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Abstract. In [5], [6], [7], [8], it was shown that to any implicit first (or
higher) order dynamical system without constraints, it corresponds, on
the configuration space, a geometrical structure given by a (nondegener-
ate and in general not symmetric) generalized d-metric and a nonlinear
d-connection. Thus, there exist a covariant differential operator, a paral-
lel transport of the vector fields and autoparallel curves. The following
property holds: if the equations which describe the dynamics of the system
do not depend explicitly on time, the set of autoparallel curves associated
to the structure build in this way, coincide with the set of solutions of the
given dynamical system. In this paper we generalize these results to the
case of implicit first order dynamical systems with holonomic constraints.
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1 Geometrical structures defined on a differentiable manifold

Let M = M,, be a differentiable manifold of dimension m. On it we define the
following geometrical structures ([6]).

1.1 Natural frames ([1], [2])

On a change of local chart, the coordinates on T'M change by the rules:

N e Oz ozt ozh
—h —h/ 1 ~h __ ) _
(1.0) v =z"(z"), 2" = 2l BH = Bt
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The corresponding natural frames change respectively by the rules:

0 0t 9 0¥ 9 9 oD

ozl — ozh §xi | 0zh 0ii oxh Ozt 0i’
oxh . .. oxh . ozt
= 57 dx', dz" = B dx' + prs

It follows, by the formulas (1.0'), that in each point x of the domain of the con-

(1.0)
di'

sidered chart, the vectors P generate a subspace of the space T'M,, which does not
47

depend on the chosen chart, called wvertical subspace.

1.2 Generalized Lagrange d-metric

It is called generalized Lagrange d-metric defined on M, a d-tensor of the second
rank, two times covariant and nondegenerated (in general not symmetric). In a local
chart (U, x), with the coordinated (z*) of a current point z, the components of the
d-tensor are given by the functions a,}- = allj (t,xh79'ch), (t,xh,:'nh) € J'M, with the
property that, on a change of local chart, they change by the rules:

0z O’
~1 1 1
(1.1) nk = 5 5ok %> det (a;;) # 0, Vo € U.
We make no additional hypothesis related to the symmetry or signature.

By the definition, it follows the existence of the functions ay = af (t,2",i"),

components of the reciprocal matrix of (agj). On a change of local chart, we have:

e Oz ozk

apt = ———a¥’.
! Ort Oxd 1

(1.1)

1.3 Nonlinear d-connection

We say that on the manifold M it is given a nonlinear d-connection, if in each
local chart we have a set of functions a?j = a?j (t7 xh, a'ch), which change, on a change
of chart, by the rules:

o Ozt [oxd o 037 |

(12) k= gh | ozk T azk

?j are called Christoffel symbols of first type of the d-connection.

The functions a

1.4 Mixed coefficients of connection

By contracting the above coeflicients with the contravariant components of the
d-metric, we obtain the functions:

(1.2) M]’ = aﬁha?lj,

called the Christoffel symbols of second type or coefficients of the nonlinear connection.
They change, on a change of local chart, by the rules ([3], [4]):

i oz’ [0xF

(13) i~ et | o

k
M+ 75};
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1.5 Adapted frames

Given a d-connection, we can build an adapted dual frame and, thus, an adapted
frame by ([4]):

| ) ) 0 j 0
5o — dt(— Sidad 7 - = . tYiqn
(1.4) ' 4 7 o  and ox ox oI
0@t = di' + Mjda? = (Mjdz’ + &;di) o2
ot 9it

respectively.
On a change of local chart, the rules of change:

6 _oah 5§ _0ah b
5zt 97t szt szt QT ih

(1.5) 6z = @(sxh, oxt = %5@’1, and

hold respectively.

1)

By the formulas (1.5) it follows that the vectors = generate a second subspace,
x

called horizontal subspace, and the tangent space to T M in a point (z, &) is the direct
sum of the vertical and horizontal spaces in that point.

