—|6]—1
5700 (ti k) = Zﬁ(—nq I7l=181=1
(1,0)C(q,7)
(2.4)

X (H(U(;Am (t: k) ) [T44 %) 0 5, 0ot k) + f(t k)

IET J€5

with the initial conditions (2.3) is given by the generalized variation-of-parameters
formula

(ch (ti, 195821, t ) HF (t°; kj,k;),ko Jks) | a0+

th tq k1 1 k -1
e e[S
9 9

H Fj(s;kj, l; +1; =, k;) f(s;l)dsy ... dsg;
j=1

<H(I) tzasﬂ i— 17t k))

=k 1.=k0 \i=

here s = (s1,...,84), L = (l1,...,1) and if for instance i = 1, then the corresponding
variable t;— = lacks; f:RI x Z" — R" is a continuous function.
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Theorem 2.5. The state of the system X (2.1) determined by the initial state
z9 € R"™ and the control u is

q r
(H (tis b9 12— 1,t,k)> H L (10 k],k?,k;) k) | a0+

j=1

(2.6) / /t S kil <ﬁ i(tiy sis s 5 ,k:)) X

a zl_ko 1,.=k0 \i=1

H Fj(s;kj, lj + 1 5=, k;) B(s;Du(s;l)dsy ... dsq

j=1
Proof. Equation (2.1) has the form (2.4) with f(¢;k) = B(u; k)u(t; k) and (2.6)
results from (2.5) by replacing f(t; k).

Corollary 2.6. If A., Ag; and B are constant matrices, then the state of ¥ de-
termined by the control u and the initial state z° with initial moments t =0, i € q,
k) =0,jeTis

q r ty ty [ 4
ili k; cilli—S8q
k) = (H eA”t”> HAdj 20 +/ / <He‘4 (t )> X
i=1 j=1 0 0 \i=1

ki1—1 k,.—1 r

X Z Z H Ak i B(s;Du(s,)dsy ...dsq

1,=0 l,=0 \j=1

By replacing the state x(¢; k) (2.6) in the output equation (2.2) we obtain

Theorem 2.7. The input-output map of the (q,r)-D hybrid system % (2.1), (2.2)

18
y(t: k) (ch (ti, 95101, ¢, ) HF (t% kjs Ko k=) | 2+
tq k‘l 1 k.—1 q
(2.8) / / > Cltk) (HfI% ti, si St ,k)) X
l.=k9 i=1

HF 83 kj, U b=, K ) | B(s;lu(s;l)dsy ...dsq + D(t; k)u(t; k).

Similarly with Corollary 2.6 we can derive from (2.8) the input-output map of a
time-invariant system 3.
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3 Controllability and reachability of multidimen-
sional hybrid systems

The controllability topic uses only the state equation (2.1), hence a (g,r)-D hybrid
system reduces to the ensemble )" = ({Agli € ¢}, {Aqj|j € 7}, B).

A triplet (¢,k,2) € R? x Z" x R" is said to be a phase of > if Ju : T — R™ and
2% € R" such that # = z(t; k) where z(¢; k) is given by (2.6). In this case one says
that the control u transfers the phase (%, k°,2°) to the phase (¢, k, ).

Definition 3.1. A phase (t,k,x) of > is said to be controllable if there exist
(t1,kY) € T, (t',kY) > (t,k) and a control u which transfers the phase (¢,k,z) to
(t', k%, 0).

A phase (t,k,x) is said to be reachable if there exist (t°, k%) € T, (t°, k%) < (¢, k)
and a control u which transfers the phase (t,k°,0) to (¢, k,z).

If for some fixed (tY, k%), (¢, k') € T with (t°,k°) < (¢',k') a phase (t°,k°, z)
((t', k1, z)) is controllable (reachable) one says that the state x is controllable (reach-
able) on the multiple interval P = [t° t1] x [k° k']. The system Y is said to be
completely controllable (completely reachable) on P if any state x € R™ is controllable
(reachable) on P.

t t1 tq k—1
In the sequel we shall denote by / the multiple integral / e / , by Z the
to 8 tg 1=k

ki1—1 kr—1

sum Z Z and ds = dsy - - - dsg.

