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Abstract. This paper describes the least squares approximations of the
solutions of Maxwell PDEs via their Euler-Lagrange prolongations. We
analyze the problem of best approximation point, i.e., point which achieves
the minimum distance between a fixed point and a closed convex set in a
Hilbert space, in the context of Maxwell theory. Section 1 studies the least
squares Lagrangian determined by Maxwell PDEs and the Euclidean met-
ric. Section 2 analizes least squares Lagrangian determined by Maxwell
and dielectric relaxation PDEs and the Euclidean metric. Section 3 studies
the Lorentzian squares Lagrangian.
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1 Least squares Lagrangian determined by Maxwell PDEs
and the Euclidean metric

Ingredients (see [4]): E = electric field strength, B =magnetic field strength, D =
electric displacement field, H = magnetic displacement field, j = density of electric
current, ρ = electric charge density.

In the context of vectorial internal variables and relaxation phenomena, the Maxwell
PDEs are

rotH − 1
c

∂D

∂t
=

1
c
j, div D = ρ

rotE − 1
c

∂B

∂t
= 0, div B = 0

(8 first order PDEs with 12 unknowns = components of the vector fields H,B, E,D).
The least squares Lagrangian determined by the Maxwell PDEs and the Euclidean

metric is (first order Lagrangian, Udrişte-Maxwell Lagrangian, see [5]-[16])

2L = ||rot H − 1
c

∂D

∂t
− 1

c
j||2 + ||rot E − 1

c

∂B

∂t
||2 + (div D − ρ)2 + (div B)2.
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Using the coordinates, we can rewrite

2L = (H3
y −H2

z −
1
c
D1

t −
1
c
j1)2 +(H1

z −H3
x−

1
c
D2

t −
1
c
j2)2 +(H2

x−H1
y −

1
c
D3

t −
1
c
j3)2

+(E3
y − E2

z +
1
c
B1

t )2 + (E1
z − E3

x +
1
c
B2

t )2 + (E2
x − E1

y +
1
c
B3

t )2

+(D1
x + D2

y + D3
z − ρ)2 + (B1

x + B2
y + B3

z )2.

This Lagrangian has the following partial derivatives

∂L

∂H1
= 0,

∂L

∂H1
x

= 0,
∂L

∂H1
t

= 0

∂L

∂H1
y

= −(H2
x −H1

y −
1
c
D3

t −
1
c
j3),

∂L

∂H1
z

= H1
z −H3

x −
1
c
D2

t −
1
c
j2;

∂L

∂B1
= 0,

∂L

∂B1
y

= 0,
∂L

∂B1
z

= 0

∂L

∂B1
x

= B1
x + B2

y + B3
z ,

∂L

∂B1
t

=
1
c
(E3

y − E2
z +

1
c
B1

t );

∂L

∂E1
= 0,

∂L

∂L1
x

= 0,
∂L

∂E1
t

= 0

∂L

∂E1
y

= −(E2
x − E1

y +
1
c
B3

t ),
∂L

∂E1
z

= E1
z − E3

x +
1
c
B2

t ;

∂L

∂D1
= 0,

∂L

∂D1
y

= 0,
∂L

∂D1
z

= 0

∂L

∂D1
x

= D1
x + D2

y + D3
z − ρ,

∂L

∂D1
t

= −1
c
(H3

y −H2
z −

1
c
D1

t −
1
c
j1),

and other relations obtained by cyclic permutations of {1, 2, 3}. It follows the Euler-
Lagrange PDEs

Theorem The Euler-Lagrange prolongations of Maxwell PDEs are

∆H − grad(divH) +
1
c

∂

∂t
rotD +

1
c
rot j = 0

grad(divB)− 1
c

∂

∂t
rotE +

1
c2

Btt = 0

∆E − grad(divE) +
1
c

∂

∂t
rotB = 0

grad(divB - ρ) +
1
c

∂

∂t
rotH − 1

c2
Dtt − 1

c2
jt = 0.
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2 Least squares Lagrangian determined by Maxwell and
dielectric relaxation PDEs and the Euclidean metric

In the case that electric currents and electric charges are neglected, the Maxwell PDEs
reduce to

rotH − 1
c

∂D

∂t
= 0, div D = 0

rot E − 1
c

∂B

∂t
= 0, div B = 0.

