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Abstract. The paper presents three different geometries of the Gibbs
nonholonomic hypersurface: Vranceanu geometry (Section 2), Dobrescu-
Stamin-Udrigte geometry (Section 3) and Udrigte-Dogaru geometry (Sec-
tion 4). All require to introduce the first and the second fundamental
forms, and to use the derived geometrical objects. The main results in-
clude: the scalar curvature of Gibbs-Vranceanu nonholonomic hypersur-
face reflects a saddle behavior, the Gibbs-Dobrescu-Stamin-Udrigte no-
holonomic hypersurface has positive Gauss-Kronecker curvature and van-
ishing mean curvature, the Gibbs-Udrigte-Dogaru nonholonomic hyper-
surface has a rational scalar curvature.
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1 Gibbs contact structure

The Gibbs contact structure means the triplet
(R®,6ap,0), R® ={(U,T,S,P,V)}, § =dU —TdS + PdV,

where we preserve the names U - internal energy, S - entropy, T - temperature, V
- volume and P - pressure for the independent variables, but none is restricted to
positive values as in thermodynamics.

2 Gibbs-Vranceanu nonholonomic hypersurface

The nonholonomic spaces submersed into a Riemannian space has been introduced
by Vranceanu ([7]) and independently by Horak ([2]) in 1927, with the purpose to
obtain a geometric interpretation of nonholonomic mechanical systems.

Here, we follow the theory of nonholonomic subspaces, as it is exposed in [7], [6].
The Gibbs-Vranceanu (GV) hypersurface is defined by the Pfaff equation

Vit dU — TdS + PdV =0
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and by a co-frame that will be introduced in this Section. For mathematical conve-
nience, we denote the coordinates by

(2.1) 2l =T, 22=8, 23=P 2=V, 25 =U
and rewrite the GV equation as
Vit ds® = da® — 2'da? + 23da* = 0.

The transformation group of Vi is given by the following formula

ds" = clds® + ckds®, (h,k =1,4)
(2.2) ds® = c2ds®,
=0, el =6k, 2 =1.

The intrinsic invariants of nonholonomic hypersurface Vit are ([6], p. 243-244):
the Gibbs-Pfaff equation

(2.3) ds® =0
and the Riemannian metric
(2.4) o = (ds")? + (ds?)” + (ds*)? + (ds*)” mod (ds°) .

The equation (2.3) can be written

(2.5) da® +alde’ =0, (i =1,4).

Thus, by a transformation

ds" = ds" 4 cbds®, h=T,4,i = 1,4,
of the group (2.2), we get

ds" = Mz’ + Noda® + cf (da® + adda?) .

Choosing ¢ = —\!, one can suppose that
(2.6) ds" = (A — \adydat, h=T,4.
Being given the Riemannian metric ds?> = d,,ds%ds® of the space R® and the

equation ds® = dz® + A)da' = 0, i = 1,4, the induced Riemannian metric of Vi :
ds® = 0 is completely determined

ds® = (5aﬁdsadsﬁ, a,f=1,4,

ds? = OapAiN]da'da?
= OapAINIdzTdz" + 20,50 N daPdaY + 5o GAE da® da®
= SapASATda Y dx" + 2005 NS (—A2da®) da” +
FOap AN (—A2da®) (—A\2da®)

(2.7) = (0a8AA] = 2005ASMIN; + agASAIAAT ) da .
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To introduce a suitable co-frame, we select the 1-forms 2.6 as
dst = zlda?,
ds? = z3da?,
ds® = dx® + x*dx® + x3dx?,

ds* = dz® — 22dx’ — x'dx?,

or in matrix language

0 b 0 0
3
\— 0 O1 O4 T
0 T T 0
-2 0 0 —2a3

Then the Riemannian metric of the nonholonomic hypersurface Vi is

ds* = (dsl)2 + (ds2)2 + (ds3)2 + (ds4)2 ds2=0
= (zldm2)2 + (x3d3:4)2 + (xlda:Q + x4dx3)2 + (a:3d1:4 + Q:Zdarl)2
= 2%de" + 228 de? + 2V da® + 207 da? + 22t atdatda® +
+22% 23 dat da?

