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Abstract. Since its introduction in [6, 7, 12], the Chern connection asso-
ciated to a second order differential system on a smooth manifold M, has
been studied by several authors; e.g. see [4, 5, 8, 14]. In this work the
Chern connection is presented in a similar way as the Levi-Civita connec-
tion is introduced in Riemannian Geometry, by following the next points:
i) first, a second-order ordinary differential equations system on M is de-
fined as a section o of the canonical projection p?': J?(R, M) — JY(R, M),
ii) the notion of a linear frame of J!(R, M) adapted to o is given and the
set of such frames is seen to be a G-structure P? of the linear frames of
JY(R, M), iii) two characterizations of the Chern connection are given:
the first one as a derivation law on the tangent bundle of J!(R, M) and
the second one as a principal connection on P?. Below, the statements of
the main results of this point of view, are presented, the proofs of which
will be published elsewhere.
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1 Notations

Let p: Rx M - R, p(t,z) =tand p': Rx M — M, p'(t,z) = x, be the natural

projections, M being a connected manifold of class C*° and dim M = n.

We denote by p": J"(R, M) — R the r-jet bundle of C*° maps R — M and the
r-jet prolongation of a curve v: R — M is denoted by j"v: R — J"(R, M).

Moreover, p"¢: J"(R,M) — J*(R, M) for r > s denote the natural projections,
e, (1) = 4i- |

Every coordinate system (z'), 1 < i < n = dim M, on M induces a coordinate
system (¢, 2%, 2%), 1 <k <r, 2} = 2%, on J"(R, M) by setting

: dF (z% o
1’2 (jtTO'Y) = %(to% 1<k<nr
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Nevertheless, for the sake of simplicity, in what follows we also write @? (resp. i*)
instead of z} (resp. x%).
A second-order ordinary differential system

(1.1) it =F'(t,2',4"), F'eC™(J'R,M)),

can be viewed as a section o: J1(R, M) — J?(R, M) of the projection p?! by simply
setting &' o o0 = F*.

The second-order ordinary differential system considered in the original paper by
Chern [7] (also see [6], [12]) is & + F* (¢t,2%,&") = 0, 1 < i < n, instead of (1.1).
Hence, in all the formulas below, F* should be replaced by —F" in order to compare
with the formulas in [7].

Every second-order SODE ¢ defines a vector field X° € X(J(R, M)), called ‘the
dynamical flow’ associated to o (cf. [14]), as follows:

o d )
(X%)e = (4'7)- (m;) . Vee () (),
to
where 7 = 2% 0 7 is the only solution to (1.1) satisfying the initial conditions

V(o) = 2'(§),

d’Yi .
T(to) = (6.

The local expression of the dynamical flow is

0 a0 0

ot oxt oxt’

As is well known (e.g., see [15]), p'®: JY(R, M) — R x M is an affine bundle

modelled over p*TM; in fact, given v € T, M and j}, v € J'(R, M), with y(to) = zo,
then v + ji v = j/ 7' is defined as follows:

X° + F?

1. ’y/(to) = Zo,
2.9 (), =0+ (i) -

to

Hence, the following exact sequence of vector bundles over J!(R, M) holds:

10
(1.2) 0— (p'op'®) ' TM =V (p'°) — T (JY(R, M)) v (p'")*T (R x M) — 0,

where V' (plo) denotes the vector subbundle of p'?-vertical vectors and ¢ is locally
determined by the equation

" (L)L

Given a second-order SODE o, the Lie derivative Lxo.J of the fundamental tensor

W' =dzt — itdt

)
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of J1(R, M) (see [14, formula (1.13)], [4, p. 6620]) with respect to X7 is diagonalizable
with eigenvalues 0, +1, —1, and multiplicities 1, n, n, respectively.
If T°, T*, T~ are the corresponding vector subbundles of eigenvectors, then

T(J'R,M) = T°oT oT",
(1.5) 0 = (X9),
L - o O LOF D
) )
+ oy /Y v
(17) ™ — V(p )_<a¢1,...,a¢n>.

Hence, the epimorphism (p'?), in (1.2) induces an isomorphism
(p'): T T = () T(R x M),
whose inverse mapping determines a section
H: (p10)*T(R x M) — T(J' (R, M)
of (p'?)., defined as follows:
(1.8) Ho =dt®X° +w' @ X7,

and consequently, the exact sequence (1.2) splits; i.e., every tangent vector X in
T(J*(R,M)) can uniquely be written as X = XV + X".
In coordinates,

DN (1452 g 0 (0N 0 1gi0FT
(f’%) _<2m di F)afcf’ (8t> _6t+(F 2 9at ) 9@
o\ _ LOF 9 d h:Xg
ol 2 9zt Oz’ Oxt i

o\ _ 8 o\"
o) it i)

The explicit expression for the curvature form of the splitting H?, i.e.,

K7 e N*T* (JY(R,M)) @ V(p'?),
Ko(X,Y)=[X"Y"]", VXY € X(J'R,M)),

(1.9)

is given by
K7 = —(Prat no! + 3 Tho' nu)

