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Abstract. This paper describes the least squares approximations of the
solutions of Maxwell PDEs via their Euler-Lagrange prolongations. We
analyze the problem of best approximation point, i.e., point which achieves
the minimum distance between a fixed point and a closed convex set in a
Hilbert space, in the context of Maxwell theory. Section 1 studies the least
squares Lagrangian determined by Maxwell PDEs and the Euclidean met-
ric. Section 2 analizes least squares Lagrangian determined by Maxwell
and dielectric relaxation PDEs and the Euclidean metric. Section 3 studies
the Lorentzian squares Lagrangian.
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1 Least squares Lagrangian determined by Maxwell PDEs
and the Euclidean metric

Ingredients (see [4]): E = electric field strength, B =magnetic field strength, D =
electric displacement field, H = magnetic displacement field, j = density of electric
current, p = electric charge density.

In the context of vectorial internal variables and relaxation phenomena, the Maxwell
PDEs are

10D 1
tH—fizf i D:
ro Py o div p

10B
rot K — ———=0,divB=0
c Ot

(8 first order PDEs with 12 unknowns = components of the vector fields H, B, E, D).
The least squares Lagrangian determined by the Maxwell PDEs and the Euclidean
metric is (first order Lagrangian, Udrigte-Maxwell Lagrangian, see [5]-[16])

10D 1 10B
2L = H—=-=—"—Zj|? E—=-—|? ivD — p)? iv B)?.
l[rot H — == = —jlI" +[[rot E — = —-||" + (div D — p)° + (div B)
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Using the coordinates, we can rewrite

1 1. 1 1. 1 1.
2L = (H, —HZ -~ EDtl - Ejl)Q‘F(Hzl —H; - ;D?—232)2+(H§—H; - EDE— 233)2

1 1 1
+H(E3 - B2+ EB§)2 + (B! —E3 + 232)2 +(EZ-E)+ EBf’)Q

+(D, + D + D2 — p)* + (B, + B, + B2)*.

This Lagrangian has the following partial derivatives

aaél =0 8815% =0, 38];1 =0
38HLy1 =—(H§—H§—iD§’—ij3),;;; ZH;—H;Q’_%D?_%]Q;
831_51 =0, 681_% =0, aa]_tjg;; =0
861% :B;+B§+B§,§l%:i(EZ_E3+iBt1);
%(E§E§+EB?),C%E;E§+133;
88151 =0, 881% =0, 881% =0
aﬁDLé =D, + Dy + DI —p, 881% :_%(HS—HZQ_%Dg_%jl),

and other relations obtained by cyclic permutations of {1,2,3}. It follows the Euler-
Lagrange PDEs
Theorem The Fuler-Lagrange prolongations of Maxwell PDEs are

. 10 1
AH — grad(divH ) + EamtD + Emt] =0

10 1
grad(divB) — EamtE + C—QB“ =0

10
AE — WE)+ =2 rot B =
grad(divE) + e rot 0

: 10 1 1.
grad(divB - p)—l—;arotH— C—2Dtt— St =0.
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2 Least squares Lagrangian determined by Maxwell and
dielectric relaxation PDEs and the Euclidean metric

In the case that electric currents and electric charges are neglected, the Maxwell PDEs
reduce to

10D
rotH—fa——O divD =0
c Ot
10B
rotE—fa——O, divB = 0.
c Ot

In case we neglect the magnetic relaxation phenomena, we add B = pH. Also, the
PDE for dielectric relaxation ([3, 7, ?]) is

0) < n 5E PE _ NG

oD 02D
D (yy v (2) _
B)? T Xoe) g TXT G

It follows the least squares Lagrangian (second order Lagrangian, Udrigte-Maxwell
Lagrangian)

10D 1B
2L = ||rotH—f—||2—|—H ot B — - =2

+(div D)? + (div B)? + (div H)* + || B — pH||?

