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Abstract. Let M™ be a Kaehler submanifold in a complex space form
and x any point of M™. Then there exists a neighborhood U of z which
a local field £ of any normal vector and the second fundamental form A
in the direction of £ are defined on U. In the present paper we will give
a characterization of a Kaehler submanifold in a real space form which
satisfies (R(X,Y)A¢)Z = 0 for all vectors X,Y and Z tangent to M"™ and
A¢ in the direction of any normal £, where R is the curvature tensor of
M™ which is defined on U.
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1 Introduction

Let M™*?(¢) be a complex (n + p)-dimensional complex space form of constant holo-
morphic sectional curvature ¢ (i.e. complete, simply connected Kaehler manifold with
constant holomorphic sectional curvature, say, ¢). For each real number c¢, there is (up
to holomorphic isometry) exactly one complex space form in every dimension with
holomorphic sectional curvature ¢. The complex space forms of holomorphic sectional
curvature ¢ are denoted by P"*P(C), C"*P and D"*? depending on whether c is pos-
itive, zero or negative, respectively. P"*P(C') is the complex projective space with
Fubini-Study metric of constant holomorphic sectional curvature ¢, C**? is the com-
plex Euclidean space. D"*P is the open unit ball in C"*? endowed with Bergman
metric of constant holomorphic sectional curvature c.

Let M™ be a connected manifold of complex dimension n(> 2) isometrically and
holomorphically immersed in M "+P(c). Then we call M™ a Kaehler submanifold of
M"P(¢). We denote the complex structure by .J (resp. J) and the Kaehler metric
by § (resp. g) of M P(¢c) (resp. M™). Let V (resp. V) denote the covariant dif-
ferentiation in M"*P(c) (resp. M™). Now, we denote by A¢ the second fundamental
form in the direction of £ which is defined on a neighborhood U of any x of M™. Let

BSG Proceedings 17. The International Conference ” Differential Geometry-Dynamical Systems 2009”
(DGDS-2009), October 8-11, 2009, Bucharest-Romania, pp. 132-139.
© Balkan Society of Geometers, Geometry Balkan Press 2010.



Kaehler submanifolds 133

R be the curvature tensor of M". Mashiko, Kurosu and Matsuyama ([3]) showed: If
a Kaehler hypersurface M™ of M™*1(c) satisfies

(R(X,Y)A)Z =0,

then M™ is totally geodesic, where A denotes the second fundamental form. In the
case of a real submanifold of a real space form Matsuyama ([4]) proved: Let M™ be a
real n-dimensional manifold which is minimally immersed in a real (n+p)-dimensional
space form M™t?(c) of constant curvature ¢. We assume that

(R(X,Y)A)Z =0

for all vectors X,Y and Z tangent to M™ and any normal £. (1) If M™ is compact
(or the scalar curvature of M™ is constant), ¢ > 0 and the length ||o||? of the second
fundamental forms satisfies ||o||? > pnc, then M™ is parallel, ||o||? = pnc and M™ is
classified. (2) If the scalar curvature of M™ is constant and ¢ < 0, then M™ is totally
geodesic.

In the case of a minimal Lagrangian submanifold of a complex projective space Mat-
suyama ([5]) also proved: Let M™ be a minimal Lagrangian submanifold in CP™(c)
which satisfies

(R(X,Y)Ae)Z =0

for the shape operator A in the direction of any normal £. Then M™ is totally
geodesic or locally congruent to a flat torus minimally embedded in P?(C) with par-
allel second fundamental form.

The purpose of this paper is to consider a characterization of a Kaehler subman-

ifold in a complex space form which satisfies (R(X,Y)A¢)Z = 0 for all vectors X,Y
and Z tangent to M™ and A¢ in the direction of any normal £. Then we obtain the
following:
Theorem. Let M™ be a complex n-dimensional Kaehler manifold which is holomor-
phically and isometrically immersed in a complex space form M”+p(c) of constant
holomorphic sectional curvature ¢ and R the curvature temsor of M™. Let x be any
point of M™. Then there exists a neighborhood U of x which local field £ of normal
vectors and the second fundamental form Ag in the direction of € are defined on U.
We assume that

(R(X,Y)Ae)Z =0

for all vectors X, Y and Z tangent to M™ and any normal vector £&. Then M™ totally
geodesic.