= gz]dxzdx]a Za] = H,

2% 0 0 a2z
0 20" zlzt 0
(gij) = 14 42
0 rx x 0
x2z? 0 0 23532

If we operate the substitutions (2.1), we recognize that the components g;;, 4,7 = 1,4
are the thermodynamic energies T2, S?, P2, V2, TV, SP.

Reciprocally, starting from the Riemannian metric (g;5), i,j = 1,4, of Vi ds® =
0, we can build an infinity of Riemannian metrics of R,

ds®> = gijda:id:cj + 2gi5dztds® + gs5 (ds5)2
= 2¥de" + 22 da? + 2V da® + 205 da? + 22 2 dx?dad +
+222 23 dat dzt + 2g;5dxt (dw5 —zlda? + xgdx4) +
+g55 (dm5 —zlda? + x?’dfc4)2 ,

where g;5, gs5 : R® — R are arbitrary C°° functions.
Taking now the Lagrange function

I 1 ( dz® dxd dz® ds® ds® ds5>

o \99 A T A T ar

on R x R? x R, where gij = 6nxA['A}, the equations of the geodesics of the space
Vi ds® = da® + A\2dz' = 0 (the Euler-Lagrange equations induced on V¢! : ds® = 0)
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are
d da? dai 1 9gjk da? da® dzd ON} dx*
at (%dt MECET ) T2 0n dt dt Yt ox ot
d dz’ 10gjx da’ da* dz? ON} dx*
Bl Lap

Using the second order Christoffel symbols

i :} i [ O9wk %_ 99k
ik =9 Oxi  Oxk  Oxt )’

we compute the Riemannian tensor

Ri‘kl = F;lvk - F;k’,l + F;’ll ’,L,nk - F;’};Fl ’I:,j, k,l - 1774,

J ml»

where the comma indicates the derivation with respect to the variable whose index
follows the comma ([3]). Finally, the Ricci tensor has the components Rj = R}
explicitly given by
a:Q(xlx2+2x3x4)
o= =
32 4% L 601,238,410 9,12 22
R e

2
(w1w2+z3z4)

Riz = Ra1 = s a2
2 42 2 52
_ _ 223" 2 +7r1r2r3r4+4x1 22
Ry =Ry =— 90 1% 32 53 12 ’
2 42 . 2 52
R _ 7313 2t +8w1w2w3w4+2x1 x>
22 = 2522 32 542 )
32 42 ; 2 52
R23 = R32 = _ 42%"g* +7ztalad et 420t 22

3 53
22122 3% 24 ’

2 42 2 52
. _ 42" 2t +7w1w2$3$4+4x1 22
R24 R42 Sl 22 38 A2 )

zt (2w1m2+m3x4)

Rog = = — e
2 42 2 52
_ _ 223" 24 +6z1m2r3r4+3x1 22
R3y = Ryz = YL ey ;
2 42 2 52
R44 _ 72w3 2t +81112z3m4+3m1 x>

2512 £2% 42
The scalar curvature
2 2 2 2
323 2t 4 3z 2% — dxta?3a?t
2 2 2 2
2l 2% 3% g4

c=g"R;;, c=

reflects a saddle behavior.

3 Gibbs-Dobrescu-Stamin-Udriste noholonomic
hypersurface

Consider again the nonholonomic hypersurface described by the Pfaff equation

Eé cda® — xtda® + 23dat =0,
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in the notations (2.1). To apply the congruences method, as it is described in [1] (p.
398-403), we use the equivalent equation (no singular point)

1 1 3
ds® = —dz® — do? + = dat = 0, Q= V1+z"+z%.

