Weak solutions for the pseudo-Laplacian AJ using a
perturbed variational principle

Irina Meghea

Dedicated to the 70-th anniversary
of Professor Constantin Udriste

Abstract. This paper considers two approach methods to obtain and
characterize weak solutions for some problems of mathematical physics
equations. In the first method, a perturbed variational principle is in-
volved in order to obtain some results characterizing weak solutions. In
the second approach, some surjectivity theorems and other theorems of
the Fredholm alternative type for operators of the form AJ, — S, where
J, is the duality map and S is the Nemytskii operator, are established
to state two original results, which describe new properties of the pseudo-
Laplacian.
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1 Introduction

This paper is based on the organization of the concepts from [11] corroborated with
the results obtained by the author in [12]. The general theory is developed towards
two distinct trends. In the first, starting with a linear variational principle ([4], [5],
[11]), and following a work of Ghoussoub [7] and the article [12], a variational method
to discuss some problems of partial differential equations has been presented in the
manner of [11] and [12]. In the second direction, a series of propositions from [6], [3],
[8] and others are generalized or used in order to obtain a sequence of original results.

The aim of this work is to compare these two approaches, and particulary to
highlight new results in weak solutions for some types of partial differential equations.

2 Critical points and weak solutions for elliptic type equation

In the first approach which characterizes weak solutions for equations involving the

pseudo-Laplacian A7, we give a linear perturbed variational principle. To introduce

these results, we first provide the following
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Definition. Let X be a real normed space, f : X — (—o0,40o0], C' a nonempty
subset of X and z¢ € C. f strongly exposes C' from below in xy, when

1° f(xg) = inf f(C) < 400, and
2°x, € CVn>1, f(zn) — flzo) = xp — 0.

When C = X, we get the definition of the strongly minimum point ([11, I, above
1.2]). In the same manner we define: f strongly exposes C from above at xg.

Theorem 1 (The Ghoussoub - Maurey linear principle). Let X be a reflexive
separable space and let ¢ : X — (—o00,+00] be lower semicontinuous and proper.

(1) If v is bounded from below on the closed bounded nonempty subset C, then the
set
{£ € X*: o+ & strongly exposes C from below}

is an everywhere dense G -set.
(II) If, for any & from X*, ¢ + &£ is bounded from below, then the set
{€ € X*: ¢+ & strongly exposes X from below}

is an everywhere dense Gy -set.

Remark. We consider the fact that a set is of Gs type when it is a countable
intersection of open sets.

We use Theorem 1 for a generalization of the minimization problem form [2] of
the form:

N

(2.1) C} = min /~<;§:
Q

i—1

ou
8xi

—f(u)) dz:ue Wg’p(Q)7||uH2* =15,

where Q is an open set of C! class in RN, N > 3, f € W1 (Q) (= (W}P())%),
1 1 2N

5 + 17 = 1,2 = N_3 the critical exponent for the Sobolev embedding (for
explanations, here and in the following, see [11, 1, §4]).

Let  be an open bounded set of class C! in RN, N > 3. Consider the problem

—ASu = f(x,u) in Q
(2.2) i
u=0 on 012,
where f: Q xR — R is a Carathéodory function with the growth condition

(2.3) [f(x,8)] < cls]P~" + b(2),

2N / 1 1
2<p< bel? (Q),-+—=1.
¢>02<p< o—o.belr( ),p+p,
The functional ¢ : W, *(2) — R,

(0.4 / (lz

p

oz, x,u(m))) dz, F(x,s) ::/f(z,t)dt,
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is of C! - Fréchet class and its critical points are weak solutions of (2.2). Let \;
be the first eigenvalue for the problem in WO1 P(Q) involving —A# with homogeneous
boundary conditions. We have ([12, (7.2)])

|ulf 1
(2.5) A =inf{ ——2—ue WP (Q)\ {0} p.
(w5, ’
N P 1/p
. . ou
We further provide an answer for (2.1). We specify that |u|; , = (Z Ox ) ’
i=1 e (2)

and the dual of (Wy?(Q),]-|1,) is W~1#'(Q), where p’ is the conjugate exponent of
p (ie., % + ﬁ =1) and i : Wy P(Q) — LP() is a linear compact embedding.
Proposition 1. In the above condition, assume satisfied the growth relation:

