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1 Introduction

Starting with Bianchi’s classification of all 3-dimensional Lie algebras and using their
minus Lie-Poisson structures which are presented in [9], we study the quadratic and
homogeneous Hamilton-Poisson systems on the real Lie algebra of type XIII. Similar
problems have been studied in [1], [2] and [3].

The material is divided up as follows. In Section 2 we present the real Lie al-
gebra of type XIII from Bianchi’s classification, its plus Lie-Poisson structure and
the quadratic Hamilton-Poisson systems on it. Numerical integration via Kahan in-
tegrator and numerical simulation are the subjects of the third paragraph. We are
interested especially to find the conditions for which Kahan integrator is energy [resp.
Casimir, resp. Poisson structure] preserving. A comparison between the results ob-
tained via Kahan’s integrator and the results obtained Runge-Kutta 4 steps integrator
is presented, too. Stability problems are studied in the last section.

2 The geometrical picture of the problem

Let (e1, e2, e3) be the canonical basis for R3, i.e.

e1 = [1, 0, 0]t, e2 = [0, 1, 0]t, e3 = [0, 0, 1]t.
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Definition 2.1. The 13th Lie algebra from Bianchi’s classification (see [5]) is R3 with
the bracket operation given by:

[.,.] e1 e2 e3

e1 0 −e3 −e2

e2 e3 0 0
e3 e2 0 0

Then the plus Lie-Poisson structure on the dual g∗ of our Lie algebra is generated
by the matrix:

Π− =




0 −x3 −x2

x3 0 0
x2 0 0




Definition 2.2. A quadratic and homogeneous Hamilton-Poisson system on (g∗, Π−) '
(R3, Π−) is the triple

(R3, Π−,H),

where H ∈ C∞(R3,R) is given by:

H(x1, x2, x3) =
1
2
(b1x

2
1 + b2x

2
2 + b3x

2
3)

+ d1x2x3 + d2x1x3 + d3x1x2 + a1x1 + a2x2 + a3x3.

Its dynamics are described by the following set of differential equations:



ẋ1

ẋ2

ẋ3


 = Π− · ∇H,

or equivalent:

(2.1)





ẋ1 = −x2(a3 + d2x1 + d1x2 + b3x3)− x3(a2 + d3x1 + b2x2 + d1x3)
ẋ2 = x3(a1 + b1x1 + d3x2 + d2x3)
ẋ3 = x2(a1 + b1x1 + d3x2 + d2x3).

It is not hard to see that the smooth function C ∈ C∞(R3,R) given by

C(x1, x2, x3) =
1
2

(
x2

2 − x2
3

)

is a Casimir of our Poisson configuration (R3, Π−,H).
The phase curves of the dynamics (2.1) are the intersections of the surfaces:

H(x1, x2, x3) = constant

and
C(x1, x2, x3) = constant,

see the Figures 3.1, 3.2, 3.3, 3.6. and 3.7.
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3 Numerical integration of the dynamics (2.1) via
Kahan’s integrator

It is well known that Kahan’s integrator (see [7]) for the dynamics (2.1) can be written
in the following way:

(3.1)





xn+1
1 − xn

1 =
h

2
(−a3(xn+1

2 + xn
2 )− d2(xn+1

1 xn
2 + xn+1

2 xn
1 ) + 2d1(−xn

2xn+1
2

−xn
3xn+1

3 )− a2(xn+1
3 + xn

3 )− d3(xn+1
1 xn

3 + xn+1
3 xn

1 )

+(−b3 − b2)(xn+1
2 xn

3 + xn+1
3 xn

2 ))

xn+1
2 − xn

2 =
h

2
(a1(xn+1

3 + xn
3 ) + b1(xn+1

1 xn
3 + xn+1

3 xn
1 )

+d3(xn+1
2 xn

3 + xn+1
3 xn

2 ) + 2d2x
n
3xn+1

3 )

xn+1
3 − xn

3 =
h

2
(a1(xn+1

2 + xn
2 ) + b1(xn+1

1 xn
2 + xn+1

2 xn
1 ) + 2d3x

n
2xn+1

2

+d2(xn+1
2 xn

3 + xn+1
3 xn

2 )).

