Geometrical structures associated to rheonomic
first order dynamical systems

M. Ciobanu and V. Obadeanu

Abstract. It was shown that to any scleronomic first order dynamical
system we can associate, canonically, a geometrical structure built by a
generalized d-metric and a nonlinear d-connection. Thus, we can define
a covariant differential operator, a parallel transport, autoparallel vector
fields, d-1-forms and in general d-tensors and autoparallel curves. The ex-
istence of the curvature tensor and of other geometrical properties follows.
In this paper we extend these considerations to the case of rheonomic first
order ordinary dynamical systems.
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1 Introduction

Let M = M,, be a differentiable manifold of dimension m and of local coordinates
(x%). Let J'M be the first order jet space. We consider a change of local chart on M
given by z' = z'(2") and on J'M by:

_ , . .. 0F
_ 1 _ =i(..h 7 - h

By a geometrical structure we understand a d-1-form, a “d-metric” and a nonlinear
d-connection.

A d-1-form is locally written w = q; (t, xh,x'h) di® with the property that, on a
change of local chart, its coefficients change by the rules:

(12) ap = —

We call “d-metric” a second order distinguished tensor, two times covariant, nonde-
generated and parameterized by ¢. Thus, a “d-metric” is defined by a set of functions

BSG Proceedings 18. The Int. Conf. of Diff. Geom. and Dynamical Systems (DGDS-2010), October
8-11, 2010, Bucharest Romania, pp. 39-46.
© Balkan Society of Geometers, Geometry Balkan Press 2011.



40 M. Ciobanu and V. Obadeanu

a%] = a” (t, 2", &™) with det (a}j) # 0 and which change, on a change of local chart,

by the rules:

Ox' dxd
-1 1
(1.3) Uhk = Hzh opk Yid®

The matrix (a 14) being nondegenerated, the existence of the contravariant compo-

nents a¥/ (aila}. = = d%) follows. In another local chart, the contravariant components

k oz oz* ZJ

Dzt O
A d-connection is defined by a set of functions a?j

on a change of local chart, by the rules:

i O .

azh \azr i T gzk i

are given by: aht =

= af; (t,z", "), which change,

They are called Christoffel symbols of the first type of the d-connection.

We can define the functions: M t = aﬁhag , called the Christoffel symbols of the
second type of the nonlinear connectlon (16], [8]) They change, on a change of chart,
by the rules:

— oF ax 5‘95

In [9], [10], [11], [12], [13], we associated to a dynamical system whose evolution is
described by ordinary or partial differential equations, geometrical objects as metrical
tensors, connections, covariant differential operators, we defined a parallel transport
of vector fields and autoparallel curves. The geometrical structure built in this way
is perfectly suitable to holonomic scleronomic dynamical systems. For them, the
following property holds: the trajectories of the given system are autoparallel curves
with respect to this geometrical structure and conversely.

These results can be generalized to systems of rheonomous implicit first order
differential equations.

2 Extended geometrical structures

We extend the above geometrical structure to the product manifold R x M ([3],
[4]). We consider the time ¢ as an (m + 1)-coordinate. The atlas of R x M is the
product of the canonical atlas of R, given by one chart ig, and the atlas of M.

We denote by 7 the parameter of evolution, ¢ = (7). For simplicity, we define 7
by the relation t = 7, reason to understand by the derivatives with respect to t the
same as by the derivatives with respect to 7.

2.1 Extended metric

Given a set of functions aj; (t,x,4) satisfying (1.3), we extend the d-metric to

1
R x M by the nondegenerated matrix: ( aéj (1) )
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aijO
0 1

ih 1 0
ai® 0 ap; 0\ _ (05 0 _
matrix of( ) Indeed, we have: ( 0 1 ) ( o 1 )= ¢ 1 = Lny1-

2.2 Extended connection

Its reciprocal matrix is ( , where a}’ are the components of the reciprocal

We build on R x M the Christoffel symbols of the first type of a nonlinear con-

0 .
nection ([1], [2]), by the matrix: ( aéj (g >, where af; (¢, 2, @) are the Christoffel
symbols of the first type of a nonlinear d-connection on M and a; are the components
of a d-1-form.

