Hypersurfaces of hyperbolic space
with 1-type Gauss map

Ugur Dursun

Abstract. In this work we obtain the necessary and sufficient conditions
on submanifolds of a pseudo-Euclidean space R;* to have l-type Gauss
map. Then we classify hypersurfaces of a hyperbolic space in Lorentz-
Minkowski space R with at most two distinct principal curvatures and

1-type Gauss map.
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1 Introduction

In late 1970’s B.Y. Chen introduced the notion of finite type submanifold of a Eu-
clidean space. Since then the finite type submanifolds of Euclidean spaces or pseudo-
FEuclidean spaces have been studied by many geometers, and many interesting results
have been obtained (see [2, 6, 7, 8, 14], etc.).

In [9], Chen and Piccinni extended the notion of finite type to differentiable maps,
in particular, to Gauss map of submanifolds. A smooth map ¢ from a compact
Riemannian manifold M into a Euclidean space R™ is said to be of finite type if ¢
can be expressed as a finite sum of R -valued eigenfunctions of the Laplacian A of
M, that is, ¢ = c+ Zle @i, where c is a constant map, ¢1, ..., ¢, are non-constant
maps such that A¢; = Ny, \; € R, ¢ = 1,...,k. If \j,..., \; are different, then
the map ¢ is said to be of k-type. If ¢ is an isometric immersion, then M is called a
submanifold finite type (or of k-type) if ¢ does.

The notion of finite type Gauss map is especially a useful tool in the study of
submanifolds, and many authors studied submanifolds with finite type Gauss map
([3, 4, 5, 9, 10], etc.). Chen and Piccinni characterized and classified compact hyper-
surfaces with 1-type Gauss map. Also, they proved that a compact surface M in a
Euclidean space R™ has 1-type Gauss map if and only if M is one of the surfaces: a
sphere S?(r) C R® C R™ or the product of two plane circles S'(a) x S'(b) ¢ R* ¢ R™.

Later, in [13] Choi, Ki and Suh studied space-like surfaces in pseudo-Euclidean
spaces ]Rg“’. They proved that the only space-like surfaces in RIQ)‘”’ with 1-type Gauss
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map are locally the surfaces: the Euclidean space R?, the hyperbolic cylinder H' x R
in R} and the product H' x H' of two hyperbolic curves in R5 C R2*?.

In this work we study hypersurfaces of the hyperbolic space H"+!(—1) ¢ R}*?
with 1-type Gauss map. We mainly prove that if M is a hypersurface of H"*1(—1) C
R’f+2 with at most two distinct principal curvatures, then the Gauss map of M is
of 1-type if and only if M is one of the hypersurfaces: H"(—c) C H"T!(—1) with
0<c<1,8S%c) Cc H* 1 (=1) with ¢ > 0 or HE(=b) x S"*(a) C H**1(-1) with
1/a—1/b=—1.

2 Preliminaries

Let R}* be an m-dimensional pseudo-Euclidean space with an inner product of signa-

ture (¢,m — t) given by
Zx £ 3

i=t+1
where (z1,...,%y) is the natural coordinate of R*. We define pseudo-Riemannian
manifolds S} (c) and H}(—c) as follows:
n+1
SP(c) = {(x1,...,2ns1) € R — Zx + Z 7 ==}, (c>0),
1=t+1
t+1 n+1
HY (—¢) = {(21,...,2nt1) € RIF| - Zx + ) ay = —7} (¢ > 0).
i=t+2

These spaces are complete and of constant curvature ¢ and —e, respectively. S} (c)

and H}(—c) are called a pseudo-sphere and a pseudo-hyperbolic space, respectively.

Also, for t = 0 and z; > 0, H"(—c) = H(—c) is called a hyperbolic space of R} ™.
Let M, be an n-dimensional pseudo-Riemannian submanifold with index ¢ in

an m-dimensional pseudo-Euclidean space R}*. Let e1,...,en,€nt1,...,6m be an
adapted local orthonormal frame on M, in R}" such that (es,ep) = epdap, (6 =
(ep,ep) = £1), e1,...,e, are tangent to My, and e,41,..., e, are normal to M,.

We use the following convention on the range of indices:
1<ABC,...<m, 1<i,j,k...<n, n+1<8,v,0,...<m.

Let V be the Levi-Civita connection of R}" and V the induced connection on M,.
Denote by {w!,...,w™} the dual frame and by {wap} with wap + wpa = 0 the
connection forms associated to {e1,...,emn}. Then we have the formulas of Gauss
and Weingarten, respectively, as

Zeﬂw” €k e] + Z sngg ek

B=n+1

and

Vekeg = —Ag(er) Z eywgy(ex)e
v=n-+1
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From the Cartan’s Lemma we have w;g = E;’:l sjhfjwj with hfj = h]@i, where hfj’s
are the coeflicients of the second fundamental form h, and Ag the Weingarten map
in direction eg.

The mean curvature vector H and the squared length ||h||? of the second funda-
mental form h are defined, respectively, by

: ; 2 B8
H= o Zsﬁsihmeﬁ and ||h]|* = Z epeicihl;hl;.
Pt Bi.j
The scalar curvature S of M, is given by
=0 S =n’|H — |IAlP?,

where |H|? is the squared length of the mean curvature vector H of M, in R}".
The Codazzi equation of M, in R}" is given by

hiﬁj,k = h]@k,iv
(22) he . =ei(h? . h? h? Y hY
Gk ei( jk) - e ( jewkf(ei) + kewﬂ(ei)) + Z evhipwup(er).