Now we can prove:

Proposition 3.1. Kahan’s integrator (3.1) is Poisson preserving if and only if at
least one of the following conditions holds:

(i) b1 = 0; d2 = 0; d3 = 0;

(ii) a2 =
a1d3

b1
; a3 =

a1d2

b1
; b2 =

−b1b3 + d2
2 + d3

2

b1
; d1 =

d2d3

b1
.

Proof. The proof can be obtained using MATHEMATICA 7. 2

Proposition 3.2. Kahan’s integrator (3.1) is Casimir preserving if and only if at
least one of the following conditions holds:

(i) b1 = 0; d2 = 0; d3 = 0;

(ii) a2 =
a1d3

b1
; a3 =

a1d2

b1
; b2 =

−b1b3 + d2
2 + d3

2

b1
; d1 =

d2d3

b1
.

Proof. The proof can be obtained using MATHEMATICA 7. 2

Proposition 3.3. Kahan’s integrator (3.1) is energy preserving if and only if one of
the following conditions holds:

(i) a1 = 0; b1 = 0; d2 = 0; d3 = 0;
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(ii) a1 = 0; a2 = 0; a3 = 0; b1 = 0; b2 = 0; d1 = 0; d3 = 0;

(iii) b1 = 0; b3 = −b2; d1 = 0; d2 = 0; d3 = 0;

(vi) a2 =
a1d3

b1
; a3 =

a1d2

b1
; b2 =

−b1b3 + d2
2 + d3

2

b1
; d1 =

d2d3

b1
.

Proof. The proof can be obtained using MATHEMATICA 7. 2

In every cases mentioned in the above propositions, namely:

Case 1: b1 = 0; d2 = 0; d3 = 0;

Case 2: a1 = 0; b1 = 0; d2 = 0; d3 = 0;

Case 3: a1 = 0; a2 = 0; a3 = 0; b1 = 0; b2 = 0; d1 = 0; d3 = 0;

Case 4: b1 = 0; b3 = −b2; d1 = 0; d2 = 0; d3 = 0;

Case 5: a2 =
a1d3

b1
; a3 =

a1d2

b1
; b2 =

−b1b3 + d2
2 + d3

2

b1
; d1 =

d2d3

b1
,pasn we

have sketched the phase curves, the 4th order Runge-Kutta integrator and Kahan’s
integrator (see the Figures 3.4. and 3.5.)

Case 1: b1 = 0, d2 = 0, d3 = 0;
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Fig. 3.1. The phase curves of the system (2.1)

In this case the Kahan integrator does not provide any relevant results.

Case 2: a1 = 0, b1 = 0, d2 = 0, d3 = 0;
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Fig. 3.2. The phase curves of the system (2.1)

In this case the Kahan integrator does not provide any relevant results.

Case 3: a1 = 0, a2 = 0, a3 = 0, b1 = 0, b2 = 0, d1 = 0, d3 = 0;
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Fig. 3.3. The phase curves of the system (2.1)



Quadratic and homogeneous Hamilton-Poisson systems 17

0

50

0
5

10
15

200
5
10
15
20

Fig. 3.4. 4th order Runge-Kutta integrator
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Fig. 3.5. Kahan’s integrator

Case 4: b1 = 0, b3 = −b2, d1 = 0, d2 = 0, d3 = 0;
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Fig. 3.6. The phase curves of the system (2.1)

In this case the Kahan integrator does not provide any relevant results.

Case 5:

a2 =
a1d3

b1
, a3 =

a1d2

b1
, b2 =

−b1b3 + d2
2 + d3

2

b1
, d1 =

d2d3

b1
;
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Fig. 3.7. The phase curves of the system (2.1)

In this case Kahan’s integrator does not provide any relevant results.

If we make a comparison between 4th order Runge-Kutta integrator and Kahan’s
integrator we can see that we obtain almost the same results. However, Kahan’s
integrator has the advantage to be easier implemented.