By contracting these coefficients with the given metric, we obtain the Christoffel

symbols of the second type:

2.1) M; M? _ ath 0 agj an \ _ aﬁhahJ ailay,
' M, M, 0 1 0 0 0 o )

where M} = af had ; are the previous coefficients, M"* = aitay, are new coefficients and

M; = MO = 0. On a change of local chart, they change by the rules:
. i k iy . -
i 0z (896 M ot h>7 7 — oz 't

I 9xh \ 979 07 = Ozl

(2.2)

2.3 Covariant differential operator associated to an extended
nonlinear connection

A differential operator D : A°(J'M) — A°(J?M), is defined, along a curve
‘ daf _of ., 0f | .;0f
= by D: f— D t .
7= by Dif = Df = G = Gy g g
Let us consider the spaces (rings) A°(JY(R x M)), A°(J?(R x M)), the module
X4(R x M), where X € X¢(R x M) if X = X'(t,z,4)

0 0
— 4+ Y(t,z,%)— is distin-
Ozt ( 4)8t ‘

guished, and let N be a nonlinear connection of local components M;, M7. To the
connection N it is associated a linear differential operator Dy, defined on the set

X¢(R x M), of the d-vector fields and with values in X4(R x M), given by its values

on the basis vectors (8?51’ ;)

0\ i 8 8 i
0

9
(2.3 0w
' 0 0

B,
J___ — Jj_—
Dw <8t> M G T Mo = M55

and satisfying the relation Dy (fX) = fDy(X)+D(f)X, for any f € A°(JL(Rx M)),
X € X4(R x M)). The local expression of the operator Dy on an arbitrary d-vector
field X, is given by:

0 dY 0

oz T dt ot

Xl
Dn(X) = (ddt + MIXI + MfY)
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This new vector field is called the N-covariant derivative of X.

Xt dx' 5y dYy

+M;X7 + M'Y and — = —— are
called extended covariant derivatives of the components of the d-vector field X with
respect to the nonlinear connection N.

Definition 2.1. The expressions

On a change of local chart, the covariant derivatives change by the rules:
I G S

st oxh st 6t ot
Proposition 2.1. To any connection N it corresponds a covariant differential oper-
ator.

Conversely, we have:

Proposition 2.2. To any differential operator D it can be associated a d-connection.

Definition 2.2. We say that a d-vector field X = X* aai + Y% is transported by
x

parallelism, along a curve z* = c*(t), if, along this curve, its covariant derivative
vanish:

ax’ _— - dy
24 — + M X7+ MY = — =0.
(2.4) o TMXT+ 0, —=0
A curve 2 = ¢i(t), is called autoparallel if
d%ct .dc? ;
2. — + M —+ M=
(2:5) dt? M dt + 0,

. dc
that means its tangent vector X* = g Y =1 is transported by parallelism.

Let a € AL(R x M) be a d-1-form on R x M, locally written o = Y;da® + Ydt.
We define the differential operator on d-1-forms by its values on (dz?, dt):

Dy (da') = Mida? + Mdt,
(2.6) . .
Dy (dt) = Mdx® + Modt.

On an arbitrary d-1-form «, the local expression of the operator Dy is given by:
dy;

* . * ) dY x *
Dn(a) = ( o +YjM2+YMi) dz’ + (dtJrYiM“rYMo> dt.

By the definition of Dy on d-vector fields and by the compatibility conditions, it
follows that: M?% = —Mj, M* = —M*, M; =0, Mo = 0. The relations (2.6) become:
Dy (dz') = —Mjda’ — M'dt, Dy(dt) = 0.

Y ; ) Y ,
and we have: Dy (o) = (ddtz — Y7M13> dr® + (Cfit — YiM1> dt.
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2.4 Adapted frames

Given a nonlinear d-connection, in order to define an adapted frame ([4], [5]), we
build at first an adapted dual frame by:

Szt = da?,

5t = dt,

0i" = di' + Midx? 4+ M'dt,
6t = dt + Mjdaz? + Modt.

