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Abstract. In this paper we study the weak Palais-Smale condition intro-
duced in [C. K. Zhong-A generalization of Ekeland’s variational principle
and application to the study of the relation between the weak PS condition
and coercivity, Nonlinear Anal., Theory Methods Appl. 29 (1997) 1421–
1431], the generalized Cerami condition of [A. R. El Amrouss-Critical point
theorems and applications to differential equations, Acta Math. Sin., Engl.
Ser. 21 (2005) 129–142] and the smooth version of the compactness condi-
tion used in [A. Kristaly, V. V. Motreanu, Cs. Varga-A minimax principle
with a general Palais-Smale condition, Commun. Appl. Anal. 9 (2005)
285–297]. Then a generalization of a previous results of the author is
given.
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1 Introduction

In a series of papers published in 1960’s (see [16]-[18], [20]), R. Palais and S. Smale
introduced a compactness condition, now called the Palais-Smale condition, which
provides the existence of a critical point for many variational problems.

Various relevant functionals originating in physics and in differential geometry only
satisfy this condition for certain levels (see [10], [11]); a local condition, introduced in
[5], is successfully applied in many problems.

A compactness condition of the Palais-Smale type was introduced by G. Cerami
in [6]. See also [7]. This is slightly weaker than the Palais-Smale condition, while
the most important implications are retained; see [4]. Generalizations of both Palais-
Smale and Cerami conditions appears in [1], [13], [24]. Applications are given in [2],
[3], [19]. See also [9], [15], [22].

In [8] the author proved that for a function F which is a finite sum of functions
bounded from below, multiplied by positive real numbers, such that any such func-
tion has bounded derivative on sets on which it is bounded, a family of functions
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which have the same critical set as F at some level can be obtained. If F satisfies
the Palais-Smale condition at the level c, then any function of the family satisfies
the Palais-Smale condition at some level. Conversely, if there exist a function of this
family which satisfies the Palais-Smale condition at some level, then F will satisfy
the Palais-Smale condition at level c. We mention that the idea of considering such
functions goes back to a perturbation problem studied in [23].

In this paper we study the relationship between the weak Palais-Smale condition
introduced by C. K. Zhong in [24], the generalized Cerami condition defined by A.
R. El Amrouss in [1] and the smooth version of the compactness condition used by
A. Kristaly, V. V. Motreanu, Cs. Varga in [13]. Then we prove that, in suitable
hypotheses, all the results of [8] remain true if we replace the Palais-Smale condition
with the smooth version of the compactness condition of [13].

2 Preliminaries

Let M be a C1 Banach Finsler manifold (see [16], [17]) and f ∈ C1(M,R). A point
p ∈ M is critical for f if df(p) = 0 and c ∈ R is a critical value of f if there
exists p ∈ M such that df(p) = 0 and f(p) = c. The critical set of f is the set of
all critical points of f and it is denoted by C[f ]. The critical set of level c of f is
Cc[f ] = C[f ] ∩ f−1(c).

We recall the following definitions.

Definition 2.1. (i) We say that f satisfies the Palais-Smale condition, denoted by
(PS), if any sequence (xn) in M such that (f(xn)) is bounded and ‖df(xn)‖ → 0 has
a convergent subsequence.
(ii) We say that f satisfies the Palais-Smale condition at level c, denoted by (PS)c,
if any sequence (xn) in M such that f(xn) → c and ‖df(xn)‖ → 0 has a convergent
subsequence.

When (PS) is satisfied, we can verify immediately that the local condition (PS)c

holds for all c ∈ R, while the converse is not true.

Definition 2.2. (i) We say that f satisfies the Cerami condition, denoted by (C), if
any sequence (xn) in M such that (f(xn)) is bounded and (1 + ‖xn‖)‖df(xn)‖ → 0
has a convergent subsequence.
(ii) We say that f satisfies the Cerami condition at level c, denoted by (C)c, if any
sequence (xn) in M such that f(xn) → c and (1+‖xn‖)‖df(xn)‖ → 0 has a convergent
subsequence.

It is easy to see that the condition (C) implies (C)c. Moreover, (PS) is stronger
than (C) and (PS)c is stronger than (C)c. See [12] for examples and comments.

3 Generalized Palais-Smale conditions

Let M be a C1 Banach Finsler manifold and f ∈ C1(M,R). In this section we discuss
the conditions (PS)h

c , (C)α
c and (ϕC)c introduced in [24], [1] and [13] respectively.
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Let h : [0,∞) → [0,∞) be a continuous function with the following property:

∫ +∞

0

1
1 + h(t)

dt = +∞.

Definition 3.1. We say that f satisfies the weak Palais-Smale condition at the level
c, denoted by (PS)h

c , if any sequence (xn) in M such that f(xn) → c and (1 +
h(‖xn‖))‖df(xn)‖ → 0 has a convergent subsequence.

Remark 3.1. If h is a constant, then (PS)h
c is exactly the (PS)c condition; if h(t) = t

we recover the local Cerami condition (C)c.

