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Abstract. Let Mn be a Kaehler submanifold in a complex space form
and x any point of Mn. Then there exists a neighborhood U of x which
a local field ξ of any normal vector and the second fundamental form Aξ

in the direction of ξ are defined on U . In the present paper we will give
a characterization of a Kaehler submanifold in a real space form which
satisfies (R(X, Y )Aξ)Z = 0 for all vectors X, Y and Z tangent to Mn and
Aξ in the direction of any normal ξ, where R is the curvature tensor of
Mn which is defined on U .
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1 Introduction

Let M̃n+p(c) be a complex (n + p)-dimensional complex space form of constant holo-
morphic sectional curvature c (i.e. complete, simply connected Kaehler manifold with
constant holomorphic sectional curvature, say, c). For each real number c, there is (up
to holomorphic isometry) exactly one complex space form in every dimension with
holomorphic sectional curvature c. The complex space forms of holomorphic sectional
curvature c are denoted by Pn+p(C), Cn+p and Dn+p depending on whether c is pos-
itive, zero or negative, respectively. Pn+p(C) is the complex projective space with
Fubini-Study metric of constant holomorphic sectional curvature c, Cn+p is the com-
plex Euclidean space. Dn+p is the open unit ball in Cn+p endowed with Bergman
metric of constant holomorphic sectional curvature c.

Let Mn be a connected manifold of complex dimension n(≥ 2) isometrically and
holomorphically immersed in M̃n+p(c). Then we call Mn a Kaehler submanifold of
M̃n+p(c). We denote the complex structure by J̃ (resp. J) and the Kaehler metric
by g̃ (resp. g) of M̃n+p(c) (resp. Mn). Let ∇̃ (resp. ∇) denote the covariant dif-
ferentiation in M̃n+p(c) (resp. Mn). Now, we denote by Aξ the second fundamental
form in the direction of ξ which is defined on a neighborhood U of any x of Mn. Let
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R be the curvature tensor of Mn. Mashiko, Kurosu and Matsuyama ([3]) showed: If
a Kaehler hypersurface Mn of M̃n+1(c) satisfies

(R(X, Y )A)Z = 0,

then Mn is totally geodesic, where A denotes the second fundamental form. In the
case of a real submanifold of a real space form Matsuyama ([4]) proved: Let Mn be a
real n-dimensional manifold which is minimally immersed in a real (n+p)-dimensional
space form M̃n+p(c) of constant curvature c. We assume that

(R(X, Y )Aξ)Z = 0

for all vectors X,Y and Z tangent to Mn and any normal ξ. (1) If Mn is compact
(or the scalar curvature of Mn is constant), c > 0 and the length ||σ||2 of the second
fundamental forms satisfies ||σ||2 ≥ pnc, then Mn is parallel, ||σ||2 = pnc and Mn is
classified. (2) If the scalar curvature of Mn is constant and c ≤ 0, then Mn is totally
geodesic.
In the case of a minimal Lagrangian submanifold of a complex projective space Mat-
suyama ([5]) also proved: Let Mn be a minimal Lagrangian submanifold in CPn(c)
which satisfies

(R(X, Y )Aξ)Z = 0

for the shape operator Aξ in the direction of any normal ξ. Then Mn is totally
geodesic or locally congruent to a flat torus minimally embedded in P 2(C) with par-
allel second fundamental form.

The purpose of this paper is to consider a characterization of a Kaehler subman-
ifold in a complex space form which satisfies (R(X, Y )Aξ)Z = 0 for all vectors X, Y
and Z tangent to Mn and Aξ in the direction of any normal ξ. Then we obtain the
following:
Theorem. Let Mn be a complex n-dimensional Kaehler manifold which is holomor-
phically and isometrically immersed in a complex space form M̃n+p(c) of constant
holomorphic sectional curvature c and R the curvature tensor of Mn. Let x be any
point of Mn. Then there exists a neighborhood U of x which local field ξ of normal
vectors and the second fundamental form Aξ in the direction of ξ are defined on U .
We assume that

(R(X, Y )Aξ)Z = 0

for all vectors X, Y and Z tangent to Mn and any normal vector ξ. Then Mn totally
geodesic.