L=kO  I,=kO
Definition 3.2. The reachability Gramian of Y on P is the matrix

t k—1 q
R(to,t; ko,k) :/ Z (H(I)Z(t“s“sl_l,t;,k)> X

0 —go \i=1
(3.1) < | T Filsi kol + b=, k3) | Bs,D)B(s, )T x
j=1
r T q T
X HFj(S;k'j,lj—I—l;lel,k;) (H(I)i(ti,si;si_l,tg)> ds.
Jj=1 i=1

Obviously, R = R(t",t; k°, k) is a symmetrical non-negative definite n x n matrix.
Now we replace in the state formula (2.6) z(¢; k) = z and 2° = 0 and we obtain:

Proposition 3.3. The phase (¢, k, x) is reachable on P if and only if there exists
some control u : P — R such that

(3.2)
t k—1 q r
w:/to Z <H @i(ti,si;s“,t%;k)> X (H Fj(S;kj,lj+1;lj1,k‘]‘.)> B(S;Z)U(S;Z)ds.
1=k0 \i=1 j=1
Now we can state the main result of this section.

Theorem 3.4. It is possible to transfer the phase (t°, k%, z%) to the phase (¢, k, )
if and only if
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q
(H (ti, 105t 1,t~;k)> X

T 5 kg, k9, h0— k=) | 20 € Tm R(#°, ¢ &0, k)

VR -1

Proof. Sufficiency. If (3.3) holds, then Jv € R" such that

q
z— (H (i, 105t 1,t-k)> X

VERAN B i— 1°

< | ] F5 (% kj k9, n9— k=) | a0 = R0, 6K, k)o.
j=1

Let us consider the control

” T q T
(3.5)  u(s;l) = B(s, )" (H F(sikj, Ui + 115, k;)) X (H Dy (ts, 545 571, t;;k)) v.
i i=1
By (3.1) and (3.4) we obtain an equality similar with (2.6) with x(¢; k) = «, i.e. u
given by (3.5) realizes the indicated transfer.

Necessity. Let us assume that (2.6) holds with x(t; k) = x for some control u'. Let
us denote by x! the vector introduced in (3.3). Since the matrix R = R(t%,¢; k%, k) is
symmetrical, the direct sum decomposition R™ = Im R ¢ Ker R holds, hence there
exist 22 € Im R and 23 € Ker R such that 2' = 22 + 23. Since 22 € Im R, 22 can be
represented as x(t; k) = 2% in (2.6) for a control u? having the form (3.5). We consider
the control u® = u' — u? and we subtract the above mentioned expressions (of the
form (2.6)) of x! and x2. One obtains

t k=1 q
2=zl -z —/ Z (H‘bi(ti’si;sH’ti?k>> X
t0

=Ko \i=1
H Fy(sikj by + L5, k;) B(s;)u?(s;1)ds.
j=1

From 23 € Ker R we have (z3)TRz3 = 0 and taking into account the expression (3.1)
of the Gramian R we get

t k—1 T
/ZHBSZ HF (shkj, 1 + Lily=p,bs) |
[y j=1

T
q
X (H D, (ti, 855 5777, t5 k)) 23||ds.
i=1

The integral being non-negative, it results that a.e.
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r T q T
(3.7  B(s,))" <H Fj(s; ki, 1 +1;lj_1,k;)> X <H @i(ti,si;si_l,ti;k)> 3 =0.

j=1 i=1

By (3.6) and (3.7) one obtains

t k 1 q
|l23]]> = Ta —/t (z*)" (H(I)i(tivsﬁsipt;;k)) X

= kO i=1

H Fi(s;k,l; +1; b=, k‘;) B(s;)u3(s;1)ds = 0,

j=1

hence 3 =0 and 1 = 2o € ImR.
We obtain from Theorem 3.4, by replacing x° = 0 in (3.3) (see Definition 3.1) the
following:

Corollary 3.5. The state x is reachable on P = [t°,t] x [K°, k] if and only if
z € ImR(t°, t; k% k).

