Ricci curvature and Weitzenbock formula
on 3-dimensional Sasakian manifolds
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Abstract. In this paper we study a semiconformal map 1 : M3 — N2,
where M is endowed with a Sasakian structure (p,€,7,9) and N? is an
orientable surface endowed with a Hermitian structure (J, h). We will sup-
pose that ¥ is a (p, J)— holomorphic map.
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1 Introduction

The study of harmonic maps on contact metric manifolds was initiated by S. Tanus and
A. M. Pastore ([14, 15]. This study was continued by C. Gherghe (see [10, 11]). Old and
recent researches show the interest in the field of Ricci flow ([1]), harmonic morphisms
([4, 2, 6, 14, 15, 23]), f-structures, quaternionic and contact metric manifolds (see
[1, 3, 5, 6, 8, 9, 14, 15, 16, 17, 18, 19, 20, 22]). The purpose of this paper is to
study the semiconformal maps on some special almost contact metric manifolds of
dimension three. In the next section we give some preliminaries on semiconformal
maps, Kahlerian manifolds and almost contact metric manifolds (see [1, 2, 5, 8]). In
section 3 we obtain some formulas for the Ricci tensor of a semiconformal submersion
on a 3-dimensional manifold and a Weitzenbock formula on 3-dimensional Sasakian
manifold. Section 4 is devoted to some results on stability of harmonic morphisms in
the geometry of Sasakian manifolds of dimension three.

2 Preliminaries

An almost complex structure on a manifold M is a tensor field J of type (1,1) such
that J2 = —Id. It is clear that such manifolds are of even real dimension 2m.
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Any 2-dimensional orientable surface has a native Kéhlerian structure ([7]). The ana-
logue of Kahlerian manifolds of odd dimensions are Sasakian manifolds. Let M to be
a smooth manifold with odd dimension 2n+1. An almost contact structure on M is
a triple (¢,&,n) where ¢ is a vector field, 7 is a 1-form and ¢ is a (1,1) tensor field
satisfying the following relations:

¢’ =—Id+¢Eon

n) =1

where Id is the identity endomorphism on T'M. Then, we have p(£) = 0 and nop = 0.
Moreover, if g is a Riemannian metric associated on M, i.e. a metric which satisfying
for any X and Y on I'(T'M)

g(p(X),p(Y)) = g(X,Y) = n(X)n(Y).

Then we say that (p,&,7,9) is an almost contact metric structure. A manifold
equipped with such structure is called almost contact metric manifold . The second
fundamental form ® on M is given by

O(X,Y) = g(X,pY)

for any X and Y on I'(T'M).

An almost contact metric structure (p,€,m,g) is normal if the Nijenhuis tensor
N satisfies ([5]):
N? +2dn® & =0.

A contact manifold is a smooth manifold M together with a 1-form 7 such that
nA(dn)™ # 0. We say that (M, ¢, &, n, g) is a Sasakian manifold if it is a normal contact
metric manifold such that ® = dn. An almost contact metric structure (¢, &,n,g) is
Sasakian ([5]) if and only if

(Vx@)Y = g(X, V)€ —n(Y)X.

We further recall some definitions on harmonic morphisms (see [2]):

Let ¥ : M™ — N™ be a smooth submersion between Riemannian manifolds. We
recall that the tangent bundle of M splits as the Whitney sum of two distributions, the
vertical one V = Ker(di)) and the orthogonal complementary distribution H = V+
called horizontal: TM = V@H (see [8]). As usual, we denote by v and h the projections
on the vertical and horizontal distributions. The sections of V (respectively H) will be
called wvertical (respectively horizontal) vector fields. For any vector field E, vE and
hE denote the vertical and the horizontal components of E, respectively.

We will use the following notations for the second fundamental forms of the hor-
izontal and vertical distributions (see [2]): A(VgF) = AM(VgF) = £ (ViphF),
B(VgF) = BY (VgF) = =(V,gvF) and I(E,F) = I"(E,F) = v[hE, hF] where
E . Fel(TM).