(2.7)

By di = 0 and the expressions (2.1) of the coefficients of the connection, the last
relation becomes: §f = 0.
The adapted frame is defined by the duality conditions as follows:

5 _ 0w

szt ozt ' dih
1) 0 0
2.8 I A Y L
28) 6t ot ozh’
o 0
sit 9at’
On a change of local chart, we have respectively:
o, 5 _ ot 5
0z" = axh&v , 5T 0Tt oxh’
ot = ot, and i = é,
y ot ot
5ii = 0T 5t 6 _ oz &
Oz* 5i o i

The Lie brackets of the vector fields i., i and i,, é are expressed by
dxt’ dad dxt’ Ot

the formulas:

(2.9) {5 5}:1#8 {5 5]:}3@‘9

Sai’ dxd Joih | xt 6t P 9gh’

SMP M SM] SMD

T A TR 0 ,
components is called tensor of curvature. On a change of local chart, its components

change by the rules:

where: RZ— = . The geometrical object build by these

R? _ 027027 07 )y 027 02" Ly
hk = dgp gzh ozk 7 TR T ggp gzh T

2.5 Vertical and horizontal operators

Let us consider on T'(R x M), which is equivalent to R x T'M, a vector field X
+Y 9 + 7 0
oxt ot ozt

locally written in a natural chart X = X'
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In the adapted frame (2.8), X is written as:

7 ’L J 7 (2
(2.10) X——X5 Z.—l—Y—&—i—(MJX —I—MY—l—Z)—(s,i,

~ o . o0
and we obtain a vertical component vX = (M; X7 + M"Y + Zz)ﬁ and a horizontal

fs
) ) > = >

5o +Y§ such that X = vX + hX.
xl

In the natural frame, these components become:

component hX = X!

)
i’

Y _ Yi 9 ji g_ ji
hX =X (8mi_Mi8m'j>+Y<8t M&)x’j)'

Proposition 2.3. The following properties hold:

vX = (MiX7 + MY + ZY)
(2.11)

vv)?:v;(, hh)?:h)?, vh)?:(), hvX = 0.

3 First order dynamical systems

Given an implicit dynamical system, locally written by the equations:

(3.1) Fi(t,x,2) =0, i=1,m,
. OF; .
with det 97 # 0 and where the functions F; change, on a change of local chart,
47
—  oxh
by the rules: F; = WF’“ we denote:
T

oF, ., OF, _, OF

= qal = a2 = qa,.
07 A ot

(3.2)

On the solutions (F; = 0), these functions change by the rules (1.3), (1.4) and (1.2)
respectively.

Thus, to the system (3.1) we can associate a “d-metric” of local components a
a “nonlinear d-connection” of components a?j and a “d-1-form” of components a;.

It follows that the dynamical system (3.1) defines on M a geometrical structure
(a d-metric and a d-connection) ([5], [7]).

The functions a; are the components of a d-1-form w = a;(t, z, &)dit. If the given
system does not depend explicitly on ¢, we have ap = 0.

These objects are defined on the configuration manifold M. This geometrical
model corresponds to holonomic scleronomic dynamical systems. There exists a par-
allel transport of the vector fields along a curve, autoparallel curves such that they are
solutions of the given system and conversely. If the system is rheonomic, the above
defined geometrical structure does not correspond. The property that the solutions
of the system are autoparallel curves holds no longer.

1
177
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That is why we extend the geometrical objects (3.2) to R x M. Now, the number
of equations does not correspond. It is necessary to add another equation to the
system (3.1). We consider the equation: Fy =¢ — 1 =0 and we have a new system:

&>
—~
j‘k
&
-
~
I
“O
—_

(3.3)

=
—~
d(‘#
&
&
~
Il
o

3.1 Extended metric defined by the system

OF; OF;
- —_— 1
The extended matrix: 0% ot (w0 is nondegenerated. Thus,
R
@i i

we can consider it as a metric on R x M.