(2.6) F(x,s) < cl% + a(x)s,

2N
where 0 < ¢; < A1, a € LP(Q) for some 2 < ¢ < N
Q,Vs € R. Then

1° The set of functions h from Wﬁl’p/(Q), having the property that the functional
o W P() - R,

5 and f(x—s) = —f(z,s),Vz €

p

ou

onu) = / (]19 Z 0x;
Q

=1

— F(z,u(x)) + h(u(m))) dz

has the minimum attained in only a point, includes an everywhere dense Gg-set ;
2° The set of functions h from W1+’ (Q), having the property that the problem

{ —Asu = f(z,u) +h(u) inQ

2.7
27 u=20 on 0N,

has solutions in Wy'P(Q) in the sense of W=1¢ (Q) includes an everywhere dense
Gs-set;

3° Moreover, if s — f(x,s) is increasing, then the set of functions h from W=1%'(2),
having the property that the problem (2.7) has a unique solution in W, P(Q) in the
sense of W17 (Q), includes an everywhere dense Gs-set.

Proof. Tt suffices to prove 1°. Consider, for each h from W‘LI’/(Q), the functional &,

from W% (Q), &,(u) = / h(u(x))dz. It is obvious that ¢p = ¢ + &, (see (2.4)).
Q
Consequently, according to (II) from Theorem 1, if we show that ¢y, is bounded from

below for any h from W~1# (Q) (this is sufficient due to the representation Riesz
theorem), then 1° is proved. However, taking into account the Sobolev embedding
and (2.6), we have Vu € W, " ()

N

(¢ + &) (u) > / (;Z
Q

ou
8@

p
- c1|u<x>|2> e
=1
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N
1 G 1 ou |P
= (1 - A1> /pE_; or;| @ rllullwye,r €R,
Q =
and hence the conclusion follows, because 1 — ¢1 /A1 > 0. O

We note that similar applications of the variational principle in the Finslerian frame-
work can be found as well in [1].

3  Surjectivity for the operators \J, — S. Applications

3.1 The surjectivity of operators of the form \7'— S

An extension of the Theorem 1.1 from [6] is proved with weakened assumptions,
namely: normed space instead of Banach space and bijection with continuous inverse
instead of homeomorphism. Two corollaries are presented as well. Firstly, we have
the following

Definition.Let X and Y be normed spaces. Then the mapping T : X — Y, is
(K,L,a), where K >0, L >0, a >0, if

Klfz]|* <|[|Tx|| < L|2||*, vV € X.

Proposition 2. Let X,Y be real normed spaces, let T : X —Y (K,L,a) be an odd
bijection with continuous inverse and let S : X — 'Y be an odd compact operator. For

any X\ # 0, if
| |l‘im [|ATz — Sz|| = 400,
x||—-+o0

then XT' — S is surjective.
Proof. Let zy be from Y. We state that

(3.1.1) Jxg inX s.t. XT'zg — Sxg = 2.

We take R > 0 with the property (see the hypothesis)

(3.1.2) [lz|| > R = ||XT'z — Sz|| > ||20]|

and the open ball from Y, o : S(0,7),r := |A|[LR® If y € 99 and y = ATz, then

1.

]| > R and hence (3.1.3) [|ATz — Sz/| 5 ||z0]].

Let be the operator A:Y — Y, Ay = ST~!(y/)\). A is compact, odd and Ay # y
when y € do. Ad absurdum, put y in the form ATz and take into account (3.1.3), i.e.,
0¢ (I — A)(9do). Applying the Borsuk theorem, it follows that the Leray - Schauder
degree, d(I — A, 0,0), is odd. But

H:[0,1] x5 =Y, H(t,y) = Ay + tz
is a homotopy of compact transforms on &, then we have
d(I — H(0,-),0,0) =d(I - H(1,:),0,0) = d(I — A,0,0) =d(I — A — 2(,0).