We recall also that || 1] = 3=, , [ (eq: e)|” = 3, , 9(vlea, €], v]ea, es]) where {e, }
is a local orthonormal frame for the horizontal distribution on M.
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Definition 2.1 Let ¢ : (M™,g) — (N™, h) be a smooth map between Rieman-
nian manifolds and let * € M. Then v is called horizontally weakly conformal or
semiconformal at x if either

i)dy, =0, or
ii) dip, is surjective and there exists a number A(z) > 0 such that

h(dip2(X), dp(Y)) = A2)g(X,Y),

where X,Y € H,. The function A(z) is called the square dilation of % at z and
Az) = y/A(x) is called the dilation of ¢ at z. ) is called horizontally weakly conformal
on M if it is horizontally weakly conformal at every point of M. 1 is called horizontally
conformal on M if is horizontally weakly conformal on M and dv, # 0,Vz € M. If
di, # 0 and A = 1, then ¢ is a Riemannian submersion (see [8]).

Let ¢ : (M,g) — (N, h) be a smooth map between two Riemannian manifolds of
dimension m and n, respectively. Its differential di) can be viewed as a section of the
bundle T*M ® 1~*(TN) — M endowed with the Hilbert-Schmidt norm | - ||.

If {e1,...en} is an orthonormal local frame on M, the norm of di is given by

m

[dp||? == Trg(yp*h) = h(dip(e;), di(e;)).

i=1

The energy density of ¢ is a smooth function e(¢) : M — [0, 00) defined by :

1
W) = ldbsl’, v e M.

For any compact domain Q2 C M, the energy of ¢ over € is the integral of its energy
density

ﬂwﬂriédw%

where 9, is the volume measure associated to the Riemannian metric g. If M is
compact and Q = M we write just E(¢) for E(y;). A smooth map ¢ : M — N is
said to be a harmonic map if

d
—|t=0 E(¢y; Q) =
dt‘t—o (rlpt? ) O

for all compact domains Q and for all variations {t;} of ¢ supported in €.

Definition 2.2 Let v» : M — N be a smooth mapping between Riemannian
manifolds. Then 9 is called a harmonic morphism if, for every harmonic function 5 :
V — R, defined on an open subset V C N with ¢~%(V) # & the composition hoy
is harmonic on ¥ ~1(V).

We recall a result by Fuglede and Ishihara (see [2]) : A smooth map ¢ : M — N
between Riemannian manifolds is a harmonic morphism if and only if ¢ is both
harmonic and semiconformal.

Lemma 2.3 (see [2]) The adjoints of A and B are given by

ARF = —h(VppvF) and BpF = —v(VyghF)
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We recall the results obtained in [2] for sectional curvatures K™ (E, F) determined
by a plane spanned by orthonormal vectors E, F' at a point.

Proposition 2.4 ([2]) Let ¢ : M™ — N"™ be a smooth horizontally conformal
submersion with dilation \. Let KM KN and K" the sectional curvatures for M, N
and the fibres of 1, respectively and let x be a point of M.

1. If U, V are orthonormal vertical vectors at x (so that m-n=2), then

KM(U,V) = K"(U,V) + |BuV|° = g(ByU, ByV)

2. If X, U are unit horizontal and vertical vectors at z, respectively (so that m-n=1)
then

KM(X,U) = VdIn M(U,U) + dIn \(ByU) — 2(U(In \))? + |[A%U* +
+9((VxB")uX,U) - |By X[?

3. If X, Y are orthonormal horizontal vectors at x (so that n=2), then
KM(X,Y) = NKN(X,Y)+ Vdln A(X, X) + VdIn A(Y,Y)—

—(X(In )2 — (Y(In )2 + |gradIn A|* — Z 1(X,Y)]?
where here X = dip(X) /(M| X]).

3 Ricci curvature of a semiconformal map on Sasakian
manifolds of dimension 3

Let ¢ be a C*, semiconformal submersion 1 : (M?,g) — (N2 h) with dilation ),
where M and N are Riemannian manifolds of dimensions 3 and 2, respectively.

Let U be a unit vertical vector field, i.e. dy»(U) = 0 and g(U,U) = 1, and p = VyU
the mean curvature of the fibres of 1. We recall that ||u||> = g(u, y1).

Let KV be the Gauss curvature on manifold N and let 6 be a 1-form such that
0 =g(U,.) = U" and let Q = df be the associated 2-form.

We have recalculated the Ricci tensor on vertical and horizontal vectors using the
usual definition of the exterior derivative and we have obtained similar results as in
[1]. Some terms differ just by constants.

The formula for the Ricci tensor evaluated on vertical vectors is as follows.