In case we neglect the magnetic relaxation phenomena, we add B = µH. Also, the
PDE for dielectric relaxation ([3, ?, ?]) is

χ
(0)
(ED)E + χ

(1)
(ED)

∂E

∂t
+ χ(2) ∂

2E

∂t2
= χ

(0)
(DE)D + χ

(1)
(DE)

∂D

∂t
+ χ(2) ∂

2D

∂t2
.

It follows the least squares Lagrangian (second order Lagrangian, Udrişte-Maxwell
Lagrangian)

2L = ||rotH − 1
c

∂D

∂t
||2 + ||rot E − 1

c

∂B

∂t
||2

+(div D)2 + (div B)2 + (div H)2 + ||B − µH||2

+||χ(0)
(ED)E + χ

(1)
(ED)

∂E

∂t
+ χ(2) ∂

2E

∂t2
− χ

(0)
(DE)D − χ

(1)
(DE)

∂D

∂t
− χ(2) ∂

2D

∂t2
||2.

Using the coordinates, we can rewrite

2L = (H3
y −H2

z −
1
c
D1

t )2 + (H1
z −H3

x −
1
c
D2

t )2 + (H2
x −H1

y −
1
c
D3

t )2

+(E3
y − E2

z +
1
c
B1

t )2 + (E1
z − E3

x +
1
c
B2

t )2 + (E2
x − E1

y +
1
c
B3

t )2

+(D1
x + D2

y + D3
z)2 + (B1

x + B2
y + B3

z )2 + (H1
x + H2

y + H3
z )2

+(B1 − µH1)2 + (B2 − µH2)2 + (B3 − µH3)2

+
(

χ
(0)
(ED)E

1 + χ
(1)
(ED)

∂E1

∂t
+ χ(2) ∂

2E1

∂t2
− χ

(0)
(DE)D

1 − χ
(1)
(DE)

∂D1

∂t
− χ(2) ∂

2D1

∂t2

)2

+
(

χ
(0)
(ED)E

2 + χ
(1)
(ED)

∂E2

∂t
+ χ(2) ∂

2E2

∂t2
− χ

(0)
(DE)D

2 − χ
(1)
(DE)

∂D2

∂t
− χ(2) ∂

2D2

∂t2

)2

+
(

χ
(0)
(ED)E

3 + χ
(1)
(ED)

∂E3

∂t
+ χ(2) ∂

2E3

∂t2
− χ

(0)
(DE)D

3 − χ
(1)
(DE)

∂D3

∂t
− χ(2) ∂

2D3

∂t2

)2

.

The Euler-Lagrange PDEs (Euler-Lagrange prolongations of Maxwell and dielectric
relaxation PDEs) are of the form

∂L

∂pi
−Dα

∂L

∂pi
α

+ D2
αβ

∂L

∂pi
αβ

= 0,
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where pi, i = 1, ..., 12, are the components of the point (H,E, D,B). Firstly,

∂L

∂H1
= −µ(B1 − µH1),

∂L

∂H1
x

= H1
x + H2

y + H3
z ,

∂L

∂H1
t

= 0

∂L

∂H1
y

= −(H2
x −H1

y −
1
c
D3

t ),
∂L

∂H1
z

= H1
z −H3

x −
1
c
D2

t

and consequently the first Euler-lagrange PDE is

∆H +
1
c

∂

∂t
rot D = −µ(B − µH).