2 Preliminaries

Let M™ be a connected manifold of complex dimension n (> 2) isometrically and
holomorphically immersed in a complex space form M "*P(c) of complex dimension
n+p. Then we call M™ a Kaehler submanifold of M "+P(c). The complex structure J
and the Kaehler metric § of M "+P(¢) induce the complex structure J and the Kaehler
metric g on M™, respectively. Let V (resp. @) denote the covariant differentiation in
M™ (resp. M™*?(c)). Extend £ to a normal vector field defined in a neighborhood U
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of x € M™ and define —A¢X to be the tangential component of Vxé for X € T, M.
A¢X depends only on £ at x and X, and we call A¢ the second fundamental form.
Let R be the curvature tensor of M"™ and X,Y and Z the tangent vectors on M™.
Then we have the following relationships ([1], [2]):

(2.1) VxY = VxV+> g(AaX,Y)a+ Y g(JAX,Y)JE,
(2.2) g(AX)Y) = g(X,AaYOS, :
(2.3) Vxéa = —AuX+) sap(X)JEs,
B
(2.4) Sag T+ 88a =0,
(2.5) Ay = —JAa,
(26)  RXY)Z = H{g(Y,Z2)X —g(X,2)Y +g(JY. 2)IX

—g(JX,Z)JY +29(X,JY)JZ}
+> 9(AY, 2)AaX =) g(AuX, Z)AY

+> g(JALY, 2)TAaX =Y g(JAuX, Z2)J ALY,

— Gauss equation

(2.7) (VxAa)Y = sap(X)JAY = (VyAa)X =Y spa(Y)JAsX,
B B

— Codazzi equation
where we write A, = Ag,, .
Now, we prepare the following results without proof.
Theorem A.(See [6], [8], [7], [10]). If M™ is a Kaehler hypersurface in a complex
space form J\Z"J””(c)7 then the following conditions are equivalent on M™
(1) M™ is locally symmetric.
(2) M™ is of Einstein.
Theorem B.(See [6]). Let M™ be a Kaehler hypersurface of complex dimension
n > 1 in a complex space form M"+1(c) of constant holomorphic sectional curvature
c. If M™ is of Einstein, then M™ is locally symmetric and either M™ is of constant
holomorphic sectional curvature ¢ and totally geodesic in M”“(c) or M™ 1is locally
holomorphically isometric to the complex quadric Q™ in the complex projective space
P™F1(c), the latter case arising only when ¢ > 0.
We next must introduce the concept of the first normal space of M™ at x € M™.
Definition. For z € M™, the first normal space, N1 (z), is the orthogonal complement
in T,,(M™) of the set

No() = {€ € Tu|4¢ = 0}

We define a new inner product, <, >, on Ni(z) by

< JE, Jn >= traceA¢ A, for {,n € Ni(z).
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One easily checks that <, > is a positive definite inner product on Ny(z), and that
for 5777 S Nl(x)v

< J& Jn>=<&n>and < &, JE >=0.
For £ € Ni(z) we assume that AE = A2] for A\ > 0. Then it is well known the follow-
ing:
Theorem C.(See [1]). Let x € M™ and let k be the complex dimension of Ni(x).
Then k < 1.

3 Proof of Theorem

Now, we prove the following theorem:

Theorem. Let M™ be an n-dimensional manifold which is isometrically and holomor-
phically immersed in a complex space form M"‘“)(c) of constant holomorphic sectional
curvature ¢ and R the curvature tensor of M™. Let x be any point of M™. Then there
exists a neighborhood U of x which local field & of normal vectors and the second
fundamental form Ag in the direction of € are defined on U. We assume that

(3.1) (R(X,Y)A)Z =0
for all vectors X,Y and Z tangent to M™ and any normal vector £&. Then M™ is
totally geodesic.
Proof. Let M™ be a connected manifold of complex dimension n (> 2) holomorphically
and isometrically immersed in a complex space form M"7(c). Setting A¢X in the
place of X in (3.1) , i.e.,
(3.2) (R(AeX,Y)Ae)Z =0
for X,Y and Z € T,(M) and using (2.6) , we have
(33) HoY AZ)AX — g(AX, AcZ)Y +g(JY. AcZ)JAX

*g(JAEX, AEZ)JY + 2g(A£X, JY)JAgZ}

+> (ALY, A Z)AaAcX =Y g(AaAcX, AcZ) ALY

+> g(JALY, A Z)TAAX = g(JALAX, AcZ)JAsY

— {90V 2)AZX — g(AcX, 2)AcY + g(JY, Z)AcTAcX
—g(JAEX, Z)AEJY + QQ(AgX, JY)AgJZ}
=Y 9(AY, 2)AcAaAcX + > g(AaAcX, Z)AcAsY

Y g(JALY, Z)Ac T A AcX = " g(JAuAX, Z)AcT AgY = 0.