Consequently, d(I — A, ¢,0) is an odd number, particularly different from zero, there-
fore 3 yo in o so that (I — A — z0)(yo) = 0 and we have only to take z¢ in X with
yo = ATz, to obtain (3.1.1). O
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Corollary 1. Let XY be real normed spaces, let T : X — Y be an odd (K, L,a)
bijection with continuous inverse, let S : X — Y be an odd compact operator and

S
1Sl < +4oo. If|A] > a/K, A € R, then AT — S is surjective.

llall—oo [|z]|®

Remarks. According to ([10, vol. II, V, §5, I1.9¢]), we have f : X — Y, X and YV

normed spaces,

T def . .
im [[f(2)[|' = inf sup |[[f(z)[|= lim sup [[f(x)]].
[zl =00 P>0p e X Pty e X
llzl|>p llz]|>p
Ifa= | |1|iim [|f(x)|], then z,, € X ¥n € Nand ||z,|| — +oo implies lirJrrl [ f(zn)]| <
x||—+o0 n—-+0oo
a If a = @ [|f(zn)]| for any (x,) with z, € X and ||z,|| — 400, then
a=lim z)]|.
I s
Proof. 1t suffices to prove
(3.1.4) ! ‘lliim [[ANTz — Sz|| = +o0.
x||——+o0

Assuming, ad absurdum, the contrary, we obtain p > 0 and a sequence (x,)n>0,
Ty € X, ||2n|| — +00 s.t.

(3.1.5) |[[NTx — Sz|| < pVn>1.

From (3.1.5), we have

ATz, n ATy, n
. ‘ Soa | o [Tl US@OI]
n=ttoo | Tlzalle ~ Tlznlle n=too [ lealle el
— [5G

and since lim

o T < a, it results
n—-+oo xn

(3.1.6) T ATzl
n—too |[wn|[* T
But the condition (K, L, a) imposes
— ||Tx,
(3.1.7) K< T [Tl

n——+o0o Hxn| |a

From (3.1.6) and (3.1.7) it results K < %. If a # 0, then |A| < %, which contradicts

the hypothesis, and if @ = 0, then K = 0, also in contradiction with the hypothesis,
and consequently (3.1.4). O

Corollary 2. In the conditions of the Corollary 1, if a« = 0, then AT — S' is surjective
for any X from R\ {0}.
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3.2 Surjectivity of operators of the form \J, — S

Proposition 3. Let X be a real Banach space, reflexive and with the property (H),
let J, be a duality map on X with ¢ (K, L,a) function, let S : X — X* be an odd
compact operator and

e
1 < 400
a—oo |||

Then

1°a>0= N, — S surjective V A with |\| > %;

2° a=0= AJ, — 8§ surjective VX # 0.
Remark. We say that a Banach space has the (H) property if it is strictly convex
and satisfies:
w
T — x and ||z, — ||z|] = 2n — .
Proof. J, is odd and bijective with continuous inverse (X being reflexive, smooth

and with the (H) property, and the duality map J, on X is bijective with its inverse
continuous with respect to the strong topologies on X and X*. Moreover, since

Kt® < o(t) < Lt® vt > 0,
we have
Kllz]|* < o(lzl]) = [[Jpz|| < Llz[|* Vz € X,
ie., J,is a (K, L,a) function. We apply Corollaries 1 and 2 to finish the proof. O

Proposition 4. Let X be a real reflexive Banach space, smooth with the property
(H), and J, be the duality map on X with p(t) = tP~1, p € (1,400). Suppose that
X is compact embedded by the linear injection i in a Banach space Z,

(3.2.1) [E(w)]] < collul] Vu € X
and N : Z — Z* is an odd hemi-continuous operator with the property
(3.2.2) ||Nz|| < ci]|z]|Tr + ea Vo € Z, 1,0 >0, g € (1,p).