The Lie brackets of the vector fields S and S0 are expressed by the formulas:
" T
6 9 0 SMPh M
[5332 w] wegh VOO N T e T e

This tensor is called tensor of curvature. On a change of local chart, its components
— 0z Ox' Ox’
change by the rules: Ry, = — ——— —RP..
8¢y M= B 0k 0zF
1.6 Differential operator, covariant derivative on M associated

to a nonlinear d-connection

We call d-vector field on M a special vector field on J'M, locally written as

) 0
X = X"(t,x, x)a—, which change, on a change of local chart, by the rules:
:I:Z

—i 0T

h
(1.6) X'= 5 X

and we denote there set by X¢(M). It is obviously that X(M) C X¢(M).
Let given the spaces (rings) A°(J*M), A°(J2M), the modulus X¢(M), where X; €

X4(M) if Xy = Xi (t,x,dy)—i, and a nonlinear connection N of local components

, Ox
M. A differential operator D : A°(J'M) — A°(J?>M), is defined, along a curve
2t =ci(t), by D: f — Df = g _of + it of +x’ﬂ To the connection N it
C Oy Tat o Tow Y oan

is associated a linear differential operator Dy, defined on the set X{(M) of the d-

0 0
vector fields and with values in X4(M), given by its values: Dy (5‘:5’) = M 527 "
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the bases vectors and satisfying the relation Dy (fX) = fDn(X) + D(f)X, for any

feAN(J'M), X € X{(M). On an arbitrary d-vector field X, the local expression of
dXx? | 0

the operator Dy is given by Dy (X) = [dt + M]’»XJ] pre and it is called the N-
ml

. o . Xt dxt i .
covariant derivative of X. The expressions 50 ar + M; X7 are called covariant
derivatives of the components of the d-vector field X with respect to the nonlinear

ot

connection N. On a change of local chart, the covariant derivatives
oX' 0w sX"
5t Oxh St

.0
We say that a d-vector field X = X ZW is transported by parallelism, along a curve
x

change by

the rules:

)

X y
+MiX7 =0.

x' = c'(t), if, along this curve, its covariant derivative vanish:

d2¢t . dc? .
e + M;E = 0, that means its

A curve xt = ¢(t), is called autoparallel if
o
tangent vector ’ is transported by parallelism.

2  Submanifolds V, of a structured differentiable manifold (M,,, a};, a;)

Let V' =V}, be a submanifold of the differentiable manifold M, locally defined by
the functions

(2.0) =2, i=1,m, a=1,p, 1<p<m,

which give us a parametrical representation of V' [9]. By the definition of the sub-
manifold, it is assumed that the condition:

i
ou®

is fulfilled. The atlas of the submanifold V' is not necessarily the restriction to V' of
the atlas of M.

(2.07) rank ‘

=D

2.1 Induced frames on V

0
Given a canonical frame by the relations (1.0'), it induces on V the frame ( 3 )
ua

0 0
and on TV the frame (8u“’ 0
Giaxii iiaxia+a¢ia
our  Ou® 9t Qu®  Ou® dx'  Ou® Oit

It is necessary that, on a change of local chart on M and a change of parameters on

) by the formulas:

(2.1)

o 0
V', respectively, the elements of the frame (8“’ 8“) to change by the rules:
ut’ 0u

22 O w9 0t 0 9 _du 9
’ oud  oub due  Oub due’ dudb  owdb due’
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We have:

Lemma 1. The following diagram is commutative:

tor} = {ow)

vl NN v

o) = ()

0 0 dz' 9
— = == = -,
ox*  Ou®  Ouc ot
Lemma 2. The following diagram is commutative:

o) ™ om)

vl NN e

tow = {oe)

: 7] 7] oxt 9 01t 0
Indeed, by (1.0") and (2.2) it follows vahy = hovy : 95 P~ 9ue oa + 95 Da”

Indeed, ’Uzhl = h2U1 :

Thus, we have:

Theorem 1. The frame (1.0") given on TM induces a frame on TV, defined by
(2.1), which change, on a change of local chart on M and of parameters on 'V, by the
rules (2.2).