This statement can be reformulated as

Corollary 3.6. The set of the states which are reachable on P is the subspace
X, =ImR(tY,t; k°, k).

It results that the system Y is completely reachable on P if and only if ImR(t°, t; k°, k) =
R", condition which gives the following criterion:

Theorem 3.7. The system . is completely reachable on P if and only if
(3.8) rank R(t°, t; k%, k) = n

In the definition of the following controllability Gramian we shall use the discrete
time fundamental matrices F; with the initial variables greater than the final ones,
hence we shall assume the hypothesis (H) (all the matrices Ag;(t; k) are nonsingular).

Definition 3.8. The controllability Gramian of > on P = [t° ¢] x [k° k] is the
matrix

t k=1 [/ g
C tO t; ]{;O / Z <H (I)i(t“Si;Sm, t;,k‘)) X
t0

I=k9 \i=1

L1 Ei(si k.05 + 1555, k) | B(s,D)B(s, )T %

T T q T
HF s,k],l + L= ukj) <H<I>,;(t?,si;5i1,t;;k)> ds.
j=1 i=1

Theorem 3.9. It is possible to transfer the phase (t°, k%, z%) to the phase (t, k, )
if and only if
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q
<H‘I’z (A9, tis t2g, t ,k)) X
i=1

H (0K kg, Ko ks) | @ — 2 € Tm C(2%, 8 K0, k)

The proof follows the lines of the Theorem 3.4 and it will be omitted.
By replacing z = 0 in (3.9) we get
Corollary 3.10. A state 2° is controllable on P if and only if 2° € ImC(t°, t; k°, k).

Corollary 3.11. The set of the states of Y. which are controllable on P is the
subspace X. =Im C(t°,t; k%, k).

Theorem 3.12. A system > is completely controllable if and only if
(3.10) rank C(t°,t; k%, k) = n

Now, we replace = 0 in (3.3) and we obtain.

Corollary 3.13. A state z° is controllable on P if and only if

(H@ (ti, 195 60—, ,k)) X
(3.11)

HF (t% kg kS PO k=) | 2 € Im R(2%, 5 kO, k)

Corollary 3.14. The system is completely controllable on P if and only if

Im (ch (£, 19512 1,t;k)> X
i=1

(3.12)

]3 7

LT E5 @ kg k9, WS k) | € T R(2°, 850, k)
Under the hypothesis (H) we can premultiply (3.4) by the nonsingular matrix

q
(3.13) M = <H(I) tot t? ot ) HF to’k'?,k‘ ]4};] 1,]€)
i=1

and we obtain

Corollary 3.15. If all the matrices Ag4;(t; k) are nonsingular, then a state 20 is
controllable on P if and only if

2% € Tm MR(t°, t; k%, k).

It results that the system Y is completely controllable if and only if InMR(t°, t; k0, k) =
R", condition which is equivalent to rank MR(t%,¢; k°, k) = n. Taking into account
that the matrix M (3.13) is nonsingular, we obtain
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Theorem 3.16. If all the matrices Ag4i(t; k) are nonsingular, then the system
is completely controllable if and only if rank R(t°,t; k°, k) = n.

By Theorems 3.7 and 3.16 and Corollary (3.14) we can emphasize the relationship
between the concepts of complete reachability and complete controllability, which is
in accordance with the discrete character of Y with respect to the variables k1, ... k;.

Theorem 3.17. If the system Y is completely reachable then Y is completely
controllable.

If the matrices A(t; k) are nonsingular and >, is completely controllable, then >
is completely reachable.

4 Minimum-energy transfer and the optimal con-
trol law

Let us consider the multiple interval P = [t,¢] x [k k] C R? x Z".
Definition 4.1. The energy of a control u : P — R™ is

tq ki1—1 kr—1

t1
(4.1) Eu:/o [>T D st Sqs s L) [Pdsy L dsg
9 t

@ I=ki  1=kO

As we discussed previously, we can use for (3.1) the notation:

t k—1

Eu:/t S (fu(s; )| Pds.