136 Yoshio Matsuyama

We choose a local field of orthonormal frames e, ..., ea,. Putting Y = e; and Z = ¢;
in (3.3) , we have

C

Z{g(ej, Agej)AgX — g(AgX, A,;-ej)ej + g(Jej, Aé@j)JAgX
—g(JAeX, Agej)Je; +29(Ae X, Jej)J Agej}

+> 9(Aaej, Agej) AaAcX = g(AadcX, Ace;) Ane;

+> " g(JAaej, Acej) JAGAX = g(JAaAcX, Ace;)J Ane;

C
—{9(es, ) AEX — g(Ae X, ej) Age; + g(Jej, ej) AT Ac X
—g(JAgX, €j)A§J€j + 2g(A5X, Jej)AgJej}
= g(Aaej,e))AcAaAcX + ) g(AaAcX, e)AcAne;

=Y 9(JAaej, e))AcTAnAX = g(JALAX, ;) AcT Ane; = 0.

Taking the summation on j, we obtain

n—+3

cAgX + Z(traceAgAa)AaAgX

+ (traceAeJAo) JAaAcX +2)  AcAZAX = 0.

«
Setting A =1,...,2p, we obtain

n-+3

CAZX +) (traceA¢ A\ AxAcX + ) AcAZAX = 0.
A A

Taking the summation on 3, we get

(34) _n ; 362 A%X + Z(traceAﬁA)\)A,\AgX + Z AgAiA[;X =0.
B B B\
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Putting X = e; and Z = ¢; in (3.3) , we have

C

119V, Acej)Acej — g(Acej, Ages)Y + g(JY, Ace;) J Age;
—g(JA§€j7 Ag@j)JY + 2g(A§€j7 JY)JA,ge]}

+3 (ALY, Acej)AaAce; — Y g(AaAce;, Acej)AnY

+> g(JALY, Ace;) T AgAce; — > g(JAgAce;j, Acej) JALY

C
—E{Q(Y, ej)AZe; — g(Acej, e)AcY + g(JY, e;) A J Ace;
—g(JAcej,ej)AcJY +2g(Ace;, JY ) AeJe;}
= g(AaY e))AcAaAce; + Y g(AaAces, ) AcAnY

= 9(JALY e)AcTAgAce; + > g(JAaAcej,e)AcTAgY = 0.

Taking the summation on j, we obtain
C
Z{AEY - (traceAg)Y - 2A§Y}
+ Y ALAZALY =) (traceA¢AgAg) AgY
+3 AGAZALY =) (traceAe J A Ag) JALY
&
— Ay + AQY + 2487}
=3 A ALAALY + ) (traceA Ag) AcAnY

+D AcAaAcALY + ) (trace Aa Ag) AcJALY =0

Hence we get
3 c
(3.5) —CAZY — (traceAD)Y + D AVAZAY
A

= (traceAc AyAg) ALY + ) (traceAyAg) A AY = 0.
A A

Taking the summation on 3, we obtain

3 c
(3.6) —5CD JARY — 1 (traceAR)Y + 3 A\AZAY
B B B
+ Z(traceAAAg)AgAAY =0,
B,A
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since traceA¢ Ay A¢ = 0 for each .
Comparing (3.4) with (3.6) , we obtain

n+3 2 3 5 C 9
——3 CZA“ = ficZAu ~1 ZtraceA“,
I " 1
where 1 =1,...,2p. Then we define ||o||? by

llo||? = ZtraceAi.
)

If we assume that ¢ # 0, then we get
2
Z A2 — llo ]l I,
2n
A

where [ is the identity transformation. From the equation we see that M is Einstein.
If ¢ = 0, then, from (3.6) we have

2 2:(‘51"ace14(21)2 + 4trace(z A%)? =o.

Hece we get
A, =0.

We consider the case of ¢ < 0. In the case it is well known that M which is of Eintein
is totally geodesic (See [9]).

We consider the case of ¢ > 0. We choose an orthonormal frames &;, ..., &p, J&;, ..., J&p
such that traceA¢ A, = 0 for normal vectors &, 7, £ # n Then from (3.4) we have

n+3 [)?

|lo
2n

(3.7) - cAZX + (trace A7) AZX + AZX =0.
Setting JAg int the place of A in (3.5) , we have

3 c
(3.8) _§CA§Y - i(traceAz)Y + Z AAAEAAY + (traceAg)AgY =0,
A
since traceJ A¢ Ay J A = —traceA¢ AyxAe = 0. Noting that Ay is symmetric, we obtain

3 c [l
(3.9) —§cA§Y — Z(traceAz)Y + WA?Y + (trace A7) AZY =0,

Comparing (3.7) with (3.9) we get

n+3 3 c
) cAf = —§cA§ — Z(traceAg)L
ie.,
2 traceA?I
£ on

Thus we know that p =1 (See [1]). Hence we obtain the conclusion (See [3]).
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