Q Q Q

We add now our co-frame, by associating the Pfaff forms
ds' = TdS,
ds? = PdV,

ds3 = dU + VdP + PdV,
ds* = dU — SdT — TdS,

whose thermodynamic sense is obvious. In general notations, we have

ds' = zlda?,
ds? = z3da?,
ds® = dz® + 2*dx® + 23da?,
ds* = dz® — 2%dz’ — z'da?,

with the associated matrix

0 x! 0O 0 O
0 0 0 22 0
A\ = 0 0 A I |
—2?2 -z 0 0 1
0 _z 0 2z 1
Q Q Q
and its inverse
0 % 0 % &
L0 0 0 0
p=| —x 0 & 0 -
0 % 0 0 0
1 -1 0 0 Q

The first fundamental form of the nonholonomic hypersurface E2 ([1], p. 401) is
given by

I =ds* = §;dr'dr’ = E(wdso‘clsﬁ7 Eup = (5ij,uf¥/ﬂé, ,j=1,5 a,f=1,4.

Explicitly,
Tl -1 —pr O
af x% 0 Z% 0 5
0 = 0 =

respectively

1 1 2 1 1 2 1 2
2 _ 1 2 3
ds = <$12+x42+1>(d8) +<.’E22+$3’2+1>(d8) +’1}42(d8) +
1 4\2 17.2 2 1,3 2 24
+x22 (ds ) —ds ds® — Fds ds® + e ds“ds”™.
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The second fundamental form of the nonholonomic hypersurface E3 ([1], p. 403)

is

o aA? A B
IT = Dypds®ds’, Dos = —axjuwu]ﬂ, ,7=1,5, a,8=1,4
‘We obtain ) .
0 T z1z2Q 0 T z21z2Q
D — ’1'3;4(2 0 7273;4Q 0
of 0 0 0 0
0 0 0 0
and thus
1 )
II = fm [(:c?’x4 — x1x2) dstds® — 23xtdstds* + xledszdss] .
The symmetric part is
s _ l)aﬁ +’l)ﬁa .
- N
1 1 1
L 0 L 4Qxz32% T 2QzTx2 01 T 2QuxTx2
— 2Qz3z% T 4QuxTx?2 01 T 2Qa8zA 0
0 — 10551 0 0
BEenr: 0 0 0
and
77— (3x3m4 — 3x1x2) dzldz? + z3zxtdatde® + 3zta?da?dx® + 223zt dat da?
s 4Qx z2x3 24 '

The curvature of normal section, tangent to a curve C' of the nonholonomic hy-
persurface, is given by ([1], p. 403):

1 Daﬁdsadsﬁ

p  E.pds*ds?’

It follows the Gauss-Kronecker curvature

det I 1
K =00 >0

det — 64Q% (22 + 23 +1)

and the mean curvature H = 0. The nonholonomic hypersurface E2 has no umbilical

point since the system

By Bn Bu_ Bu_

Dy1 Dy Dsz Dy
By _ By _Fu_Fa_Fy _Fa
Di, Dis Diy D3 D33 D3y
Ew Ew Eu En_ En_En

s T DS DS DS DS, Ds.?
1)31 1932 1934 1341 1342 1343

has no solution.



224 Cristina Stamin, Constantin Udrigte

4 Gibbs-Udriste-Dogaru nonholonomic hypersurface

We follow the ideas in [4]. Let D be an open subset in R% and I a compact interval in
R™, m € {1,2}. Consider the Pfaff equation w = w; (z)dx?, i = 1,5, where w; = 0,
wy = —a', w3 =0, wy = 2>, ws = 1.

We say that the integral manifold r : I — D of the Pfaff equation passes through
the point 2g € D if Jug € I such that r(ug) = xzg. We observe that there is always
an infinity of integral curves (the case m = 1) passing through xo. Because the Pfaff
equation is not completely integrable, through zy there can pass integral manifolds of
dimension 2 which have in common only the point xg. We denote by M, the image
of an integral manifold through z( and by ¥, the family of all the images of integral
manifolds through zg. The pair (X, D), where we denoted ¥ = {%,,} is called
nonholonomic hypersurface on D attached to the Pfaff equation.