The frame on T'M induces a dual frame on TV, but it is difficult to define it

0
Qus’ due
its dual frame (du®, du®). We define the last one by the implicit formulas:

directly. Let us consider the induced frame ( ) on TV, we associate to it

ozt | . ot . Ot
= Buadu dz' = auadu + BN

du®.

dzt

)

It is necessary that, on a change of local chart and a change of parameters, the
forms of the frame to change (by hypothesis) by the rules:

ou®

= 5.7 du?, di® = —du

du®

This is proved by:

Lemma 3. The following diagram is commutative:

o h _
dxt &2 dzh

v T NN T2

h _
du® < duc
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oz’
ouc

Lemma 4. The following diagram is commutative:

Indeed, hivy = vihs : du¢ — da® = du‘.

.. h -
dit &= dzh

v T NN T

. h 2~
du® < duc

ozt . oxt .,
95 du‘ + BT du‘.
Let us consider the equations (2.0), which define the submanifold V. The formula:

Indeed, hivy = vihs : di€ — dit =

ozl ,  Oxt

(2:3) 9w = Jua

oy,
where 52 and 6f are the Kronecker’s symbols on M and V respectively, holds.

2.2 Induced d-metric on V

The d-metric, locally given by a}j, of the manifold M, induces a d-metric a(llb on
the submanifold V', by the formula:
L Ox' dad |
Yab = Gua gub i

(2.4)

By the definition, it follows det (o) # 0, Vo € U.
On a change of local chart on M and on V, respectively, we obtain:

L Outoub

(2.5) cd = Hze ogd o’

Qi

This property is proved by:

Lemma 5. The following diagram is commutative:

1 hi 1
Qi —  Opg
vl NN v

1 ha 21

o, — Gy
Ox' 07
_ L1 -1 _ 1
Indeed, we have vohy = hovy : a;; — Ogy = 95° Dl a;j.

The contravariant components a$® of the induced d-metrical tensor can be impli-
citly defined by the formulas:

Ozt Ot
1) ab
(2:6) = Gua gub ™
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Lemma 6. The following diagram is commutative:

a’l o ahk
vl NN Toe
agb Lz ged
cd ij (’)x 81‘] cd

Indeed, we have hive = vihy : &f* — ay =

ouc aud

The components a§® satisfy the relations: agal, = &7.
Indeed, let ai’ be the contravariant components correspondlng to ahk, we have

ox?
aﬁhah] = (51 By contracting each term with the functions Db it follows:
L Oxd ;029 oxt , OxtoxM ., 029 02t . ac,,1 u
al hja _6] Oub = auaéb = u aucal a’hjw = ou O41 Qep = Qp Qg = 61)‘

2.3 Induced d-connection

0 and

Let us consider on the manifold M the d-metric a . and the connection a;j
on its submanifold V' the induced metric a},. The connectlon ay; induces on Va

connection Y, by the formulas:

o Ox' [0x7 ,  0df 1]

= —Q; Q.
= Gy | gub T Gub

(2.7)

Q

such that, on a change of local chart on M and on V respectively, the rules of change:

ou® [oub b
—O 0 1
(28) (‘d 8'&0 8 d ab + 8 d :|

hold. We have:

Lemma 7. The following diagram is commutative:

0 hi  Zo
Ay ——  Gpy
(2.9) vl NN o
ay, RN ady

Indeed, di = voh; and dy = hovy, lead us to the relations: d; = ds : a?j — dgd =
ox' [0x7 o 017 |
— | 2= % T 375 |-
ouc | oud v  oud v
By the Lemmas 5 and 7, it follows:

Theorem 2. The following diagram is commutative:

(alad) =5 (ahy.ad)
(2.10) vyl N\ 1o

(O‘leb’ agb) B) (O_‘édv C_ng)
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Thus, we can associate to the submanifold V' an induced geometry by the geometry
of M.