Then AJ, — N is surjective for any X # 0.

Remark. N is the short notation for the operator, which acts from X to X*, i’ o
N o1, i’ the adjoint of 1.

Proof. It suffices to prove that

(3.2.3) Vhe X* Jue X st. \Myu— (i’ o Noi)u=h.

We apply Proposition 6 with 7' = J,, (correctly as ¢ is (K, L,a) with K = L =1, a =
p—1), S =1i0Noi. Obviously, S is odd, and also compact: let (z,)nen, n € X be
a bounded sequence, (i(2,))n>1 has a convergent subset, let be i(zy,) — v, v € Z,
then N(i(xy,)) — N(7), and consequently /(N (i(zx,))) — i'(N(v)) because i is
also compact (Schauder theorem). So, to obtain the conclusion it remains to prove

, .
(3.2.4) i M@ oNodu|

llul[—=+oo  [Jul[P~1
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Then
o 3 . (3.2.1),(3.2.2) . .
(NG < [IING)I < coleli(u)]|T7 + c2)
< colcg eallul |77 + e2),
from which it results (3.2.4) (where we used ||¢’'|] < ||i]| < ¢o). O

In the following we search the surjectivity of the operator AJ,— N, when N verifies
the growth condition (3.2.2), where g = p, i.e.,

(3.2.5) [|[Nz|| < er||z] [P~ 4+ co V 2 from Z, ¢1, ¢ > 0.

For this reason, we present the following statement

Proposition 5. Let X be a real reflexive Banach space compactly embedded by the
linear ingjection i in the Banach space Z,

(3.2.6) [li(w)|| < collu]| V u from X.

If

= in [l l” TU 00
AL = f{|i(u)|p. eX\{O}},pG(l,—i— ),

then
1° A1 is attained and nonzero;
1

2° N, * is optimal for (3.2.6) (i.e. A\, ¥ < cq, for any co);
3° If X and Z are smooth and Jxx+ : X — X*, Jyy~ : Y — Y™ duality maps relative
to the same weight ¢ : p(t) = tP~1, then \; is the smallest eigenvalue of the couple

(Jxx+, Jyy+) ([3]).
Proof. The set from the statement is correctly defined: u # 0 = i(u) # 0. 1°. We
have

A = inf{[|v||” : v € X, ||i(v)|| = 1}
(the two sets coincide, since [|i(u/i(u))|| = 1), let (Vn)n>1, Vn € X be with [[i(vy,)]| =1
1

and ||v,|| — A7. Since X is reflexive, then (v,),>1 admits a subsequence, similarly
denoted, which is weakly convergent in X, v,, — v (Kakutani theorem). Then ||v|| <
lim ||v,]||, whence

(3.2.7) [lV|IP < A1
On the other hand, because ¢ is compact, we have i(v,) — i(v), this implies
li(w)ll = i@, li@)]] = 1 and hence [|v]|? > Ar, |v]l? “Z7 A1, A; is attained

and a fortiori nonzero. 2°. We take into account the definition of A; and 1°.
3°. We show that \; is eigenvalue for the couple (Jzz+,Jxx+), i.e., 3 up # 0 in
X s.t.

(3.2.8) Ai(i" 0 Jzz+ 0 i)ug = Jxx-uo.
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A1

1
We consider the functional ® : X — R, ®(u) = f||u||p — —|li(w)||’. Then
p

®(u) > 0 Vu € X (see the definition of A1) and, for ug # 0 s.t. A= <|||(u0|)||)
Ug

®(ug) = 0, which (taking into account that X is a smooth space iff its norm is Gateaux
differentiable on X \ {0}) leads to the cancelling of the Gateaux derivative

(3.2.9) &' (ug) = 0.

