Subharmonic morphisms

Vasile Arsinte

Abstract. In this paper we will introduce the notions of subharmonic
morphisms and subharmonic maps on Riemannian manifolds in a natural
way, based on notions of harmonic morphisms and harmonic maps. Our
original results include comparisons between definitions and properties of
harmonic maps, harmonic morphisms, subharmonic maps, subharmonic
morphisms and semi-conformal maps.

Section 1 recalls the definition of harmonic morphisms. Section 2 intro-
duces the tension field and studies the harmonic maps. Section 3 gives
properties of subharmonic maps. Section 4 studies similar properties for
semi-conformal maps. Section 5 includes original results regarding the
theory of subharmonic morphisms.

M.S.C. 2010: 58G32, 60J65, 5820, 53C50.
Key words: harmonic morphism, tension field, harmonic map, subharmonic map,
semi-conformal map.

1 Harmonic morphisms

There are many equivalent definitions of harmonic morphisms on Riemannian mani-
folds (see [1]-[23]).
Let (M, g) and (N, h) be two Riemannian manifolds.

Definition 1.1. (with subharmonic functions) A smooth differentiable map
v:(M,g) — (N,h) is called a harmonic morphism if it pulls back local subharmonic
functions to local subharmonic functions.

More exactly, if ¢ : M — N is a smooth map between two Riemannian manifolds,
@ is called harmonic morphism, if, for any subharmonic function f : V' — R, where
V is an open subset of N with ¢ ~1(V) # & | the composition f o ¢ is a subharmonic
function on ¢~(V), where

M> ¢ (V) 5 V(CcN) -5 R,

or it pulls back germs of subharmonic functions in germs of subharmonic functions.
We shall prove the following
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Theorem 1.1. Let ¢ : (M,g) — (N,h) be a smooth map. Then the following state-
ments are equivalent: (i) the map ¢ is a harmonic morphism; (ii) ¢ pulls back local
harmonic functions to local harmonic functions (or pulls back germs of harmonic func-
tions to germs of harmonic functions); (iii) ¢ is a semi-conformal harmonic map; (iv)
© is a semi-conformal map whose local components in harmonic local coordinates on
the second manifold are harmonic functions.

Remark 1.1. The definition (iii) seems to be the most important for developing
the theory of harmonic morphisms. It links the definition (ii) of Constantinescu and
Cornea ([2], [3]) to that of Fuglede ([10]-[12]) and of Ishihara ([14]). The definition
(iv) is based on the idea of local components in harmonic local coordinates.

2 Tension field and harmonic maps

We start with notations and some introductory notions. We use two smooth Rieman-
nian manifolds (M,g) and (N, h) (connected, compact, orientable, without bord, if
not explicitly consider otherwise). In local coordinates, we consider (U, ¢) a local sys-
tem of coordinates around the point p € U, where U is an open set in the manifold M
and ¢ : U — R™ is smooth, ¢ = (2}, ...,2™),2° : U - R,i=1,....m. Let o : M — N
be a smooth map, between two smooth differentiable manifolds, and (V) a local
coordinates system around the point ¢ = ¢(p) € p(U), o(U) C V, where V is an open
set in N and ¢ : V — R" is smooth, ¢ = (y*,...,y"),y* : V - Ra=1,..,n. We
define the local components ¢ of ¢, by

d
o ify'*wlU U —-R, (09" = (@) =voply : U =R, y=1,..,n.

The local representation of dy in the neighborhood of p € M, is ¢ = %ﬁ? ,i=1,..,m, so

that dp, (a% p> =¥ (p) gow s Since o = 927 U— R, we find dp =21°02) 2

oy™ ozt * ozt Oy~
= @?%. The matrix (¢%) is the Jacobian of ¢ relative to the given coordinate sys-
tems.

For a smooth map ¢ : (M, g) — (N, g), between two Riemannian manifolds, the
bundle E = T*M ® ¢ 'TN — M has a connection ¥V, induces by the Levi-Civita
connection VM on M and the pull-back connection V¥ of the bundle ¢~ !TN — M,
in turn induced by the Levi-Civita connection on N.

Definition 2.1. (second fundamental form of a map) The covariant differential
B(e) "2 EV(dp) € C®(O*T*M @ ¢ 'TN)

is called the second fundamental form of the application ¢.