3.2 Extended nonlinear connection defined by the system

The local coefficients of an extended d-connection associated to the system (3.3),

OF; OF;
- —_— 0 )
called Christoffel symbols of the first type, are: SZ) 58;’0 = ( aéj %Z )
oxi Ot

The Christoffel symbols of the second type are obtained by:

(3 3 ) =(F (% T
M; My 0 1 o 0 )’
where Ml =aih ah], M? = athay, and M; =M, =0.
On a change of local chart, they change on the solutions (F; = 0) by the rules
(2.2).
Thus, we can build a covariant differential operator, we can define a parallel trans-

port of vector fields and autoparallel curves.
We have:

Theorem 3.1. Any solution of the dynamical system (3.1) is an autoparallel curve
with respect to the associated geometrical structure and conversely.

Proof. Let 2* = ¢'(t) be a solution of the system, that means F, (¢, c(t), é(t)) = 0. The

total derivative E 0 is written as: aidi + aidi + ai = 0 or, equivalent
Vvdt_ A 9 dt | dad dl 8t_ » cattvaient,
d xd y dx?

pj TN +a pj i + a, = 0. By multiplying and contracting with a{, it follows (2.5).

dF,
Conversely, by (2.5), we obtain d—tp = 0, which lead us to the relations F, = C),

(const.), Vp = 1,m. These equations represent a holonomic manifold and for the
corresponding initial conditions (C), = 0), it gives us the solutions of the system. O



46

M. Ciobanu and V. Obadeanu

References

[1]

[11]

[12]

[13]

M. Anastasiei, The Geometry of time-dependent Lagrangians, Mathematical and
Computing Modelling, Pergamon Press, 20 (4-5) (1994), 67-81.

M. Anastasiei, H. Kawaguchi, A geometrical theory of time dependent La-
grangians. Non-linear connections, Tensor N.S., 48 (1989), 273-282.

Gh. Atanasiu, M. Neagu, Canonical nonlinear connections in the multi-time
Hamilton Geometry, Balkan J. Geom. Appl., 14, 2 (2009), 1-12.

V. Balan, M. Neagu, Jet geometrical extension of the KCC-invariants, Balkan J.
Geom. Appl., 15, 1 (2010), 8-16.

I. Bucataru, R. Miron, Finsler-Lagrange Geometry. Applications to Dynamical
Systems, Romanian Academy Eds., Bucharest 2007.

R. Miron, Compendium on the Geometry of Lagrange Spaces, In: (Eds: F.J.E
Dillen, L.C.A. Verstraelen), "Handbook of Differential Geometry”, Vol. 2, 2006,
437-512.

R. Miron, Dynamical systems of the Lagrangian and Hamiltonian mechanical
systems, Advanced Studies in Pure Mathematics, 48 (2007), 309-343.

R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces. Theory and Appli-
cations, Kluwer Academic Publishers, FTPH 59, 1994.

V. Obadeanu, Differential Dynamical Systems (II) (in Romanian), Univ.
Timigoara Eds., 2006.

V. Obadeanu, M. Ciobanu, Geometrical objects and structures associated to some
dynamical systems, An. St. Univ. Al I. Cuza” Iasi, Mat. (N.S.), 53, Suppl. 1
(2007), 287-296.

V. Obadeanu, M. Ciobanu, Geometrical structures associated to superfields, Ten-
sor N.S., 71, 2 (2009), 97-108.

V. Obadeanu, M. Ciobanu, Geometrical structures associated to implicit first
order dynamical systems with some holonomic constraints, BSG Proc. 17, Ge-
ometry Balkan Press 2010, 151-162.

V. Obadeanu, M. Ciobanu, M. Neamtu, Dynamical systems and associated geo-
metrical structures, Sem. Mec. 69, U.V.T. Eds., Timigoara, 2000.

Authors’ addresses:

Monica Ciobanu

“Vasile Goldis” Western University of Arad,
Faculty of Informatics,

85-87 Revolutiei Blvd., 310130 Arad, Romania.

E-mail: cmmciobanu@gmail.com

Virgil Obdadeanu

West University of Timigoara, Department of Mathematics,
Faculty of Mathematics and Informatics,

4 V. Parvan Blvd., 300223 Timigoara, Romania.

E-mail: obadeanu@math.uvt.ro