2 Preliminaries

Let Mn be a connected manifold of complex dimension n (≥ 2) isometrically and
holomorphically immersed in a complex space form M̃n+p(c) of complex dimension
n+p. Then we call Mn a Kaehler submanifold of M̃n+p(c). The complex structure J̃
and the Kaehler metric g̃ of M̃n+p(c) induce the complex structure J and the Kaehler
metric g on Mn, respectively. Let ∇ (resp. ∇̃) denote the covariant differentiation in
Mn (resp. M̃n+p(c)). Extend ξ to a normal vector field defined in a neighborhood U
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of x ∈ Mn and define −AξX to be the tangential component of ∇̃Xξ for X ∈ TxM .
AξX depends only on ξ at x and X, and we call Aξ the second fundamental form.
Let R be the curvature tensor of Mn and X,Y and Z the tangent vectors on Mn.
Then we have the following relationships ([1], [2]):

∇̃XY = ∇XY +
∑
α

g(AαX,Y )ξα +
∑
α

g(JAαX, Y )Jξα,(2.1)

g(AαX, Y ) = g(X, AαY ),(2.2)

∇̃Xξα = −AαX +
∑

β

sαβ(X)Jξβ ,(2.3)

sαβ + sβα = 0,(2.4)
AαJ = −JAα,(2.5)

R(X, Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y + g(JY, Z)JX(2.6)

−g(JX, Z)JY + 2g(X, JY )JZ}
+

∑
α

g(AαY,Z)AαX −
∑
α

g(AαX, Z)AαY

+
∑
α

g(JAαY, Z)JAαX −
∑
α

g(JAαX,Z)JAαY,

— Gauss equation

(2.7) (∇XAα)Y −
∑

β

sαβ(X)JAβY = (∇Y Aα)X −
∑

β

sβα(Y )JAβX,

— Codazzi equation
where we write Aα = Aξα .
Now, we prepare the following results without proof.
Theorem A.(See [6], [8], [7], [10]). If Mn is a Kaehler hypersurface in a complex
space form M̃n+p(c), then the following conditions are equivalent on Mn

(1) Mn is locally symmetric.
(2) Mn is of Einstein.
Theorem B.(See [6]). Let Mn be a Kaehler hypersurface of complex dimension
n ≥ 1 in a complex space form M̃n+1(c) of constant holomorphic sectional curvature
c. If Mn is of Einstein, then Mn is locally symmetric and either Mn is of constant
holomorphic sectional curvature c and totally geodesic in M̃n+1(c) or Mn is locally
holomorphically isometric to the complex quadric Qn in the complex projective space
Pn+1(c), the latter case arising only when c > 0.
We next must introduce the concept of the first normal space of Mn at x ∈ Mn.
Definition. For x ∈ Mn, the first normal space, N1(x), is the orthogonal complement
in Tx(Mn) of the set

N0(x) = {ξ ∈ Tx|Aξ = 0}
We define a new inner product, <, >, on N1(x) by

< Jξ, Jη >= traceAξAη for ξ, η ∈ N1(x).
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One easily checks that <,> is a positive definite inner product on N1(x), and that
for ξ, η ∈ N1(x),

< Jξ, Jη >=< ξ, η > and < ξ, Jξ >= 0.

For ξ ∈ N1(x) we assume that A2
ξ = λ2I for λ > 0. Then it is well known the follow-

ing:
Theorem C.(See [1]). Let x ∈ Mn and let k be the complex dimension of N1(x).
Then k ≤ 1.