Given the functions o}, and af;, they define the coefficients (Christoffel symbols
of second type) on V:

(2.11) py = afcag,
which change, on a change of local chart, by the rules:

e esco _ 0u[out 0,
(2.12) g =afal = Ju {Wﬂb + audéb] .

By the relations (2.6) and (2.7), between the metric and the connection on M and

on V, respectively, we will express the relations between the coefficients M ]Z and pp.
These relations will determine pj implicitly, as function of M JZ

Theorem 3. Given the coefficients of connection M; on M, the induced coeffi-
: o : o oa’ a_@iji 8:bjéi
cients uy on 'V are obtained, implicitly, by the formulas: wub = 50 M; + 9000
Indeed, we have:

ozt . Oa

u we o 0z 0" [0x7 o 0%T ]
duet't T Gue 1 Yo T Guat Gue | gub i T b hi
o [Oxd 0%d ord . 9@l .
__ . ih 0 1 _ 7 )
= | Ggp e aub%] = o™i T g%
We have:
Lemma 8. The following diagram is commutative:
i h —h
M; - M;,
vl NN\ e
a ha e
Ky  — Mg
Ot oxi . 9 .
Indeed, by the implicit formula: 8;0 oG = T;M; + 8—;5;, it follows vahy = hovy :

M} — i, which proves the above statement (formula (2.12)).
With help of the metric o}, and the connection a?,, we can build a geometrical
structure on V, called the induced structure of the structure on M.
2.4 Induced adapted frames
On the submanifold V' we define an induced adapted dual frame by the formulas:
Su = du®, §u® = diu® + pfdub.
On a change of parameters, they change by the rules:

oub
ou®

oab

b
ou’ = S

ouc.

su®, o =
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The relation between the adapted dual frame on M and the induced adapted
frame on V is given by the formulas:

sus, §it = 9% su0.

ous

oxt

Szt =
v ous

The induced adapted frame is defined by:

59,9 5D
sut  our Mepad sue T dae

It is obtained by the adapted frame on M by the formulas:

5 or 6 6 or 6
Sue  Out dxt dus  Ous 6it’

On a change of parameters, the vectors of this frame change by the rules:

LIV B R Vo
sub  oub due’ sudb  Oub due’

The tensor of curvature is defined by the brackets:

6 6 ) ous  opg
O 0 = e, where: g6, = He _ OHb.
{W’ W] Pabgger WHOEE Pab = 5b T Sya

, _ , oxh 0z OxI

The relations between R?j and p¢, are given by the relations: %pgb = 50 Db Zhj

On a change of parameters, the components p¢, of the tensor of curvature change
0u® Ou® Oub

T

by the rules: p3, = Dur ouc 9ud et

2.5 The covariant differential operator on V'

Given a function f on M, we associate to it its restriction to V', and by the

d
invariance of the total derivative operator it follows that D : f|,, — Df = d—{ =
g + u® of + 4 of Any vector field X = Xii induces on V a vector field

ot " aue T due o
X, = X:‘{a—, where the functions X{, X¢ = X{(t,x(u), #(u,)), are defined on V
ua

) oz’ 0 0
implicitly, by the relations X* = * X{. We define: Dy = b —, which
ou® ou® Oub
has to satisfy the property: Dn(fX1) = fDn(X1) + D(f)X1. Thus, Dy(X;) =
X3 + utX? i The functions 0Xf _ Xt + u?X? are the covariant deriva
at ) Gua 5t ar e ”

tives of the components X{. A vector is transported by parallelism if the covariant
a

dX
derivatives of its components vanish: p; L4 ufX? = 0. A curve u® = c*(t) is

autoparallel if its tangent vector is transported by parallelism.
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3 Implicit first order differential dynamical systems with
holonomic, scleronomic constraints given by parametric
equations ([9])