) W OE  9E () w 9D (5d°D ,
+||X(ED)E+X E+X( dand 012 X(DE)D_X(DE)E_X o2 H .

Using the coordinates, we can rewrite
. 1 1 1.
2L = (Hy — H? = -Dy)* + (H. = H} — —D})* + (H7 — H, — —D})?
c c c

1 1 1
By — B2+ B+ (BL - B+ B + (B - By + B})°
+(DL+ D2+ D3)? + (BL + B2 + B)? + (H! + H? + H?)?
+(Bl —/,[,Hl)Q + (BQ _MHQ)Q + (BS _MHg)Q

2
(0) 1 (1) OFE" (2)32E1 _ (0) 1 (1) oD! (2)62D1
(o B+ 38y 3 T 3By 2 = T~ 1

2
+< B +x Uy OB | @B w0 o OD? (2)82172)

X(ED) Yo X T2 X(pp)® ~X(pE) 5 ~ X T2
© 3, ) OB 5 0PE® o) 5 o oD%, 9*DP
+<X‘ED)E *Xien) 5 TX 7 g ~Xwn P’ ~Xon g X 5

The Euler-Lagrange PDEs (Euler-Lagrange prolongations of Maxwell and dielectric
relaxation PDEs) are of the form

oL oL ., 0L

- — —_— _— = 0,
A g
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where p®,i = 1,...,12, are the components of the point (H, E, D, B). Firstly,
oL oL OL

- _ Bl _ H1 _ Hl H2 H3 —
ot~ B i) Gy = He - Hy o =0
oL _ 2 1 1 3 oL _ 1 3 2
gy = (2~ Hy = DY), g = ! —Hm—EDt

and consequently the first Euler-lagrange PDE is
10
AH+ ——rot D = —u(B — pH).
2ot D = —u(B — pH)

Secondly,

oL N0 © g1, ) OE' 5 PE
am1 = Xep) \ XEpyE T X(@Ep) 5 XD o2

() 1 (1) oD 9 02D
— X(pryP” = X(pE) ot x® o012
oL oL

1 oL
—— =0,-——=—(E?-E}+ -B}
OEL 7 OE} (Ex y+ct)’aE1

oL _ o (O m W 3E (2)0°E
aEr ~ Xwn) \(Xzoy B Xy g TXT 0

1
:E;—Eg—EBf

() 1 (1) oD 9 02D
— X(pryP” = X(pE) ot —x? o012

oL OF1 02E!
_ (2 (0) 1 (1) (2)
oEL X ( (EpyE" +X +X

X(ED) "g¢ ot?

() 1 (1) oD! 9 8°D
—X(pe)P —X(pm) 5 ot -x" o012

and consequently the second Euler-Lagrange PDE is

10
ivE)— AE + ——rot B
grad(div E) + - 5t rot
(1) (0) (1) (0) (1)
+X(£D) (X<ED)E + Xy B + XP B = X(pm D — X(pm Dr — X(Q)th)
(1) (0) (1) 2 (0) (1) 2
_X(ED) (X(ED)Et + X(ED)'Et2 + X( )Et3 - X(DE)Dt - X(DE)Dt2 — X( )Dta)

+x@ <X(ED)Et2 + XE}‘E)D)Eﬁ“ +x® By — XE(BE)D” — XéBE)DtS — X(z)Dt4) =0.

Similarly, we can write the others equations.
Theorem In case of dielectric relaxation, the Fuler-Lagrange prolongations of
Mazwell PDEs are

10 10
AH + —=rot D = —u(B — pH),  grad(divE) — AE + — =10t B
+xEBD) (XE%)D)E‘FXE” )Et +xPE,. — E ) )D X'p (1) )Dt (2)Dt2)
(0) (1) (0) (1)
_X(ED) (X(ED Et + X(ED)Et2 + X(Q)Et‘5 — X(DE)Dt — X(DE)Dt2 — X(Q)Dﬁ)
(©
X(E