4 Stability

We shall discuss now the nonlinear stability of the equilibrium states of the
system (2.1) in each of the cases 1-5 mentioned in the above section.

Case 1: b1 = 0, d2 = 0, d3 = 0.

The equilibrium states of the dynamics (2.1) have the form: eM = (M, 0, 0), M ∈
R.

Proposition 4.1. If a1 6= 0, then the equilibrium states eM , M ∈ R∗ are unstable;
if a1 = 0 then the equilibrium states eM , M ∈ R∗ are spectrally stable.

Case 2: a1 = 0, b1 = 0, d2 = 0, d3 = 0. Then the equilibrium states of the dynamics
(2.1) have the following form:

eMP
1 =

(
M,

−a3 − b2P − b3P −
√

(a3 + b2P + b3P )2 − 4d1P (a2 + d1P )
2d1

, P

)
,

eMP
2 =

(
M,

−a3 − b2P − b3P +
√

(a3 + b2P + b3P )2 − 4d1P (a2 + d1P )
2d1

, P

)
,

for M, P ∈ R.
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Proposition 4.2. If d1 6= 0 then the equilibrium states eMP
1 , eMP

2 , M, P ∈ R∗ are
unstable; if d1 = 0 then the equilibrium states eMP

1 , eMP
2 , M, P ∈ R∗ are spectrally

stable.

Case 3: a1 = 0, a2 = 0, a3 = 0, b1 = 0, b2 = 0, d1 = 0, d3 = 0. Then the
equilibrium states of the dynamics (2.1) have the following form:

eM
1 = (0,M, 0), M ∈ R;

eM
2 = (M, 0, 0), M ∈ R.

Proposition 4.3. If d2 6= 0 then the equilibrium state eM
1 , M ∈ R∗ is unstable; if

d2 = 0 then the equilibrium state eM
1 , M ∈ R∗ is spectrally stable.

Proposition 4.4. The equilibrium state eM
2 , M ∈ R∗ is spectrally stable.

Case 4: b1 = 0, b3 = −b2, d1 = 0, d2 = 0, d3 = 0. Then the equilibrium states of
the dynamics (2.1) have the following form:

eM = (M, 0, 0), M ∈ R.

Proposition 4.5. The equilibrium state eM , M ∈ R∗ is spectrally stable.

Case 5: a2 =
a1d3

b1
, a3 =

a1d2

b1
, b2 =

−b1b3 + d2
2 + d3

2

b1
, d1 =

d2d3

b1
, b1 6= 0. Then

the equilibrium states of the dynamics (2.1) have the following form:

eM
1 = (M, 0, 0), M ∈ R;

eMP
2 =

(
−a1 + d3M + d2P

b1
,M, P

)
,M, P ∈ R.

Proposition 4.6. The equilibrium states eM
1 , M ∈ R \ {−a1

b1
} are unstable. If

M = −a1

b1
then the equilibrium states eM

1 are spectrally stable.

Proposition 4.7. The equilibrium state eMP
2 , M, P ∈ R is spectrally stable.

It can be verified that for each of these equilibrium states Arnold’s method (see
[4]) does not work and then via [6] any other energy methods are inconclusive. The
nonlinear stability of the all equilibrium states remains an open problem.

5 Conclusions

In this paper we present the quadratic Hamilton-Poisson systems on the real
Lie algebra of type XIII. We have defined the quadratic and homogeneous Hamilton-
Poisson systems on the dual of the 13th Lie algebra from Bianchi’s classification.
Starting with a quadratic and homogeneous general form for the Hamiltonian, we
find that the dynamics of our system is generated by a set of differential equations;
for these equations we have sketched numerical integration via Kahan’s integrator
and Runge-Kutta 4th steps integrator. In this case we can see that both integrators
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give us a good approximation of the trajectory movement. The stability problem of
the equilibrium states of our dynamics is discussed, too. This time, we have not find
any nonlinear stable equilibrium points like in other cases (see [1], [2] and [3].) As a
direct consequence, we were not able to find the periodical orbits of this equilibrium
states. This problem remains an open one. Another open problem is the extension
to Poisson-Lie algebroids (see [8]).
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