1<J

o2
i’

where w/ is as in (1.4) and the functions T}, P} are the following expressions (cf.
[6, 7, 12]):

Th o 1 PFE - OPFF L1 OFt &*Fk  9F" 9*F*
Uo7 2\ 9rigid 9zi0it | 2\ 93t 9ihoid 949 9ihdii ) )’
‘ OF" OF" OF* oF!
i _  1yo I § -
Fio= % (8i‘j> Oxd 10l 9k

For a geometric interpretation of such functions see [1], [2] and [3].
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2 The reduction P° defined

Proposition 2.1. Let G be the image of the Lie-group monomorphism

t: Gl(n,R) — Gl(2n + 1, R),

1 0 0
t(AN)= 0 A 0 |, VAeGI(nR).
0 0 A

Let m: F(JYR,M)) — JYR,M) be the bundle of linear frames of the manifold
JYR,M). Given second-order SODE o on M, the bundle 7: P° — J*(R, M) of
all linear frames

(X0, X1,...,X2,) € Fe(JU(R,M)), &€ J'(R,M),
such that,
(1) Xo=(X)e,
(ii) The tangent vector X, .; is p'°-vertical for 1 <i < mn,
(iti) X; = (H 0oe™') (Xpyi) for 1 <i<m,

is a G-structure. Moreover, if (U;2%) is a coordinate open domain in M, then the
linear frame

s: JYR,U) — F(JYR,U)),
$(6) = (X, (X0)e, (5%))» 1<i<n €T (RU),

defines a section of P, with dual coframe (dt,wi,wi), 1 <i < n, where

7

o (dz? — d7dt) .

i ogei gy 1
w' = di — Fldt — 550

2.1 Remarks

1. Each G-structure P C F(J*(R, M)) determines a vector field Xp on J(R, M)
by, (Xp)e = Xo € T (JH(R, M)) for every £ € J(R, M), where (Xo, X1, ..., Xon)
is an arbitrary linear frame in P at £. The definition makes sense as Xy is kept
invariant under all the elements in G. A G-structure P is the G-structure asso-
ciated with a second-order SODE if and only if Xp is a dynamical flow.

2. The adjoint bundle of the G-structure 7: P° — J'(R, M) corresponding to a
SODE ¢ on M can be identified to the vector subbundle

adP? C T*(JY(R, M)) @ T(J'(R, M))
of all endomorphisms E: T(JY(R, M)) — T(J' (R, M)) such that,

BE(T%) = {0},
E(T7) C T,
E(T") C T,
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1

and the composition map H? o' conjugates E|,_ and E|,., i.e.,

Elj-0oH%0c ' =H%0c 0 E|,y,

where e, T?, T~, T+, and H? are given in the formulas (1.3), (1.5), (1.6), (1.7),
and (1.8), respectively.

2.2 Reduction to P°

Proposition 2.2. The Chern connection as defined in [7) and [14] is reducible (cf.
(11, p. 81]) to the G-structure P°.

The proof uses the expression of the Chern connection V attached to a SODE o
in the frame

(Xa)2 o= (X7, X7,8/047) ;i,j=1,...,n,

as given in (see [14, Corollary 2.1]), namely,

o o __ o o __ 1 9F) yo o o 19F7 a
Ve X7 =0, VXeX7 = —557X7, X537 = T3 037 4l

o o __ o o __ 1 92Fk o o o 1 92FF 1o}

X;’X =0, X;’Xi T 2094i047 ko X7 029 T T 20947047 9ik >
V7 X7 =0, V7% X7 =0, V7% 52 =0.

it aait Ers

and the criterion given in ([9, Proposition 5.4]).

3 Characterizations of the Chern connection

3.1 First characterization

Theorem 3.1. Given a SODE o on M, there is a unique linear connection V° on
JYR, M) such that,

(1) V9X7 =0.
(2) VoLxoJ =0.

(3) If E°: T(JY(R,M)) — T(J'(R,M)) is E° = J+ H° oe™' o (LxoJ)", then
V?E = 0.

(4) The torsion of V7 is the tensor field T? given by,
(3.1) T‘TZ.K'a—i—dt/\(H"og_lo(anJ)v)7

where K7 is the curvature form of the splitting H® induced by o as defined in
the formula (1.9).

This connection coincides with that defined in [7] and [14].
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3.2 Remarks

1. From the characterization of the adjoint bundle of 7: P — JY(R, M) given in

the second remark of the subsection 2.1 it follows that the first structure tensor
of P7, i.e. (e.g. see [10], [13]),

T7 modalt (T* (J' (R, M)) ® adP?)

in A2T* (JY(R,M)) @ T (J*(R, M)) /alt (T* (J*(R, M)) ® adP?) never van-
ishes and that P? is not 1-integrable.

2. The item (4) in the theorem can be replaced by the following weaker conditions:

TorV |-+ = 0,
He o™t

iXU TOI'VU |T+

3.3 Second characterization

Theorem 3.2. The Chern connection V° attached to a SODE o on M is the only
linear connection on JY(R, M) reducible to the bundle w: P* — JY(R, M) introduced
in Proposition 2.1 whose torsion tensor field is given in the formula (3.1).
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