3 Proof of Theorem

Now, we prove the following theorem:
Theorem. Let Mn be an n-dimensional manifold which is isometrically and holomor-
phically immersed in a complex space form M̃n+p(c) of constant holomorphic sectional
curvature c and R the curvature tensor of Mn. Let x be any point of Mn. Then there
exists a neighborhood U of x which local field ξ of normal vectors and the second
fundamental form Aξ in the direction of ξ are defined on U . We assume that

(3.1) (R(X, Y )Aξ)Z = 0

for all vectors X,Y and Z tangent to Mn and any normal vector ξ. Then Mn is
totally geodesic.
Proof. Let Mn be a connected manifold of complex dimension n (≥ 2) holomorphically
and isometrically immersed in a complex space form M̃n+p(c). Setting AξX in the
place of X in (3.1) , i.e.,

(3.2) (R(AξX,Y )Aξ)Z = 0

for X,Y and Z ∈ Tx(M) and using (2.6) , we have

c

4
{g(Y,AξZ)AξX − g(AξX, AξZ)Y + g(JY, AξZ)JAξX(3.3)

−g(JAξX,AξZ)JY + 2g(AξX,JY )JAξZ}
+

∑
α

g(AαY, AξZ)AαAξX −
∑
α

g(AαAξX, AξZ)AαY

+
∑
α

g(JAαY, AξZ)JAαAξX −
∑
α

g(JAαAξX, AξZ)JAαY

− c

4
{g(Y, Z)A2

ξX − g(AξX,Z)AξY + g(JY, Z)AξJAξX

−g(JAξX,Z)AξJY + 2g(AξX,JY )AξJZ}
−

∑
α

g(AαY, Z)AξAαAξX +
∑
α

g(AαAξX, Z)AξAαY

−
∑
α

g(JAαY, Z)AξJAαAξX −
∑
α

g(JAαAξX, Z)AξJAαY = 0.
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We choose a local field of orthonormal frames e1, . . . , e2n. Putting Y = ej and Z = ej

in (3.3) , we have

c

4
{g(ej , Aξej)AξX − g(AξX, Aξej)ej + g(Jej , Aξej)JAξX

−g(JAξX, Aξej)Jej + 2g(AξX,Jej)JAξej}
+

∑
α

g(Aαej , Aξej)AαAξX −
∑
α

g(AαAξX, Aξej)Aαej

+
∑
α

g(JAαej , Aξej)JAαAξX −
∑
α

g(JAαAξX, Aξej)JAαej

− c

4
{g(ej , ej)A2

ξX − g(AξX, ej)Aξej + g(Jej , ej)AξJAξX

−g(JAξX, ej)AξJej + 2g(AξX,Jej)AξJej}
−

∑
α

g(Aαej , ej)AξAαAξX +
∑
α

g(AαAξX, ej)AξAαej

−
∑
α

g(JAαej , ej)AξJAαAξX −
∑
α

g(JAαAξX, ej)AξJAαej = 0.

Taking the summation on j, we obtain

−n + 3
2

cA2
ξX +

∑
α

(traceAξAα)AαAξX

+
∑
α

(traceAξJAα)JAαAξX + 2
∑
α

AξA
2
αAξX = 0.

Setting λ = 1, . . . , 2p, we obtain

−n + 3
2

cA2
ξX +

∑

λ

(traceAξAλ)AλAξX +
∑

λ

AξA
2
λAξX = 0.