We can attach to the Pfaff equation and to the point xg € D, the tangent hyper-
plane

zoED”

Quy = {7 € R?| — z{(2® — f) + 2 (a* — z) + 2° — 2} = 0}.

Remark 4.1. The correspondence xyp — Qz, C Ty, D defines a function Q on D
which is a 4—dimensional distribution. A vector field Y belongs to the distribution Q
if Y(x0) € Quy, Yo € D or, equivalently w(Y) = 0 on D. Obviously, for every xg
there exists a neighborhood U of xo and 4 vector fields Y, ..., Y, of class C' on U such
that {Y1(zg), ..., Ya(xo)} is a basis of Hy,. The set {Y1,...,Ya} is called local basis of
distribution Q). The integral manifolds of Pfaff equation are called integral manifolds
of the distribution Q.

The distribution @ is not involutive (i.e. Y,Z € Q and Y, Z of class C! do not
imply [Y, Z] € Q) since the Pfaff equation is not completely integrable.

The quadratic form associated to the identity on @Q,, i.e., the real function v —
(v,v), v € Qq, is called the first fundamental form of the nonholonomic hypersurface
(3, D) at the point o and is denoted by ¢,,. This function is a scalar product (the
restriction to @, of the scalar product on R%). The function g — gu,, To € D is
called the first fundamental form of (¥, D). Taking into account the Pfaff equation,
it appears the Riemannian metric

g = 0;jdx'da’ de =0

= (dx1)2 + (1 + x12> (d;v2)2 + (dm3)2 + (1 + x32) (dx4)2 — 2t 3 da?dat.

Let £ be the unit vector field on D given by m(wl, ...y w5 ), where

lw| = \/w? + ... +wi.

Let My, be the image of a bidimensional integral manifold through z(, admitting the
orthonormal vector fields &1, &2, 3. One of these fields coincides with the restriction
5
of £ to My, if and only if M,, C H,,. If we put the condition > w?(z) = 1, then
i=1
¢ = (w1,...,ws). Let v € H,,. By differentiating the identity (£,&) = 1 with respect
to v we find (D&, &)(xo) = 0 and hence D,§ € H,,. The linear map

Sao t Hyy — Hyy, Szy = —Dy€
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is called the Weingarten map of (X, D) at xy. The geometric meaning of S, can be
deduced from the formula p
D,§ = *é(a(t)) y
dt t=to

where « : I — D is an integral curve passing through zy at the moment t; with the
velocity vector o (tg) = v. Therefore Sy, measures the rate of change of the direction
of ¢ while passing through z along «a(I). Since Q,, is identified to &(a(to))t, Qu,
turns as the normal ¢ turns and thus S;,(v) can be interpreted as a measure of the
turning of Q,, when passing through xy along «(I). Thus S, contains information
about the shape of (X, D) in .

The most important properties of Weingarten map of a nonholonomic hypersurface
are included in the following two theorems ([4], [5]).

Theorem 4.1. Let D be an open set in R™, n > 3 and the Pfaff equation
(@) = 3w @) e = 0, @ = (& ).
i=1

where w; : D — R, i = 1,n are C' functions. Let (X,D) be the nonholonomic

n

hypersurface attached to the Pfaff equation, with Y. w?(x) = 1. Let zg € D and
i=1

v € Hy,. Then, for every integral curve o : I — D with a(ty) = o, o/ (tg) = v the

following relation holds

(a//(t0)7§(1‘0)) - (Sfo (U),’U) .

Theorem 4.2. The Weingarten map Sy, is not self-adjoint, i.e., there exist v,w €
Qu,, Such that

(S (v), w) # (v, S (w)) -

Let Sy, : Qzy — Qq, be the adjoint of S, i.e., the linear map (uniquely) defined
by (S5, (v),w) = (v,84,(w)), Vo,w € Qu,. The matrix of S; with respect to an
orthonormal basis of @, is the transpose of the matrix of S, with respect to that
basis. The linear map 3 (S, + S5, ) is self-adjoint. The quadratic form associated to
this map, i.e., the function

1
Quy : Quo — R, Quy(v) = 3 (Szo(v) + 55, (v),0)

is called the second fundamental form of nonholonomic hypersurface (X, D) at xg.