The second fundamental form of an application ¢ is a 2-covariant tensor field ([6]),

B:C®(M,N) — C®(*T*M @ ¢ 'TN) c C*(T*M @ T*M @ ¢ 'TN)
Blg) : C=(I* M) @ C=(T* M) — O (™' TN).

If XY € C°(TM), then
(2.1) EYdp(X,Y) = (FVXd@)Y = V4 (dp(Y)) — dp(VAY).
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In local coordinates (U, (z!,..,2™)) at p € M and (V, (y!,...,y")) at ¢ = p(p) €
©(U) CV on N, we have

o 0 )
(FVdp)iy = "Vde <axi ’ ay‘) i g

where the symbol ; means the partial covariant derivative of second order, given by

el = (FV(dg)] = (FVde™),, + T 5000,

Consequently
("Vdp)i; = ("V(dp)] =
(2.2) . !
3 P g 097 o 0p* 9%\ 9
OxidxI Y Ok B gxi Qxd ) Oy’

Here gffj are the Christoffel symbols of (M, g), respectively hFlﬁ of (N, h), relative
to the chosen local coordinates. We observe that this formula show that ©Vdyp is
symmetrical.

If we choose local normal coordinates, the Christoffel symbols 91"% and "T zﬁ
vanish at the centers of local coordinates and the last formula becomes

n n 82 Y o
5 o E v _ v__9
(2.3) ("Vde)i; =Y (“V(dp)] 2 Gt Gy

y=1

Let {e;}be a local orthonormal frame for the tangent bundle TM of M.

Definition 2.2. (tension field) Given a smooth application ¢ : (M, g) — (N, h)
between two smooth Riemannian manifolds, the trace, relative to the metric g, of

the second fundamental form, Tracerd@ = Z EVdy(e;, e;) n:(’tT(go) is called the
i=1
tension field of .

- 0,
Remark 2.1. For an 1-form 6, we define divf = g% (g ; — Ffj9k>. If we put 6 =
x

de, then 7(¢) = divdp = —d*dp € C*°(p~1TN) is a section of the pull-back bundle.
This section defines the Euler-Lagrange operator 7 : C*°(M,N) — C>(¢~'TN),
which is an elliptic linear self-adjoint operator of second order.

From (2.1) we obtain the formula

m

(2.4) () = D _(VZ (dp(es) — dp(Ve)).

i=1

This formula simplifies at « € M, if we choose an orthonormal frame {e;} on the
bundle T'M, with Vﬂf e; = 0 at . Such frame is achieved by parallel translation at
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x of an orthonormal frame along geodesics starting from z and is called normal or
adapted frame. ([1], p.71).

For a smooth differentiable function f : M — R and an orthonormal frame {e;}
on the bundle T'M, we obtain

7(f) = Trace®Vdf = i Evdf(ei,e) = i[vi (df(e;) —df (Ve =
im1 =1

Z (eilei(f)) — (VYe:) f] Zg(VZ{gradf, e;) =
i=1 i=1

. 02 0?
= dlv(gradf) = 673;2 + e + axizf = Agf
1 m

Since 7(p) = traceg Zgij (PV(de));; | = g7 (PV(dy))i;, the contravariant
1,7
components of the tension field in local coordinates at ¢(x), on N, are

69004 890 hF’Y —
oxi Oz of

T(p)? = traceg [ > g7 (PV(d))]; | = 9] + g
4,7

= Ay + g(grady®, grady”)"T7

ie.,
(2.5) ()7 = Agp" + g(grade®, gradp”) ("T7 5 0 ),
where

ottt} A 0% N 2l
2.6 Ay =gy = _gpk Z¥ ) i 2P isgpk '
(2:6) 9¥ 97 % g (3x Qg * 81:’“) g 0zi0zrI g "7 Ok
It follows

21 e ®) = A )+ w2

(2.8) T()@) € TowN,  (0) =7()' 55

We choose local norm_a_d coordinates centered at p € M and, respectively at g =
¢(p). We have g;(p) = 6, 9T5;(p) = 0, "'} 5(#(p)) = 0. Therefore, we obtain

(29) -y 7 e ®) =207 0) =7()@), 1<ysn
=1
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So, only at the centers p and ¢ = p(p), of the two local normal coordinates systems,
we get the formula

7] 0

(2.10) () (p) = T(@)”(P)Tm = (Ag¢”)(p)877~

In general, 77(p) = Agp? + g(gradgoa,gradapﬂ)f‘lﬁ, while 7(¢7) = A7, since 7 is
a function, and

32907 g 097
Dge" =gl = 9" 5m s =97 T

cf. (2.6).