Remark 3.2. Under the assumption that h is nondecreasing, the Definition 3.1 was
introduced by C. K. Zhong in [24]. See also [21], [14].

Let α : [0,∞) → (0, 1] be a continuous function such that

∫ +∞

0

α(t)dt = +∞.

Definition 3.2. We say that f satisfies the generalized Cerami condition at level c,
denoted by (C)α

c , if the following statements are true:
(i) any bounded sequence (xn) in M such that f(xn) → c and ‖df(xn)‖ → 0 has a
convergent subsequence;
(ii) there exist r > 0 and σ > 0 such that

‖df(x)‖ ≥ α(‖x‖), ∀ x ∈ f−1([c− σ, c + σ]) \B(0, r).

Remark 3.3. The condition (C)α
c , in a slightly different form, was introduced by A.

R. El Amrouss in [1]. The above definition is inspired by the non-differentiable case,
studied in [14]. Moreover, the function f satisfies the conditions (PS)h

c if and only if
it satisfies the (C)α

c condition. See [14].

We prove now the following proposition.

Proposition 3.1. Assume that f satisfies the (PS)h
c condition. Then for any δ > 0

there exist γ > 0 and σ > 0 such that the following property holds:

(1 + h(‖x‖)) ‖df(x)‖ ≥ γ, ∀ x ∈ f−1([c− σ, c + σ]) \ Uδ,

where Uδ is a δ-neighborhood of the critical set of level c of f, Cc[f ].

Proof. By contradiction, suppose that there exists δ > 0 such that for any γ > 0
and any σ > 0 there exists x ∈ M \ Uδ such that c − σ ≤ f(x) ≤ c + σ and

(1 + h(‖x‖)) ‖df(x)‖ < γ. By choosing σ =
1
n

, γ =
1
n

for arbitrary n, we obtain a

sequence (xn) in M such that:

dist(xn, Cc[f ]) ≥ δ;

c− 1
n
≤ f(x) ≤ c +

1
n

;
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(1 + h(‖xn‖)) ‖df(xn)‖ <
1
n

.

It follows that f(xn) → c and (1 + h(‖xn‖))‖df(xn)‖ → 0. Because f satisfies the
(PS)h

c condition, there exists a subsequence (xnk
) such that xnk

→ x0. It is obvious
the fact that x0 /∈ Uδ. On the other hand, the continuity of f respectively df implies
that f(x0) = c and df(x0) = 0. Then x0 ∈ Cc[f ]. 2

Let ϕ : M → R be a continuous function such that ϕ(x) ≥ 1, ∀ x ∈ M.

Definition 3.3. We say that f satisfies the general compactness condition at level c
with respect to ϕ, denoted by (ϕC)c, if any sequence (xn) in M such that f(xn) → c
and ϕ(xn)‖df(xn)‖ → 0 has a convergent subsequence.

Remark 3.4. The condition (ϕC)c, for locally Lipschitz functions, was introduced
by A. Kristaly, V. V. Motreanu and Cs. Varga in [13]. A Deformation Lemma and a
general version of Mountain Pass Theorem in this context were established.

We prove the following property of functions satisfying the (ϕC)c condition.

Proposition 3.2. Let f be a function satisfying the (ϕC)c condition. Then for any
δ > 0 there exist γ > 0 and σ > 0 such that

ϕ(x)‖df(x)‖ ≥ γ, ∀ x ∈ f−1([c− σ, c + σ]) \ Uδ,

where Uδ is a δ-neighborhood of the critical set of level c of f, Cc[f ].

Proof. By contradiction, suppose that there exists δ > 0 such that for any γ > 0 and
any σ > 0 there exists x ∈ M \ Uδ with the properties:

c− σ ≤ f(x) ≤ c + σ; ϕ(x)‖df(x)‖ < γ.

For σ = γ =
1
n

, with arbitrary n, we obtain the sequence (xn) such that

dist(xn, Cc[f ]) ≥ δ;

c− 1
n
≤ f(xn) ≤ c +

1
n

;

ϕ(xn)‖df(xn)‖ <
1
n

.

Then f(xn) → c and ϕ(xn)‖df(xn)‖ → 0. By using the fact that f satisfies the (ϕC)c

condition, it follows that (xn) has a convergent subsequence xnk
→ x0. Remark that

x0 ∈ Cc[f ], which contradicts the fact that dist(xn, Cc[f ]) ≥ δ > 0. 2

Remark 3.5. The general compactness condition (ϕC)c contains all the compactness
conditions mentioned above:
(i) if ϕ is constant, we obtain the (PS)c condition;
(ii) if ϕ(x) = 1 + ‖x‖, then (ϕC)c coincides with the (C)c condition;
(iii) if ϕ(x) = 1+h(‖x‖), where h : [0,∞) → [0,∞) is a continuous function with the

property
∫ +∞

0

1
1 + h(t)

dt = +∞, we obtain the (PS)h
c condition;
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(iv) if ϕ(x) =
1

α(‖x‖) , where α : [0,∞) → (0, 1] is a continuous function with the

property
∫ +∞

0

α(t)dt = +∞, then (ϕC)c coincides with the (C)α
c condition.