Then we use the facts: ”X smooth = J,x = ¢(||z||)||z]|', * # 0” and ”if XY real
normed spaces and f : X — Y Gateaux differentiable, F : Y — R of Gateaux C! class,
then g := Fo f is Gateaux differentiable ([10]) and ¢'(z) = F'(f(x))o f’( )” to obtain:

v € X, 027 & (ug) (u) = (Jluol [P 1] |1 (o), wh—Aa {|[i(uo)|[P~ ]| ||'(i (w) =

(Jxx+uo)(u) - A (Jzz- (i(uo)) (i(u)))
(Jxx=up — A1(i' o Jzz+ 0i)(ug),u), i.e. (3.2.8). Let now A be an eigenvalue for the
couple (Jzz+, Jxx+) and let u be a corresponding eigenvector. Then

ull” = (Jxx-u)(u) = A{Jzz-(i(u)), i(u)) = Alli(w)][",
and hence A = [|ul|P/||i(uw)][P > A;. O
We can now state the following

Proposition 6. Let X be real reflexive Banach space, smooth with the (H) property,
let J, be a duality map on X with o(t) = t*=1, p € (1,+00). Suppose that X is
compactly embedded with the linear injection i in the Banach space Z and let N :
7 — Z* be an odd hemi-continuous operator with:

N2l < allellPt + e ¥ @ from Z, 1,z > 0.

Then, for any X, if

)

Al> Tm ||(i" o N o i)ul|
llul[=+oo  [[u][P~!

for |\l > eiA(t, where Ay = inf {||u|[P/||i(u)||P | u € X\ {0}}, then \J, — N is
surjective (where by N we denoted i’ o N o).

Proof. Due to Proposition 5, 1°, it follows that A; # 0, hence /\1_1 exists. We apply,
as for Proposition 4, Proposition 3 with T'= J,, S =i’ o N oi. We prove
= |[(I" o N oi)ul|

lul|—=+o0  |[ul[P~1

(3.2.10) < et

by using Propos1t10n 5, Wthh is sufficient to establish the conclusmn [|(i o Noi)ul| <
N ()] < Ay (CM “lull=t + e) (1] < [lil] < A; *) and (3.2.10) becomes
obviously. O
3.3 Existence of the solution
We further investigate the existence of the solution for the problem

—“AAu = f(,u(-)+h, zin QAER,p e (1,+00)

ul0N=0
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The pseudo-Laplacian —Aj, p € (1, +00).

(2 is an open set, with finite Lebesgue measure, in RN, N > 2, and for p € (1, +0o0)
we consider the norm on Wy *():
1
P P
L”(Q)> ’

N

i=1
where the derivative involved is weak. The dual of (W, *(),| - |1,) is denoted by
W12 (Q), p/ being the conjugate of the exponent p. Consider now the operator
—AL W (@) - WP(Q),

ou
('“)xi

|u

N -2
0 ou |77 ou
3.1 Ay = — .
This acts according to ([8]), as follows:
P72 9u oh

dz, ¥V u, h € Wi ().

N

ou

(3.3.2) (=Apu, h) = Z/ ’3934 Ox; Ox;
=17 ' Y

The problem. We further consider the problem:
{ “AASu= f(,u() +h, TeQAER.

) u| 90 =0.

Proposition 7. Let Q be an open bounded set of class C* in RN, N > 2;: let
p € [2,+00), let h be from W=LP(Q) and let f : Q@ x R — R be a Carathéodory
function with the properties

1° f(x,—s) = —f(z,s), VseR, Vo €Q,
2° |f(z,8)| < ecrls|i™ P+ B(x) Vs eR, Vo e Q\ A, u(A) =0,

, 1 1
where ¢c1 > 0,q € (1,p), 8 € LY (Q), p + 7 = 1. Then, for any A # 0, the problem (x)
has solutions in W, *(Q) in the sense *of W1 ().

Remarks. The relationship u | 9Q = 0 from (%) is in the sense of the trace
f(-,u) = Nyu, Ny Nemytskii operator 3, and so the equation from (x) can be written
as

2

(3.3.3) —AAJu = Nyu + h.