Definition 2.3. (differential-geometric definition of harmonic map, [1]-[23])
A smooth map ¢ : (M, g) — (N, h) is called harmonic if its tension field vanishes on
M, i.e.,

(2.11) T(p) = 0.

The equation (2.11) is called the tension field equation or the harmonic equation.
In local coordinates, from (2.5), the harmonic equation is a system of semilinear
second order partial differential equations of elliptic type,

9™ dp”
o i 2r = =

(2.12) () =Agp? + g Dt D I‘aﬁ—O7 vy=1,...,n
In other words, a smooth map between Riemannian manifolds is a harmonic map if
the local components of the tension field vanishes simultaneously.

Note that this definition extends to non-degenerate semi-Riemannian manifolds.

Remark 2.2. In normal coordinates, at p € M and ¢ = ¢(p) € N, from (2.9), the
function ¢ is a harmonic map, if for any (V)(p,q) € M x N, g = ¢(p),

9? <p'Y
(0x%)?

i=1

(2.13) —A,0(p) =0, 1<y<n

i.e. o satisfies the Euclidean-Laplace equations at p ([6]).

3 Subharmonic Maps

We give two equivalent definitions of a subharmonic map that is

1. A differential-geometric definition, as a differentiable map, with positive values
of the local components of its tension field, at the centers of the local coordinates;

2. The extended definition of Ishihara ([14]), as a differentiable map which pulls-
back germ of certain convex functions to germs of subharmonic functions.

Definition 3.1. (differential geometric definition of subharmonic map) A
differential smooth map between Riemannian manifolds is called a subharmonic map
if the local components of the tension field are positive, i.e.,

(3.1) (Mpe M, 77(p)(p) 20, (V)y=1,...,n
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Similarly are defined the superharmonic map, the strict subharmonic map and the
strict superharmonic map.
In normal coordinates, at p € M, this means (Ay¢")(p) >0, v=1,...,n, ie.

(3.2) > (

ol
5oz () 2 0
i=1

and it is a superharmonic map, if, for any p € M, in normal coordinates centered at
b,
(Age")(p) <0, y=1,...,n.

If the inequalities are strict, we say that ¢ is a strict subharmonic map, respectively
a strict superharmonic map.
Obviously we have the following equivalent definition of the harmonic map:

Definition 3.2. (definition of harmonic map) A differential smooth map between
Riemannian manifolds is a harmonic map if it is simultaneously a subharmonic map
and a superharmonic map.

We can also give another equivalent definition of subharmonic map,

Definition 3.3. (first extended Ishihara definition of subharmonic maps)
A differential smooth map ¢ : (M,g) — (N, h) is a subharmonic map if and only if,
for any p € M, (U, ) local coordinates centered at p and (V,%) local coordinates
centered at ¢ = ¢(p), ¢(U) C V, it pulls back local convex functions f : V — R, such
that %(gp(p)) >0, (V)y=1,...,n, to local subharmonic functions.
Y

Definition 3.4. (second extended Ishihara definition of subharmonic maps)
A differential smooth map ¢ : (M, g) — (N, h) is a subharmonic map, if and only
if, for any p € M, (U, ¢) local coordinates centered at p and (V, ) local coordinates
centered at ¢ = ¢(p), p(U) C V, pulls back local concave functions f : V — R, such

that W(gp(p)) <0, (V)y=1,...,n, to local superharmonic functions.
Y

4 Semi-conformal maps

Definition 4.1. (semi-conformal map) A differential smooth map ¢ : (M,g) —
(N, h) is called semi-conformal at x € M, if one of the following equivalent statements
is true:

1. dp, =0

2. dy, maps the orizontal subspace H, = (Kerdapm)J- of T, M conformally onto
TN, i.e., dp, is surjective and (3) A(z) € (0,+00) C R, such that

(4.1) P2y (depe (X),dp(Y)) = A(2)9.(X,Y)  (V)X,Y € H,.



Subharmonic morphisms 17

The map ¢ is semi-conformal on M if it is conformal at every point of M.

Now, we give some caracterizations and properties of semi-conformal maps that
we need further.