4 A class of functions with (ϕC)c property

Let M be a C2-Finsler manifold and fk : M → R, k = 1, n, of C1 class. Define

F =
n∑

k=1

akfk, where ak > 0, k = 1, n, are fixed. In [8] we obtained a family of

functions which have the same critical set as F at some level. More precisely, for
c ∈ R fixed and l = 1, n we define

gl =
fl

c− ∑
k=1,n, k 6=l

akfk
.

Then Cc[F ] = C 1
al

[gl], l = 1, n. See [8], Theorem 3.1.

Moreover, if inf
M

fk > 0 and dfk is bounded on sets on which fk is bounded, k = 1, n,

then the following assertions are true:
1. If F satisfies the (PS)c condition, then any gl satisfies the (PS) 1

al

condition.

2. If one of the mappings gl above defined satisfies the (PS) 1
al

condition, then F

satisfies the (PS)c condition. See [8], Theorems 3.2. and 3.3.

In this section we show that, in suitable hypotheses, all the results of [8] remains
true if we replace the local Palais-Smale condition with the general compactness
condition with respect to ϕ, at some level.

From now, we assume that inf
M

fk > 0, ϕ : M → R is a continuous mapping

such that ϕ ≥ 1 on M and ϕ (·) ‖dfk(·)‖ is bounded on sets on which fk is bounded,
k = 1, n.

Theorem 4.1. Suppose that F satisfies the (ϕC)c condition. Then any mapping gl

satisfies the (ϕC) 1
al

condition.

Proof. Let (xp) ⊂ M be such that gl(xp) → 1
al

and ϕ (xp) ‖dgl(xp)‖ → 0 (p → ∞).

By standard computation we obtain the following relations:

F (xp) = alfl(xp) +
∑

k=1,n,k 6=l

akfk(xp) = c + fl(xp)

(
al − 1

gl(xp)

)

ϕ (xp) ‖dF (xp)‖ = ϕ (xp)

∥∥∥∥aldfl(xp) +
fl(xp)

(gl(xp))2
dgl(xp)− dfl(xp)

gl(xp)

∥∥∥∥ ≤

≤ ϕ (xp) ‖dgl(xp)‖ |fl(xp)|
(gl(xp))2

+ ϕ (xp) ‖dfl(xp)‖
∣∣∣∣al − 1

gl(xp)

∣∣∣∣ .
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For any ε > 0 we have
∣∣∣∣gl(xp)− 1

al

∣∣∣∣ < ε. This inequality combined with the assump-

tion inf
M

fk > 0, k = 1, n, implies that

fl(xp) = gl(xp)


c−

∑

k=1,n,k 6=l

akfk(xp)


 < c

(
1
al

+ ε

)
.

We conclude that F (xp) → c (p → ∞). On the other hand, because ϕ (·) ‖dfl(·)‖ is
bounded on sets on which fl is bounded, it follows that ϕ (xp) ‖dF (xp)‖ → 0 (p →∞).
We use the (ϕC)c condition for F and we find some convergent subsequence (xps)s.
Then gl satisfies (ϕC) 1

al

. 2

Theorem 4.2. If one of the mappings gl defined above satisfies the (ϕC) 1
al

condition,
then F satisfies the (ϕC)c condition.

Proof. Let (xp) ⊂ M be such that F (xp) → c and ϕ (xp) ‖dF (xp)‖ → 0 (p →∞). We

can write gl(xp)− 1
al

=
1
al
· F (xp)− c

alfl(xp) + c− F (xp)
and we obtain gl(xp) → 1

al
(p →∞).

On the other hand, we have:

ϕ (xp) ‖dgl(xp)‖ = ϕ (xp)

∥∥∥∥
dfl(xp)(c− F (xp)) + fl(xp)dF (xp)

(c− F (xp) + alfl(xp))2

∥∥∥∥ ≤

≤ |c− F (xp)|
(c− F (xp) + alfl(xp))2

ϕ (xp) ‖dfl(xp)‖+
|fl(xp)|

(c− F (xp) + alfl(xp))2
ϕ (xp) ‖dF (xp)‖ .

From gl(xp) → 1
al

(p →∞) we deduce that (fl(xp)) is bounded. Because ϕ (·) ‖dfl(·)‖
is bounded on sets on which fl is bounded, we deduce that dgl(xp) → 0 (p → ∞).
Then the (ϕC) 1

al

condition for gl ensures the existence of a convergent subsequence
(xps)s and it follows that F satisfies the (ϕC)c condition. 2

Remark 4.1. If one of the mappings gl above defined satisfies the (ϕC) 1
al

condition,
then any mapping gk satisfies the (ϕC) 1

ak

condition.
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