We observe that Q,,(v) = (&’ (t0),&(z0)) , where o : I — D is an integral curve,
with a(tg) = xo g1 &/ (tg) = v. This quadratic form can be obtained by usual differ-
entiation of the Pfaff form

- Zwi(x)da:i <Z wi(z) = 1)

and then taking the symmetric part, i.e.

o 1 n awi &uj i j
Q= ) Z <8wj + axi) (z)dz"da’.

ij=1
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In general, the second fundamental form of (X, D) is given by

o 3w1 8(4)]' i
= 2||w|| Z ((‘3303 axi) (z)dz'da’.

The second fundamental form of the Pfaff nonholonomic hypersurface is (3, D) is

1
V= e (dxlde — dxsdx4) .
2v1 + 21% 4 23

Particularly, if v € Qu,, ||v]| = 1, then k(v) = Qy,(v) is called the normal curva-
ture of (X, D) at z¢ in the direction v. The extrema of normal curvature are proper
values of the linear map 3 (Swo + SZO) This, being a self-adjoint linear map, admits
real proper values ki (zo), ..., ka(xo) and orthonormal proper vectors ey, ..., e4, which
constitute a basis in @, . The proper values k1(x¢), ..., k4(zo) are called 1iprincipal cur-
vatures of (X, D) at xo, and the proper vectors eq, ..., e4 are called principal directions.
If the principal curvatures are such ordered that ki(xg) < ka(z0) < ks(z0) < ka(zo),
then

max k(v)

llvl=1
max

lv||[=1,vLes

(o)
(o)
ka(zo) = max  k(v)
(o)

lvll=1,vL{es,es}

4 4
Since v = Y (v,e;)e; = > (cosf)e;, we find the Euler formula
i=1 i=1
4
k(v) = Z ki (o) cos? 6;.
i=1

The number

K(’U) = det %C = kl (Io)kg(l’o)kg(l’o)k4(l’o)

is called the Gauss-Kronecker curvature of (£,D) at 9. The function xg — K(zo),
xo € D is called Gauss-Kronecker curvature of (X, D).
The number

4
1 *

H(wo) = try (Sxo +83 Z

is called the mean curvature of (3, D) at xy. The function g — H(xg), ¢ € D is

called the mean curvature of (X, D). The Gauss-Kronecker curvature and the mean
curvature of Gibbs nonholonomic hypersurface (3, D) vanishes.

ﬂk\H
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In this context, using the Christoffel symbol of second order, we calculate the
Riemann tensor and finally we get the Ricci tensor

Rll — _2+3m32+134+112x32
2(1+:r12+:c32)2 ’
Riz = Ro1 =0,
R R z1$3(3+112+z32
13 =R = S e ey
Ris =Ry =0,
R _ —2+x12—w32+$12$32+m14
22 — 2(1+x12+m32 )
Ro3 = R3 = 0,
R R wlw3(2+7;12+w32>
24 — 42 — _Wa
R33 — _2+3x12+m14+zl2m32
2(1+z12+w32)2 ’
R34 = Ry3 =0,
R _ 7271’12+132+x12132+x34
44 = 2(1+9L‘12+7;32) ’

and the scalar curvature
2 a4 2 a2 6 4 2 2 a4 4 2
—10+ 221 2% — 2l 2% 423 — 221 — 623 —8xl + 2% 42l ad

2 (1+ a1 + %)

5 Conclusions

The paper studies three different geometries of Gibbs nonholonomic hypersurface,
namely: Vridnceanu geometry ([7], [6]), Udriste-Dogaru geometry ([4], [5]) and a third
geometry introduced by the authors, combining Dobrescu’s theory ([1]) with Udriste’s
theory ([5]). These include the first and second fundamental forms and their derived
geometric objects.
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