+x? ( )D)Et2 + XE!‘E)D)Et3 +xPEu — XED)E)D XEBE)Dﬁ _ X(2)Dt4> =0, etc.
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3 Lagrangian determined by Maxwell PDEs and the Lorentzian
metric

Let us extend the previous theory to an invariant one with respect the Lorentz trans-
formations. For that we use the covariant formulation of Maxwell PDEs. Ingredients:
- the coordinates z® € {ct, z,y, z} and the differential operators

() = (@@ ™)

ds® = gagdalco‘davﬁ7 (gap) = diag (—1,1,1,1);

- the Lorentzian metric

- the four-current (j%) = (cp, J ), where p is the charge density and J is the current
density;

- the covariant components of the electromagnetic tensor (a rank-2 covariant an-
tisymmetric tensor combining the electric and magnetic fields)

0 —E./c —E,/c —E./c

o Ez/c 0 BZ _By .
(Fap) = E,/c —B. 0 B, ’
E./c B, -B, 0

- the covariant components of the electromagnetic tensor (the result of raising its
indices)
0 E./c Ey/c E./c
~E.Jce 0 B. -B,

1227 j27e3 vB —
(7 )_<g g F‘“‘*)‘ ~E,Je —-B. 0 B,
~E.Jc B, -B, 0
Properties:
1) Fop = —Fp, (antisymmetry),
2) six independent components,
L 5 =0
3) det(Fug) = (B, B2,
4) the Lorentz invariant F,zF*’ = 2(B% — ¢ 2E?),
5) the pseudoscalar invariant e, g5 F*°F7 = ,(B" E), where €436 is the com-
c
pletely antisymmetric unit pseudotensor of the fourth rank or the Levi-Civita symbol,

€o123 = 1.
In the Lorentzian context, the Maxwell PDEs are written in terms of four-vectors
and tensors in the manifestly covariant form,

411,[3 _or? o OFap  OFp  OFa
c Oxe’ oz Ox™ 0z~

These PDEs and the Lorentzian metric determine the Lorentzian squares Lagrangian
(Udrigte-Lorentz-Maxwell Lagrangian)

1 OFP  Am OF  Ar
I == _ AT .3 AT s
2%5(830“ cj>(8x7 c‘]>
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1 aX Bu v aFaﬂ aFﬂv 8Fw aFAu aF;w OF,\
+29 g9 oz + Ox™ + Ozh oxv + oz + Ozt

1 OF 4 OF 4
L == ay B af  ET X vT op To AT .,
29>\u (g g O c J g g Ozv - J

1 ax o0 o <8Fa5 L0 aFm) (BFA,, O E)FM)

or

+§g g9 oz Oz~ oxh ozv oz OxH

which is invariant with respect the Lorentz transformations. The Euler-Lagrange
PDEs (Euler-Lagrange prolongations of Maxwell PDEs) are of the form

oL
D§87F =0,¢=1,2,3,4, er € {12,13,14, 23,24, 34},
a €T
0z
where
oL ay B e ( vn ouOFno 4w
aaiFe-r =gxu9 g 5&6667'67 g g W - ?J
Oxt

+ga>\gﬁug'w (5065[3755 + 5[35577—52 + &Yeda‘rég) (8F/\u + 8F;w 8Fy/\> )

oz” oz * oxH

Finally, we find

Theorem. In case of Lorentzian squares Lagrangian, the Euler-Lagrange prolonga-
tions of Mazxwell PDEs are the second order PDEs

OF, 4T
678, D vy gopYlne S
e Y Y (g g 8.1‘1’ c )

+

8F>\H 6FHV 8F1/)\ -0
oz” Oz ozt )

+ga>\gﬁug’yy (5a66ﬁTD’y + 5ﬁ66’yTDa + (S’ye(soz'rD@) (

Remark. The previous theory can be connected to multitime maximum principle,
using the ideas in [13]-[16].
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