0
1=kO

Theorem 4.2. Assume that the system Y is completely controllable. Then the
control

T
q
a(s;l) = B(s, )T (H D;(ti, si, 5777, 65 k:)) X
i=1

(4.2) X HFj(s;kg,lj+1;lel7k;) C(t0,t; k0, k)~ x
j=1

T
q T
0 .40 . 0. 1.0 0
X (Hq)i(ti’ti’tH’t?’k)) HFj(S ,kj7kj,kjj, k‘;) !t — 20
i=1 j=1

transfers the phase (t°,k°, 2°) to the phase (t, k,x') with the minimum expenditure of
energy, i.e. B < E, for any control u which realizes the same transfer.

Proof. Since the system Y is completely controllable, by Theorem 3.12 the matrix
C(tY,t;k°, k) is nonsingular, hence the control % (4.2) is well defined. We replace the
control u in the equation (2.6) by @ (4.2) and we obtain ( by using the semigroup
properties the state of > at the moment (¢; k)):
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q
(H@z (tir 9, 10— = ;k>> x
=1

| Ra1GE Ry kS ko= k=) | (@0 4+ C(0, 65 K0, R)C(t0, 5 kO, k) !

q
g (H(I) to ti; t? T 63 > H tovk?ak k? 1vk) xl_xo):xlv
i=1

hence @ realizes the transfer of the phase (t°, k%, 2%) to the phase (¢, k,z).
Let u be another control which realizes the same transfer, and let u' be the

control u! = u — 4. By replacing in (2.6) the control by u and @ respectively and by
the semigroup property we get two equalities:

q
(H@ (t9, 43, 62, 1= ) HF (1% k9 ky K9, ks) | ! — 2®
i=1

t k—1 r
/ > (H@ 843 51 z,k)) LT Ei(si k0,5 + 1, L=, ) | uls, ds =
to j=1

I=k° \i=1

tk 1 q
/ (H@i(t?,si;si_l,t;;k)> HF sk, + 1, = roks) | s, )ds
t0

1=k0 \i=1
hence
¢t k—1 q r
(4.3) > (H @i(t?,si;si_l,t;;k)> X (H Fi(s; k3,1 +1,lj_1,1<:5)> u'(s,1)ds = 0
0 1—x0 \i=1 j=1
t k—1
By (4.2) and (4.3) we get Z a(s;1)Tu (s;1)ds = 0, hence (4.1) gives
9 1—k0
t k—1
E, = )T u(s, Dds =
/tOZu(s ) u(s,l)ds
1=kO
t k: 1
= [t e ) + (. s =
0= kO
t k—1 t k—1
- / S lul (s, )| ds+/ S Jla(s, )|Pds > Fa.
gy — gy —

Therefore @ (4.1) is the optimal control for the desired transfer.

Corollary 4.3. If the system > is completely controllable, the minimum ”control
energy” required by the transfer of (t°, k%, 2°) to (¢, k,z') is

(4.4) Bin = ()TC(°, ¢k, k)~ 122
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where

q
(Hsz (A9, tis tog, 1 ) HF (t% kg gy K9, ks) | @t — 2.
i=1

Proof. By (4.1) and (4.2) since C(t%,¢; k%, k)~! is symmetrical we have:

t k—1 t k—1
Fuin = /Znusz Ids—/ S s, 1)Ti(s, Ids =
e 0 j—ko

= (@)TC(H% ;KO k)71C(t0, t; kO, k)C(t0, t; kO, k) ~1a? =
= (@)TC(tY ;K0 k)~ 122
(

Conclusion. This paper studies a class of multidimensional continuous-discrete
systems from the point of view of the concepts of controllability and reachability. Nec-
essary and sufficient conditions of complete controllability and complete reachability
are expressed by introducing two suitable controllability and reachability Gramians.
The connection between the two concepts is emphasized. The optimal control which
realizes the minimum-energy transfer is determined and the formula of the mini-
mum control energy is provided. This study can be continued for other concepts as
observability, stability, stabilizability (for instance as in [2]) and detectability of mul-
tidimensional continuous-discrete systems and it can be applied to the problems of
optimal control.