An implicit first order differential dynamical system is defined by a function F :
(t,z,%) € R xpy TM — T*M, which is written, in a local chart, as:

F = F; (t,x, &) ds* € T} M.
Its kernel is locally expressed by
KerF = {(t,z,i) € Rx TM |F; (t,x,&)dz" =0} .
Thus, the system of equations:
(3.1) F; (t,z,2) =0

represents the dynamical system.
By the definition, it follows that these functions change, on a change of local chart,
by the rules:

_ox’
- ozh
To the dynamical system given by the equations (3.1) we associate the functions:

1 OF; o OF;
Y= a0 T gai
which change, on a change of local chart of the form (1.0), by the rules (1.1) and (1.2)
respectively.
It follows that the dynamical system (3.1) defines on the space M a geometrical
structure (a d-metric and a d-connection) and thus, we have a geometry.

A solution of the dynamical system (3.1) is built by a set of functions x% = ¢(t)
i

, c
such that they, together with there derivatives ¢ = — transform the equations of
the system in identities: F; (¢t,c(t),¢(t)) = 0.

Let us now consider a dynamical system (3.1), whose equations do not depend
explicitly on time and let % = ¢’(¢) be a solution of it such that: F; (c"(¢),c"(t)) = 0.

(3.2) F F;.

(3.3)

By derivation, these relations lead us to OF; d& + OF; doJ de’ &
ivati i : - — -— = 0. —_— = —
Y ’ , 9@ dt | 9a dt Yoar T a
(3.3) and (1.2), we obtain e + M! de’ 0. Thus, we have
. . Wi P — t— = 0. Wi ve:
’ dt2 7 dt ’

Theorem 4. Any solution of the given system is an autoparallel curve with respect

to the geometrical structure imposed by the system. . 4
dc' LM %
dt? T dt

= 0 and, by contraction with aj,, it follows

Conversely, let 2* = ¢*(t) be an autoparallel curve. The equation =0

dét dc’
can be Writte? in the for@: d—ct—l—azlha%j dfct
OF; d&?  0F,dd  dF; . .
that: 56 dfct 90 dfct == 0. If we integrate, we obtain: F; = C; (constant,
holonomic manifold). For the constants C; = 0 it follows that the autoparallel curves

are solutions of the given system.
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4 TImplicit first order differential dynamical systems with holo-
nomic constraints given by parametric equations

Let us consider a dynamical system (3.1) on a differentiable manifold M and the
submanifold V' of the holonomic constraints imposed to the system, assumed as given
by the parametric equations (2.0) with the condition (2.0").

Thus, the equations of the system with these constraints, lead us to the restriction
of the system to the submanifold V.

The restrictions to V' of the equations of the system given by the kernel of the
function F = F;dz?, defined on R x TM with values in 7% M, are:
oz’

ou?

Fly =F (t,a" (u°), 3" (u*,4")) =—du® = ®,du® = 0.

Ox?
We have: &, = —F; |y = 0. To the system &, = 0 we associate the functions
a

0P,
! and o, = —. On a change of local chart on M and a change of param-

ab = b dub
~ . Al ou® ou® 1
eters on V, these functions change by the rules: &;; = %W‘%ba det (aab) # 0,

ou® [Oub oub

0 _ 0 1 . . .
0oy = BT waab + ﬁaab respectively. These functions represent nothing
1 or; ,  OF;

else but the restrictions of the functions a;; = 957 % = 3y7 of the geometrical
z x

and

structure, to the submanifold V.

Lemma 9. The following diagram is commutative:

[ p— Oz’
vl N\ 1 vz
ho - ou®
o, L2 7,=%Lo,
" oub

Theorem 5. The constraints manifold (on which we find the admissible solutions
of the given system) has as structure the structure of the system reduced to it.
This follows from Lemma 9 and Theorem 4.
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