We recall that, for frames {X;}, at € M and {Y,}. at p(z) € N, we have g;; =
9(Xs, X;), hap = MY, Yp) and dp(X;) = ¢fY,. The differential dy}, : T,y N —
T, M is caracterized by the formula

(4.2) 9(X,dg} (V) = hdp,(X).Y) (X € T,M, Y € T, N).

Proposition 4.1. (semi-conformallity) For a smooth map ¢ : (M,g) — (N,h),
between two Riemannian manifolds, and x € M the following statements are equiva-
lent

(i) ¢ is semi-conformal at x, with the dilation A(x) and square dilation A(x) =
A2(z) i.e. dp, =0 or (3) A(x) € (0,+00) C R, such that

(4.3) () (A (X), dpa (V) = Az)go (X, Y) (V) X,Y € Hy;

(ii) (3) A(z) € Ry, such that, (V)f1,f2 : V — R, C-functions, & #V C N
open, we have:

gz (grad(fi o ¢), grad(fz 0 ¢)) = A(@)[hy(x) (grad f1, grad fa) o ¢];
(iii) ()A(z) € Ry, such that, (V){Ya}a frame at p(z) € N,
(4.4) 9(de; (Ya), dp;(Yp)) = AM@)hag, (V) B €{1,2,...,n};

(iv) (F)A(x) € Ry, such that, (V){X;}; the frame at © € M and (V){Ya}a the
frame in p(x) € N,

(4.5) gijgo?(pf = A)h*?, Ma,B€{1,2,...,n}

(v) (A(x) € Ry, such that, the cometrics gz on T M and h, ., on T} N are
related by ¢, (g%) = A(z)h*

e(z)’
(vi) (3)A(x) € Ry, such that, the adjoint dp? of dp, satisfies the relation
(4.6) dpy o dg;, = A(z)ldr, , N

(vii) (3)A(x) € Ry, such that, (V){Yo}a orthonormal frame at o(x) € N, the
vectors dek(Y,,), are orthogonal and of the same norm, A\(x);

(viii) (J)A(z) € Ry, A(z) = N?(x), such that, either dp, = 0, or, (V){Ya}a
orthonormal frame at p(x) € N, (3){X;}: an orthonormal frame at x € M, such that
(4.7 do.(X;) =A)Y;,, (i=1,...,n) or 0, ifi>mn;

(iz) (3)A(z) € Ry, such that, either dp, = 0 or dy, is surjective and the pull-back
of h satisfies

©"h b, xm, =M2)g|a,xH, ;

(z) (3)A(x) € Ry, such that, (V)(y") local coordinates at p(x) € N,
(4.8) g(gradp®, gradg?®) = A[h*P o ], (V)a,p € {1,2,...,n};

(zi) (3)A(x) € Ry, such that,

(4.9) 9(der(Y),dg(Y") = A@)h(YY'), (VYY" € Ty .
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Proof. We notice immediately that they are the same things expressed in different
ways (see also [1], [10]-[12]). O

Lemma 4.2. ([10]-[12]) Let ¢ : M — N a C? semi-conformal map, between even
non-degenerate semi-Riemannian manifolds with the square dilation A. Then, the
tension field of ¢ in local coordinates (y¥) on N is

(4.10) T7(p) = Agp” — A[(Any”) o ).

a@a agpﬁ hF’Y
oxt Oxd P
In particular, 77(¢) = A,p?, if the local coordinates on N are chosen as harmonic
functions. But

Remark 4.1. The tension field can be written 77(p) = Ay + g%

. . 82@7 ) 8@7 . 82907 . 8@7
_ Yo k _ k
o’ =9%0i; = 9" <3xi8xﬂ' - oxk ) ! dwidxi 97°L dzk’
» 82@7
So, if we take local harmonic coordinates on M too, Ay = g¥ ———.
Ox'0xI
. e i i 9%
particular, if g* = 6, we have AypY = ; W

Lemma 4.3. ([10]-[12]) A C%-map between two Riemannian manifolds is harmonic
and semi-conformal, if and only if, there exist a scalar A on M, such that

(4.11) Dy(f o) = AAnf) o ¢l

for any C?-function on N. The function A is called the dilation of .