Lemma 3.1
1 1
Ric(U,U) = 2U(U(In \)) — 2(U(In X)) 4 2d*Q(U) + i(Lug)(U7 U)— ZHI”2
Proof. Using Proposition 2.4 (2) and the formula

Ric(U,U) =Y g(R(U, ea)ea, U) = >_ K(eq, U)
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we have recalculate the components of this formula. From Proposition 2.4 (2) we
obtain that

S {EM (e, U)} = S {VdIn AU, U) +dIn A(ByU) — 2(U(In N)? + | A%, U|* +

+9((Ve, B )vea, U) — |B(*Jea|2}
We have that

S 9(Ver B)veasU) = 3 gleas Veupt) = —d*i* + |u]?

« Lo 1
TQU) = (" + |l + 5 11)

and for the others components we have obtained similar results as in [1]. Combining
all this, the formula follows. O

The formula for the Ricci tensor evaluated on horizontal vectors is given by:

Lemma 3.2

Ric(X,Y) = {\>KY + Aln A + p(In \) 1117} g(X,Y) + %(Lug)(X,Y)—

1
4
—9(X, 1)g(Y, 1)

where X and Y are horizontal vectors.

Proof. Using Proposition 2.4 and calculating the components we obtain similar for-
mulas as in [1]. O

Proposition 3.3([5]) On a Sasakian manifold of dimension 3 we have:
)VeE =0
1W)Vxé=—pX for any X e T(TM)
W) R(X, Y)Y =n(Y)X —n(X)Y for any X, Y € T(TM).
1) Ric(§) = 2 if the dimension of the manifold is 3.

Definition 3.4 A smooth map v : (M?>™F! . &1, g)) — (N?", h,J) from a Sasakian
manifold to a Kéhlerian manifold is called (¢, J)— holomorphic map if the following
condition is satisfied
dip o = Jody.

We consider a C* semiconformal (¢, J)— holomorphic submersion
b (M3,9,6,m,9) — (N? h,J) with dilation A\, where M is a Sasakian manifold of
dimension three and N is a Kéhlerian manifold of dimension two.

Let the unit vertical vector field U be the characteristic vector field £ and let
i =VyU = V£ =0 be the mean curvature of fibres of .

Let K~ be the Gauss curvature of manifold N and let # = 1 be a 1-form, n =
g(&,.). Let Q = df = dn = ® be the associated 2-form.

Let {e1,ea,e3} = {e, e, &} be an orthonormal local frame on the Sasakian mani-
fold M, where {e, e} is the othonormal frame for the horizontal space.

Lemma 3.5 Let ¢ : (M3,0,£,1,9) — (N% h,J) be a C* (¢, J)— holomorphic semi-
conformal submersion with dilation \, where M is a Sasakian manifold of dimension
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three and N is a Kdhlerian manifold of dimension two. Let {e1,ea,e3} = {e, e, &} an
orthonormal local frame for manifold M. Then

i)Ric(X,Y) = (K" +1)g(X,Y) for any X,Y horizontal vector fields where K" is
the Gauss curvature on horizontal space.

i) Ric(e, &) = Ric(pe, &) = 0.

iii)Ric(Y,Z) = KNh(Y, Z) = N2KNg(Y, Z) for any vector fields Y and Z, where
Y =dip(Y) .
Proof. 1)

Ric(e,e) = Zg €,€;)ei,e)

9( (e;e)e,e) + g(R(e, pe)pe, e) + g(R(e, §)E, e)
K(e, pe) + g(n(§)e —n(e)é, e)
K"+ gle,e) = K" 4 1.

Analogously, Ric(pe,e) =0, Ric(e,pe) = 0 and Ric(ge, pe) = K" + 1. ii)
Ric(e,§) = Zg (e, e5)ei e)

= g(R(e, 6)6, g) + g(R(ev (pe)@e> 6) + g(R(ev 6)57 5)
—g(R(e, pe)€, pe) + g(n(§)e —n(e)é, )
—g(n(we)e —n(e)pe, pe) + g(e, §)

0

iii) Let { X, J X} an orthonormal frame on the Kéhlerian manifold N. Then Ric(X, X) =
KN, Ric(JX,J X) = KN, Ric(X,J X) = 0. O
We further obtain the formula for the Ricci tensor on 3-dimensional Sasakian

manifolds:

Proposition 3.6 (The Ricci curvature on a 3-dimensional Sasakian mani-
fold) Let v : (M3, p,&,m,9) — (N2, h,J) be a C=, (p,J)— holomorphic semiconfor-
mal submersion with dilation A where M is a Sasakian manifold of dimension 8 and
N is a Kahlerian manifold of dimension 2. Then

Ric(g) = {\>KN + Aln X —2}(g — %) + 212

Proof. From Lemma 3.1 and Lemma 3.5 we obtain Ric(X,Y) = (K" + 1)g(X,Y)
and Ric(X,Y) = {N?KY + Aln ) — 2}g(X,Y) for any X and Y horizontal vector
fields. Then Ric(&,€) = 2 and Ric(X,€) = 0. Combining these relations we obtain
the formula. O

Definition 3.7 (see [5]) A contact metric manifold M?"*! is said to be n-Einstein if
the Ricci operator @ is given by

Q=ald+b®¢

for some functions a and b on M?2"+1,
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Corollary 3.8 Let ¢ be a C* (¢, J)— holomorphic semiconformal submersion with
dilation \, ¥ : (M3,€,m,0,9) — (N? h,J) where M is a Sasakian manifold of di-
mension 3 and N is a Kdhlerian manifold of dimension 2. Then M is a n-Finstein
manifold.

Theorem 3.9 (Weitzenbock formula on Riemannian manifolds)(see [2]) Let
i (M™, g) — (N" h),n > 1 be a submersive harmonic morphism and X an hori-
zontal vector field . Then

HNAInAg(X, X) = Ric™ (X, X) — Ric™ (dy(X),dp(X)) + (n — 2){X (In \) }*+
F B X 4 YK e

1
iynAn A = Tr"Ric™ — X2Scal™ + (n — 2) |=(gradIn \)|* + || B||> + S I

Proposition 3.10 (The Weitzenb6ck formula on Sasakian manifold of
dimension three) Let ¢ be a C™ (p, JJ)— holomorphic semiconformal submersion
with dilation X\, v : (M?,0,€,m,9) — (N? h,J) where M is a Sasakian manifold
of dimension 3 and N is a Kdahlerian manifold of dimension 2. Let {e1,ea,e3} =
{e,pe, &} an orthonormal local frame of manifold M. Let X be an horizontal vector
field. Then

i)AInAg(X, X) = Ric™ (X, X) — RicN (dip(X), d(X)) + 29(X, X)
i)AInAg(X, X) = (K" +1)g(X, X) — N2KNg(X, X) + 29(X, X)
ii)Aln A = K" — N2KN 4 3.

Proof. Computing the components of Theorem 3.9 we obtain:

Bex| = g(BiX,B{X)
= g(=v(VeX), —v(VeX))
= g(v(VeX),&g(&v(VeX))
= 9(VeX,8)g(§, Ve X)
= 9(Ve&, X)g(Ve, X)

|
o

3 Ml = 53 g e [(Koca)
= SO, €), T(X, ) + g (X, ), I(X, pe))}
= 5{49(6,30X)g(6,g0X)—|—4g(€,X)g(€,X)}

- 1{49(@e,X)g(<pe7X)+4g(€,X)g(€,X)}

= 229 €a,X)g(eq, X)

= Qg(X,X).
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and the theorem follows. O

Remark 3.11 As before, in the same conditions we have:
. 2
" =38
ii) £(InA) = 0.

Proof. For ii), we have g(I(e,e),I(e,e)) = 0. On the other side,

g(e,e),I(e,e)) = g(vle,e],vle e])

= ¢g(2vV.e — 2vgradln A, 2vV.e — 2vgradln \)
4{g(vV.e,vVe) — 2g(vV.e,vgradln ) +
g(vgradIn A\, vgradln \)}
Hg(vV e, €)g(E, 0V oe) — 29(0V ee, €)g (€, vgradin \) +
g(vgradln X, €)g(&, vgradln \)}
4{g(e, Ve€)g(Ve€,e) —2g(e, VeEE(I ) + (£(In M))*}
4{g(e, —pe)g(—we, e) — 2g(e, —pe)é (I X) + (£(In X))}
4{g(e, pe)g(pe,e) +2g(e, pe)€(In X) + (£(In A))*}
= 4(&(nN))?

I e

which ends the proof. O

Corollary 3.12 ([13, 14]) Let M(p,&,n,g9) be a Sasakian manifold and N(J,h) a
Kahlerian manifold. Then any (@, J)— holomorphic map v : M — N is harmonic.