Secondly,
∂L

∂E1
= χ

(0)
(ED)

(
χ

(0)
(ED)E

1 + χ
(1)
(ED)

∂E1

∂t
+ χ(2) ∂

2E1

∂t2

− χ
(0)
(DE)D

1 − χ
(1)
(DE)

∂D1

∂t
− χ(2) ∂

2D1

∂t2

)

∂L

∂E1
x

= 0,
∂L

∂E1
y

= −(E2
x − E1

y +
1
c
B3

t ),
∂L

∂E1
z

= E1
z − E3

x −
1
c
B2

t

∂L

∂E1
t

= χ
(1)
(ED)

(
χ

(0)
(ED)E

1 + χ
(1)
(ED)

∂E1

∂t
+ χ(2) ∂

2E1

∂t2

− χ
(0)
(DE)D

1 − χ
(1)
(DE)

∂D1

∂t
− χ(2) ∂

2D1

∂t2

)

∂L

∂E1
tt

= χ(2)

(
χ

(0)
(ED)E

1 + χ
(1)
(ED)

∂E1

∂t
+ χ(2) ∂

2E1

∂t2

− χ
(0)
(DE)D

1 − χ
(1)
(DE)

∂D1

∂t
− χ(2) ∂

2D1

∂t2

)

and consequently the second Euler-Lagrange PDE is

grad(divE)−∆E +
1
c

∂

∂t
rot B

+χ
(1)
(ED)

(
χ

(0)
(ED)E + χ

(1)
(ED)Et + χ(2)Et2 − χ

(0)
(DE)D − χ

(1)
(DE)Dt − χ(2)Dt2

)

−χ
(1)
(ED)

(
χ

(0)
(ED)Et + χ

(1)
(ED)Et2 + χ(2)Et3 − χ

(0)
(DE)Dt − χ

(1)
(DE)Dt2 − χ(2)Dt3

)

+χ(2)
(
χ

(0)
(ED)Et2 + χ

(1)
(ED)Et3 + χ(2)Et4 − χ

(0)
(DE)Dt2 − χ

(1)
(DE)Dt3 − χ(2)Dt4

)
= 0.

Similarly, we can write the others equations.
Theorem In case of dielectric relaxation, the Euler-Lagrange prolongations of

Maxwell PDEs are

∆H +
1
c

∂

∂t
rotD = −µ(B − µH), grad(div E)−∆E +

1
c

∂

∂t
rotB

+χ
(1)
(ED)

(
χ

(0)
(ED)E + χ

(1)
(ED)Et + χ(2)Et2 − χ

(0)
(DE)D − χ

(1)
(DE)Dt − χ(2)Dt2

)

−χ
(1)
(ED)

(
χ

(0)
(ED)Et + χ

(1)
(ED)Et2 + χ(2)Et3 − χ

(0)
(DE)Dt − χ

(1)
(DE)Dt2 − χ(2)Dt3

)

+χ(2)
(
χ

(0)
(ED)Et2 + χ

(1)
(ED)Et3 + χ(2)Et4 − χ

(0)
(DE)Dt2 − χ

(1)
(DE)Dt3 − χ(2)Dt4

)
= 0, etc.
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3 Lagrangian determined by Maxwell PDEs and the Lorentzian
metric

Let us extend the previous theory to an invariant one with respect the Lorentz trans-
formations. For that we use the covariant formulation of Maxwell PDEs. Ingredients:

- the coordinates xα ∈ {ct, x, y, z} and the differential operators
(

∂

∂xα

)
=

(
∂

∂(ct)
,∇

)
;

- the Lorentzian metric

ds2 = gαβdxαdxβ , (gαβ) = diag (−1, 1, 1, 1);

- the four-current (jα) = (cρ, ~J), where ρ is the charge density and ~J is the current
density;

- the covariant components of the electromagnetic tensor (a rank-2 covariant an-
tisymmetric tensor combining the electric and magnetic fields)

(Fαβ) =




0 −Ex/c −Ey/c −Ez/c
Ex/c 0 Bz −By

Ey/c −Bz 0 Bx

Ez/c By −Bx 0


 ;

- the covariant components of the electromagnetic tensor (the result of raising its
indices)

(F µν) =
(
gµαgνβFαβ

)
=




0 Ex/c Ey/c Ez/c
−Ex/c 0 Bz −By

−Ey/c −Bz 0 Bx

−Ez/c By −Bx 0


 .