5 Subharmonic Morphisms

Lemma 5.1. ([10]-[12]) For a C?*-map ¢ : (M,g) — (N,h) between two non-
degenerate semi-Riemannian manifolds, the following statements are equivalent:
(i) There is a scalar X\ >0 on M such that, for any C?-function on N, we have

An(fop)=A(ANnf) o]
(ii) For any point p € M, q = o(p), and any C?-function on N, we have
Anf(g) > 0= An(fop)(p) >0.

(iii) For any C?-function defined on an open subset V.C N, with =1 (V) # &
we have
Vnf 20V = Va(fop)(p) >0ing™ (V).

Lemma 5.2. ([10]-[12]) For a C?*-map ¢ : (M,g) — (N,h) between two non-
degenerate semi-Riemannian manifolds, the following statements are equivalent:
(i) (3)X € R, a scalar on M, such that for any C?-function f: N — R,

Ay(fop) =X [(Anf) o]
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(ii) (V)p € M, q = ¢(p) and (V)f : N — R, C?-function on N,

Arf(q) =0= A4(fop)(p)=0.

(iii) (V) f : V — R, a harmonic function definite on an open subset V.C N, fo
is @ harmonic function on =1 (V) # & .

Lemma 5.3. Let (M, g), (N, h) be Riemannian smooth manifolds. Then ¢ : M — N
a semi-conformal harmonic map pulls back germs of harmonic functions to germs of
harmonic functions.

Proof. Let (V,4) be a local smooth coordinate system on N and f : V — R be a
smooth function. Then the tension field of the composition of two maps, 7(¢ o ¢) =
d(7(p)) + TraceAdy(dp,dy) can be written as

0 0
(5.1) AUbw)dﬂﬂ@)+Vﬁ<awﬂ&ﬁ>ﬂymwﬂymw%,

If ¢ is a harmonic map the first term from the right member canceled, since
n

afr(e) =3 2

7(p)” = 0. If, ¢ is a semi-conformal map, from Proposition 4.1,

oy
y=1
it follows that g(gradyp®, gradp?®) = Ah®?, and we obtain:
(5.2) A(f o) = ARPVAf 9 9 = AAf
. ) = 9y 97 ) = .

Consequently, if f is a harmonic function, then f o ¢ is too. So ¢ pulls back local
harmonic functions to local harmonic functions ([1]) O

Remark 5.1. Moreover, if ¢ is a semi-conformal harmonic map and f is a subhar-
monic function, then f o ¢ is a subharmonic function.

If ¢ is a semi-conformal harmonic map and f is a superharmonic function, then
f o is a superharmonic function.
8fIf © is a semi-conformal subharmonic map and f is a subharmonic function with

oy
If ¢ is a semi-conformal superharmonic map and f is a superharmonic function

(p(x)) >0 (V)y=1,...,n, then f o is a subharmonic function.

with %(cp(z)) <0 (V)y=1,...,n, then f o is a superharmonic function.
Y

Theorem 5.4. ([10]-[12], [14]) A smooth map between Riemannian manifolds pulls
back germs of harmonic functions in germs of harmonic functions, if and only if, it
is a semi-conformal harmonic map.

Lemma 5.5. The following conditions are equivalent:

(i) The smooth map ¢ : (M,g) — (N,h) between Riemannian manifolds is a
harmonic morphism;

(i) (A : M — [0,00) a smooth function such that, for any smooth function

f:V — R, defined on an open set V.C N with o=\ (V) # & ,
A(fop)(x) = Az)Af(z), (V)xece (V)
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(iii) (3)A : M — [0, 00) a smooth function such that, (V) : V — P a smooth map
defined on an open set V.C N with o~ (V) # & and P a Riemannian manifold, we
have

(5-3) T(Y o) = AT(¢)

(iv) (V)¢ : V — P a smooth map defined on an open set V- C N with ¢~ *(V) # &
and P a Riemannian manifold, the composition 1 o ¢ is a harmonic map.
Moreover, if (i) or (iii) is true, then A is the square of the dilation of .

Proof. (iii) = (ii) = (i) immediately; (ili) = (iv) = (i) immediately; it remains to
prove (i) = (iii). If (i) is true, then from Theorem 1.1, the map ¢ is harmonic and
semi-conformal.