Taking the summation on β, we get

(3.4) −n + 3
2

c
∑

β

A2
βX +

∑

β,λ

(traceAβAλ)AλAβX +
∑

β,λ

AβA2
λAβX = 0.
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Putting X = ej and Z = ej in (3.3) , we have

c

4
{g(Y, Aξej)Aξej − g(Aξej , Aξej)Y + g(JY, Aξej)JAξej

−g(JAξej , Aξej)JY + 2g(Aξej , JY )JAξej}
+

∑
α

g(AαY, Aξej)AαAξej −
∑
α

g(AαAξej , Aξej)AαY

+
∑
α

g(JAαY, Aξej)JAαAξej −
∑
α

g(JAαAξej , Aξej)JAαY

− c

4
{g(Y, ej)A2

ξej − g(Aξej , ej)AξY + g(JY, ej)AξJAξej

−g(JAξej , ej)AξJY + 2g(Aξej , JY )AξJej}
−

∑
α

g(AαY, ej)AξAαAξej +
∑
α

g(AαAξej , ej)AξAαY

−
∑
α

g(JAαY, ej)AξJAαAξej +
∑
α

g(JAαAξej , ej)AξJAαY = 0.

Taking the summation on j, we obtain

c

4
{A2

ξY − (traceA2
ξ)Y − 2A2

ξY }

+
∑
α

AαA2
ξAαY −

∑
α

(traceAξAαAξ)AαY

+
∑
α

AαA2
ξAαY −

∑
α

(traceAξJAαAξ)JAαY

− c

4
{A2

ξY + A2
ξY + 2A2

ξY }

−
∑
α

AξAαAξAαY +
∑
α

(traceAαAξ)AξAαY

+
∑
α

AξAαAξAαY +
∑
α

(traceJAαAξ)AξJAαY = 0

Hence we get

−3
2
cA2

ξY − c

4
(traceA2

ξ)Y +
∑

λ

AλA2
ξAλY(3.5)

−
∑

λ

(traceAξAλAξ)AλY +
∑

λ

(traceAλAξ)AξAλY = 0.

Taking the summation on β, we obtain

−3
2
c
∑

β

A2
βY − c

4

∑

β

(traceA2
β)Y +

∑

β,λ

AλA2
βAλY(3.6)

+
∑

β,λ

(traceAλAβ)AβAλY = 0,
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since traceAξAλAξ = 0 for each λ.
Comparing (3.4) with (3.6) , we obtain

−n + 3
2

c
∑

µ

A2
µ = −3

2
c
∑

µ

A2
µ −

c

4

∑
µ

traceA2
µ,

where µ = 1, . . . , 2p. Then we define ||σ||2 by

||σ||2 =
∑

λ

traceA2
λ.

If we assume that c 6= 0, then we get

∑

λ

A2
λ =

||σ||2
2n

I,

where I is the identity transformation. From the equation we see that M is Einstein.
If c = 0, then, from (3.6) we have

2
∑
α

(traceA2
α)2 + 4trace(

∑
α

A2
α)2 = 0.

Hece we get
Aα = 0.

We consider the case of c < 0. In the case it is well known that M which is of Eintein
is totally geodesic (See [9]).
We consider the case of c > 0. We choose an orthonormal frames ξi, . . . , ξp, Jξi, . . . , Jξp

such that traceAξAη = 0 for normal vectors ξ, η, ξ 6= η Then from (3.4) we have

(3.7) −n + 3
2

cA2
ξX + (traceA2

ξ)A
2
ξX +

||σ||2
2n

A2
ξX = 0.

Setting JAξ int the place of Aξ in (3.5) , we have

−3
2
cA2

ξY − c

4
(traceA2

ξ)Y +
∑

λ

AλA2
ξAλY + (traceA2

ξ)A
2
ξY = 0,(3.8)

since traceJAξAλJAξ = −traceAξAλAξ = 0. Noting that Aλ is symmetric, we obtain

(3.9) −3
2
cA2

ξY − c

4
(traceA2

ξ)Y +
||σ||2
2n

A2
ξY + (traceA2

ξ)A
2
ξY = 0,

Comparing (3.7) with (3.9) we get

−n + 3
2

cA2
ξ = −3

2
cA2

ξ −
c

4
(traceA2

ξ)I,

i.e.,

A2
ξ =

traceA2
ξ

2n
I.

Thus we know that p = 1 (See [1]). Hence we obtain the conclusion (See [3]).
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