Remark 3.13 From [2] we know that any semiconformal harmonic map is a harmonic
morphism. Then, Proposition 3.6, Corollary 3.8, and Proposition 3.10 are true for ¢
be a harmonic morphism.

The Boothby-Wang fibration is an example of a (p, J)—holomorphic map from
a Sasakian manifold into a Kéahlerian manifold. The well known particular case of a
such fibration is the Hopf fibration St — §2n+1 — pn(Q).

Example 3.14 Let §3 — $2(1/2) = CP' |, (20,21) — (20" —|21*,22021), 2 €
C,|20* + |21|*> = 1. The Hopf map is a Riemannian submersion and semiconformal
map with dilation A = 1 and satisfy the Weitzenbock formula of Proposition 3.10.

4 Stability on 3-dimensional Sasakian manifolds

Let (M,g) be a compact Riemannian manifold and let ¢ : (M,g) — (N,h) be a
harmonic map. We take a smooth variation 1, ;, with parameters s,t € (—¢, —¢),
and with 190 = 1. The corresponding variation fields are denoted by V and W. The
Hessian of a harmonic map v is defined as follows

82
Hess,/,(v, W) = Mks,t):(O,O)E(d)&t)

where E(1hs) = 3 [5; [dbs[*0 is the energy of ¢ over M([2]).
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Proposition 4.1(The second variation of the energy) ([2]) Let ¢ : (M,g) —
(N, h) be a harmonic map and M compact. Then the Hessian of ¥ for any V and W
vector fields along v is given by:

Hessy (VW) = [ n(,().)9,

:/ h(=Tr(V¥)*V — TrRN(V, dy)dip, W),
M

Here Jy, is a second order selfadjoint elliptic differential operator acting on the space
of variation vector fields along 1, T'(¢)"1(T'N)) of the form

m

Jo(V) == (VEVE = Vg, IV =Y RN(V.dy(e:)dy(e:)

i=1 i=1

for any V € T'(¢y"1(T'N)) and {e;}™, a local orthonormal frame on M. The operator
Jy = Ay — Ry is called the Jacobl operator. The operator A, defined by

AyVi==3 (V5 VY, ~ Vo, x)V, Vel 'TN)),
i=1
is called the rough Laplacian.

By definition (see [2]) we have that a harmonic map defined on a compact manifold
is energy-stable if the Hessian for the energy is positive semi-definite, i.e.we have
Hessy(V,V) >0 for V € I'(p 'TN). Otherwise, it is called unstable. One the other
hand we can define this using the index definition. The index of a harmonic map
Y : (M, g) — (N, h) is defined as the dimension of the largest subspace of I'(¢) "1 (T'N))
on which the Hessian Hess, is negative definite. A harmonic map 1 is said to be
stable if the index of 1 is zero and otherwise, is said to be unstable. Now let M3

be a compact Sasakian manifold of dimension 3 and let ¢ : (M,g) — (N, h,J) be a
(¢, J)— holomorphic and semiconformal map (i.e. harmonic morphism) with dilation
A, where (N, h,J) is a Kéhlerian manifold of dimension 2. Then the Ricci curvature
is given by (Proposition 3.6) :

Ric(g) = {\>KN 4+ AlnX — 2} (g — 1) + 21

Let V = di(X) where X € T'(TM). From [12, 13] we have that

Hessy(d(X) / h( dw RM(e;, X)ey)), dip(X))dy+

+ / Bd(X), dip(X))9,
M
In our case

> RM (e, X)e; = {NKN + Alnd — 4}n(X)§ — {N KN + Alnx - 2} X
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How ¢ is vertical then di(€) = 0. It follow that
Hessy(dp(X),dp(X)) = —{ K" + Aln\ — 3}/ h(dy(X), dip(X))Y,.
M

We obtain the following theorem:

Theorem 4.2 Let M? be a Sasakian compact manifold. Let v : (M, g) — (N, h, J)
be a harmonic morphism where (N, h,J) is a Kdhlerian manifold of dimension 2. If
XN2KN + Aln) > 3, then 1 is unstable.

If we consider in the last theorem that M3 is the standard sphere of constant
curvature 1, ¥ Riemannian submersion with A = 1 we obtain the following corollary:

Corollary 4.3 Any harmonic morphism with X = 1 from sphere S — CP" is
unstable (see also [2]).
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