We prove now (iii). Indeed, let (V)1 : V' — P be a smooth map defined on an open
set V C N with ¢~ 1(V) # & and P a Riemannian manifold. In the formula of the
tension field of the composition of two maps, 7(¥op) = di(7(¢))+TraceVdy (de, dy),
¢ is a harmonic map, so 7(¢) = 0 and that implies d¢(7(¢)) = 0. Moreover, ¢ is
a semi-conformal map, so, from Proposition 1, g(grade®,grade®) = Ah*8, and we
obtain:

o 0
7(¢ 0 p) = TraceVdy(dp, dp) = Vdy (aya’ ayﬁ) g(gradyp®, gradp”) =

9 9
Oy’ oyP
i.e. (iii) (see also ([1]). O

= APV dyp ( ) = AP (Vdy))ap = AT(1))

Theorem 5.6. ([10]-[12]) (equivalence between the first and the second
definition of a harmonic morphism) Let be ¢ : (M, g) — (N, h) a smooth map
between Riemannian manifolds. Then ¢ pulls back germs of subharmonic functions
to germs of subharmonic functions, if and only if, @ pulls back germs of harmonic
functions to germs of harmonic functions.

Proof. If ¢ pulls back germs of subharmonic functions to germs of subharmonic func-
tions, then ¢ pulls back germs of superharmonic functions to germs of superharmonic
functions and so ¢ pulls back germs of harmonic functions in germs of harmonic
functions.

If ¢ pulls back germs of harmonic functions to germs of harmonic functions, then,
from Lemma 5.5 (ii), A(f o ¢) = AAf and so Af > 0, implies A(fop) >0, ie ¢
pulls back germs of subharmonic functions to germs of subharmonic functions. O

Remark 5.2. Moreover, when ¢ is a harmonic morphism, if f is a strict subharmonic
function, then f o ¢ is a strict subharmonic function.

Proposition 5.7. (equivalence between the second and the fourth defi-
nition of a harmonic morphism) A smooth map between non-degenerate semi-
Riemannian manifolds pulls back germs of harmonic functions to germs of harmonic
functions, if and only if, p is a semi-conformal map whose local components ¥ =
Yy o, in local harmonic coordinates on N, are harmonic functions.
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Proof. 7=" 1f ¢ pulls back germs of harmonic functions in germs of harmonic func-
tions, (i) from Lemma 5.2 is true for f = y" too and so Ag(p?) = A [(AryY) o] = 0.

7" 1If ¢ is a semi-conformal map those local components 7 = y7 o ¢, in local
harmonic coordinates on N, are harmonic functions, for any v = 1,...,n and let be
f:V — R, a harmonic function definite on an open set V.C N, A, f = 0. Then,
from Lemma 4.2, 77(¢) = Agp” — A[(Apy”) o ¢], cf. (4.10).

Apy? = 0 implies 77(¢) = Agp” = 0 i.e ¢ is a harmonic map. Since ¢ is a
semi-conformal harmonic map, from Lemma 4.3, there exists a scalar A on M, so
that Ag(f o) = A[Apf) o ¢] = 0 and therefore f o ¢ is a harmonic function on

e V)£ . 0

Definition 5.1. (subharmonic morphism) Let ¢ : (M, g) — (N, h) be a smooth
map between Riemannian manifolds. If ¢ is a semi-conformal subharmonic map, we
say that it is a subharmonic morphism.

Analogously, if ¢ is a semi-conformal strict subharmonic map, we say that it is a
strict subharmonic morphism. Respectively, if ¢ is a semi-conformal superharmonic
map, we say that it is a superharmonic morphism and if ¢ is a semi-conformal strict
superharmonic map, we say that it is a strict superharmonic morphism.

Definition 5.2. (5th definition of a harmonic morphism) A smooth map be-
tween Riemannian manifolds is a harmonic morphism, if and only if, it is a subhar-
monic morphism and a superharmonic morphism, at the same time.

Form the Lemma 4.2, we have the following characterisation of a subharmonic
morphism:

Proposition 5.8. Let ¢ : (M,g) — (N,h) be a smooth map between Riemannian
manifolds. If v is a semi-conformal map whose local components are subharmonic
functions with respect to superharmonic coordinates of the manifold N, then it is a
subharmonic morphism.

Proof. From Lemma 4.4, since the tension field of ¢ is given in local coordinates (y7)
on N by (4.11), we infer

T7(p) = Bg” — A[(Apy") o], Apy” <0, Age? >0,

and it follows 77(¢) > 0. 0
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