Aknowledgement. This paper is partially supported by the Grant CNCSIS 86/
2007 and by the 15-th Italian-Romanian Executive Programme of S&T Co-operation
for 2006-2008, University Politehnica of Bucharest.

References

[1] S. Attasi, Introduction d’une classe de systémes linéaires reccurents & deuz indices.
Comptes Rendus Acad. Sc. Paris 277, série A (1973), 1135.

[2] V. Balan and C. S. Stamin, Stabilization with feedback control in the Kaldor economic
model, Proceedings of The 4-th International Colloquium ”Mathematics in Engineering
and Numerical Physics”, October 6-8, 2006, Bucharest, Romania, BSG Proceedings 14,
Geometry Balkan Press, Bucharest 2007, 19-24.

[3] 1. Duca, C. Udriste, Some inequalities satisfied by periodical solutions of multi-time
Hamilton equations, Balkan Journal of Geometry and Its Applications, 11, 1 (2006),
50-60.

[4] R. Eising, Low Order Realization for 2-D Transfer Functions. Proc.IEEE, 67, 5 (1997),
866-868.

[5] E. Fornasini and G. Marchesini, State space realization theory of two-dimensional filters,
IEEE Trans. Aut. Control, AC-21 (1976), 484-492.

[6] E. Fornasini, A 2D systems approach to river pollution modelling, Multi-dimensional
Systems and Signal Processing, 2 (1991), 233-265.

[7] K. Gatkovski, E. Rogers and D.H. Owens, New 2D models and a transition matriz for
discrete linear repetitive processes. Int. J. Control, 72, 15 (1999), 1365-1380.

[8] T. Kaczorek, Controllability and minimum energy control of 2D continuous-discrete
linear systems. Appl. Math. and Comp. Sci., 5, 1 (1995), 5-21.



138

[9]

[10]

[11]
[12]

[13]

[14]
[15]

[16]

[17]

18]

Valeriu Prepelita

R.E. Kalman, Contributions to the theory of optimal control. Proceedings of the Mexico
City Conference on Ordinary Differential Equations, 1959.

S.-Y. Kung, B.C. Lévy, M. Morf, T. Kailath, New results in 2D systems theory. Part
II: 2D state-space models realization and the notions of controllability, observability and
minimality, Proceedings of the IEEE, 65, 6 (1977), 945-978.

J. Kurek and M.B. Zaremba, Iterative learning control synthesis on 2D system theory.
IEEE Trans. Aut. Control, AC-38, 1 (1993), 121-125.

V. Prepelitd, Linear hybrid systems. Bull.Math.Soc.Sci.Math. de Roumanie, 23 (71), 4
(1979), 391-403.

V. Prepelitd, State-space representations of (q; r)-D hybrid systems, Proceedings of The
4-th International Colloquium ”Mathematics in Engineering and Numerical Physics”,
October 6-8, 2006, Bucharest, Romania, BSG Proceedings 14, Geometry Balkan Press,
Bucharest 2007, 131-144.

V. Prepelita, Stability of a class of multidimensional continuous-discrete linear systems,
Mathematical Reports, 9(59), 1 (2007), 87-98.

R.P. Roesser, A discrete state-space model for linear image processing, IEEE Trans.
Aut. Control, AC-20, (1975), 1-10.

E. Rogers, D.H. Owens, Stability Analysis for Linear Repetitive Processes. Lecture Notes
in Control and Information Sciences, 175, Ed. Thoma H, Wyner W., Springer Verlag
Berlin, 1999.

K. Smyth, Computer aided analysis for linear repetitive processes. PhD Thesis, Univer-
sity of Strathclyde, Glasgow, UK, 1992.

C. Udriste, Multi-Time Controllability and Observability, The International Conference
of Differential Geometry and Dynamical Systems, University Politehnica of Bucharest,
October 5-7, 2007.

Author’s address:

Valeriu Prepelita

University Politehnica of Bucharest,
Department of Mathematics-Informatics I,
Splaiul Independentei 313,

060032 Bucharest, Romania.

E-mail: vprepelita@mathem.pub.ro