Properties:
1) Fαβ = −Fβα (antisymmetry),
2) six independent components,

3) det(Fαβ) =
1
c2

( ~B, ~E)2,

4) the Lorentz invariant FαβFαβ = 2( ~B2 − c−2 ~E2),

5) the pseudoscalar invariant εαβγδF
αβF γδ =

4
c
( ~B, ~E), where εαβγδ is the com-

pletely antisymmetric unit pseudotensor of the fourth rank or the Levi-Civita symbol,
ε0123 = 1.

In the Lorentzian context, the Maxwell PDEs are written in terms of four-vectors
and tensors in the manifestly covariant form,

4π

c
jβ =

∂Fαβ

∂xα
, 0 =

∂Fαβ

∂xγ
+

∂Fβγ

∂xα
+

∂Fγα

∂xβ
.

These PDEs and the Lorentzian metric determine the Lorentzian squares Lagrangian
(Udrişte-Lorentz-Maxwell Lagrangian)

L =
1
2
gβδ

(
∂Fαβ

∂xα
− 4π

c
jβ

)(
∂F γδ

∂xγ
− 4π

c
jδ

)
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+
1
2
gαλgβµgγν

(
∂Fαβ

∂xγ
+

∂Fβγ

∂xα
+

∂Fγα

∂xβ

)(
∂Fλµ

∂xν
+

∂Fµν

∂xλ
+

∂Fνλ

∂xµ

)

or
L =

1

2
gλµ

(
gαγgβλ ∂Fαβ

∂xγ
− 4π

c
jλ

) (
gντgσµ ∂Fτσ

∂xν
− 4π

c
jµ

)

+
1

2
gαλgβµgγν

(
∂Fαβ

∂xγ
+

∂Fβγ

∂xα
+

∂Fγα

∂xβ

) (
∂Fλµ

∂xν
+

∂Fµν

∂xλ
+

∂Fνλ

∂xµ

)
,

which is invariant with respect the Lorentz transformations. The Euler-Lagrange
PDEs (Euler-Lagrange prolongations of Maxwell PDEs) are of the form

Dξ
∂L

∂
∂Fετ

∂xξ

= 0, ξ = 1, 2, 3, 4, ετ ∈ {12, 13, 14, 23, 24, 34},

where

∂L

∂
∂Fετ

∂xξ

= gλµgαγgβλδαεδβτδξ
γ

(
gνηgσµ ∂Fησ

∂xν
− 4π

c
jµ

)

+gαλgβµgγν
(
δαεδβτδξ

γ + δβεδγτδξ
α + δγεδατδξ

β

) (
∂Fλµ

∂xν
+

∂Fµν

∂xλ
+

∂Fνλ

∂xµ

)
.

Finally, we find
Theorem. In case of Lorentzian squares Lagrangian, the Euler-Lagrange prolonga-
tions of Maxwell PDEs are the second order PDEs

δγ
ε δµτDγ

(
gνηgσµ ∂Fησ

∂xν
− 4π

c
jµ

)

+gαλgβµgγν (δαεδβτDγ + δβεδγτDα + δγεδατDβ)

(
∂Fλµ

∂xν
+

∂Fµν

∂xλ
+

∂Fνλ

∂xµ

)
= 0.

Remark. The previous theory can be connected to multitime maximum principle,
using the ideas in [13]-[16].
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[5] C. Udrişte, Nonclassical Lagrangian dynamics and potential maps, Conference
in Mathematics in Honour of Professor Radu Roşca on the occasion of his 90-
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[6] C. Udrişte, Solutions of ODEs and PDEs as potential maps using first order La-
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[12] C. Udrişte, M. Postolache, I. Ţevy, Integrator for Lagrangian dynamics, Balkan
J. Geom. Appl. 6, 2 (2001), 109-115.
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