LAll the terms from the first relation from (*) are considered as elements of W ~1P(Q).

1
2The trace is the unique linear continuous operator v : WHP(Q) — w'” 7P (8Q) such that it is
surjective and u € WHP(Q) N C(Q) = v(u) = u | 9Q. So we use here the notation u | 9Q for y(u).
3 Nemytskii operator. Let be RN, N > 1, let p be the Lebesgue measure in R, let Q be an open
nonempty Lebesgue measurable and M(Q) := {u : @ — R | u Lebesgue measurable}. By definition
f: QxR — Ris a Carathéodory function if
1° f(-,s) is L.m. Vs €R,
2° f(zx,-) is continuous V& € Q\ A, u(A) = 0.
In this case, for every u € M(Q) one can consider the function (the Nemytskii operator) Ny :
M(Q) = M(Q), Nyu : Nyu(z) = f(z, u(x)).
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Let i’ : L7 — W~ be the transposed of i (as (L?)* = L%'). Then ug from Wy is
solution for () in the sense of W=7 if

(334) —/\AZUO = (Z/ o Nf o Z)U,O + h.

But (W, *(Q),]- |1p) is a Banach space which is compact embedded in L? because
| |1,p and || - ||1,p, hence also || - ||w1.», are equivalent.

Proof. We have —A$ = J,, ([3]). J,, is the duality map with o(t) = t?~'. The
Banach space (W, 7, |- |1,) is uniform convex ([3]), and consequently has the (H)
property and it is reflexive (uniform convex = reflexive). It is also smooth (its norm
being Géteaux differentiable on Wy? \ {0}). So, we can apply Proposition 7 (with
X = Wol’p, Z = L%, N = Ny — odd continuous operator, Z* = Lq/, take into account
||Nfu|!o7q/ < cl|\u||g;11+62,62 := [|B8llo,q’> Vu € L), the operator A\(—A;)—S : Wol’p —
WP where S = i’ o Ny o is surjective, a fortiori the operator —AAy =S —his
surjective (commuting group) and hence 3 ug € Wy'? which satisfies (3.3.4). O

Replacing ¢ with p in 2° from Proposition 7 and applying Proposition 6, one
obtains
Proposition 8. Let ) be an open bounded of C* class set in RN, N > 2,p € [2, +00),
let he W=LP and let f: Q xR — R be a Carathéodory function with the properties

1° f(x,—s)=—f(z,s) Ve €Q, Vs €R,

2 [£(z,5)] < crlsP 1+ B@) Vs € R, Yz € 2\ A,u(A) =0,

/ 1 1
where ¢; > 0,3 € LP (Q), — + — = 1. Moreover, for any linear compact embedding
p p

i: WP — LP(Q), and A € R s.t.

p
|u|1,p

()16,

the problem (%) has a solution in WP () in the sense of W1 (Q).

Proof. The claim is well stated, since (W, ", |- |;,) is compact embedded in L?
(Rellich-Kondrashev theorem). Then one applies Proposition 6. O

A > e \Th A= inf{

ueW&’P\{O}},

Remark. The condition from Proposition 8 can be replaced (see Proposition 6) by:

A>T ||(i’°foi)U||
llull =00 [ful[P~
1
We note that A\; ” is optimal for the inequality from the statement, it is attained,
nonzero, and is the least eigenvalue for the couple (J 4o/, JWOLpW,l,p/) (see Propo-
sition 5). Concerning the spectrum of the Laplace operator, we can compare the
obtained results with the ones from [13].

4 Conclusion

In the first part of the paper, we present an original minimization result (minimization
with regular constraints giving global critical points), which involves a linear varia-
tional principle, in the framework of characterizations of weak solutions for PDEs. The
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second section contains novel results: an extension of a theorem from [6] is proved
with weakened assumptions, and two corollaries are derived, while Propositions 3, 4

and 6 are original as well. The Propositions 7 and 8 concern the pseudo-Laplacian
A3,
P
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