=1 v=n+1
Also, from the Ricci equation of M, in R we have

n

(23)  Repensenen) = (Ao Aclles)en) = D e (RLRG — WA5) |

i=1

where Rt is the normal curvature tensor.

A submanifold M, of a Euclidean space R™ or a pseudo-Euclidean space R} is
said to be of finite type if its position vector x can be expressed as a finite sum of
eigenvectors of the Laplacian A of M, that is,

r=c+x+ -+ Tk,

where ¢ is a constant map, 1, ..., Ty are non-constant maps satisfying Azx; = \;x;,
Ai€R,i=1,...,k If Aq,..., A\ are different, then M, is said to be of k-type. It is
known that if P is a polynomial defined by P(t) = Hle (t—Ag), then P(A)(z—c) = 0.
Conversely, if M is compact and if there exist a constant vector ¢ and a non-trivial
polynomial P such that P(A)(x — ¢) =0, then M is of finite type [6, pp.255-258].

If M is not compact, then the existence of a non-trivial polynomial P such that
P(A)(z — ¢) = 0 does not imply that M is of finite type in general. However, in
[11] it was proved that the existence of such a polynomial P guaranties that M is
of finite type when either M is of 1-dimensional or the polynomial P has exactly
k distinct roots, where k = deg P. In [12], Chen studied non-compact finite type
pseudo-Riemannian submanifolds of pseudo-Euclidean spaces. He gave the following
definition for the finite type submanifolds of the pseudo-Riemannian sphere S?%l(r)
or the pseudo-hyperbolic space H’t”__ll(—r).

Definition 2.1. An n-dimensional pseudo-Riemannian submanifold M, of a pseudo-
Riemannian sphere S;* () (resp., of a pseudo-hyperbolic space H**(—r)) is called
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of k-type in S (r) (vesp., in H" ;' (—r)) if the position vector x of M, in R} has
the following form:

r=x1+ - +xE, Az, =Nz, R i=1,....k
such that A\{,..., \; are distinct.
Similarly we give

Definition 2.2. A smooth map ¢ : M, — S '(r) € R (resp., ¢ : M, —
H* ' (—r) € R®) from a pseudo-Riemannian manifold M, into a pseudo-Riemannian
sphere S{" ! (r) (resp., into a pseudo-hyperbolic space H™ ;' (—r)) is called of k-type
in S77*(r) (vesp., in H" 7! (—r)) if the map ¢ has the following form:

¢=a¢1+ -+ O, A¢1:A1¢Z, NERi=1,... .k
such that A\, ..., A\; are distinct.
The following proposition was given in [11].

Proposition 2.1. Let x : M — R™ be an immersion. If there exist a constant vector
¢ € R™ and a polynomial P(t) = Hle(t — k) with mutually distinct A1, ..., \g such

that P(A)(z —¢) =0, then M is finite type.

This proposition remains true if M is a pseudo-Riemannian submanifold of a
pseudo-Euclidean space, [11]. For smooth maps we have the following result analogous
to Proposition 2.1 whose proof is the same as that of Proposition 2.1.

Proposition 2.2. Let ¢ : My, — R be a smooth map from a pseudo-Riemannian

manifold M, into a pseudo-Euclidean space R}". If there exist a constant vector

¢ € R} and a polynomial P(t) = Hle(t — M) with mutually distinct root A1, ..., Mg

such that P(A)(¢ — ¢) =0, then the map ¢ is of finite type.
By Definition 2.2 and Proposition 2.2 we can state

Corollary 2.3. Let ¢ : My, — S '(r) C R (resp., ¢ : M, — H ' (-r) C R?)
be a smooth map from a pseudo-Riemannian manifold M, into a pseudo-Riemannian
sphere SI"1(r) (resp., into a pseudo-hyperbolic space H" ' (—r)). Then the map ¢ is
of finite type if there exists a polynomial P(t) = Hle(t — M) with mutually distinct
700ts A1,..., Ag such that P(A)(¢) = 0. In particular, ¢ is of 1-type if and only if
A¢p = \¢ for some real number \.

3 The Gauss Map

The definition of Gauss map of a pseudo-Riemannian submanifold of pseudo-Euclidean
space was given in [15] as follows. Let G(n,m) be the Grassmannian manifold con-
sisting of all oriented n-planes through the origin of R} and A" R} the vector space
obtained by the exterior product of n vectors in Ry*. Let f;, A---Af;, and g, A---Agi,
be two vectors in A" R, where {f1, f2,..., fm} and {g1, g2, - . ., gm } are two orthonor-
mal bases of R". Define an indefinite inner product (,) on A" R by

(3.1) (fir N N finy g Ao A giy) = det((fiy, 95,))-
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Therefore, for some positive integer s, we may identify A" R} with some pseudo-

Euclidean space RY, where N = (™). Let e1,...,€n, €nt1, . - ., €n be an oriented local
orthonormal frame on M, in R}* with ep = (ep,ep) = =£1 such that ey, ..., e, are
tangent to M, and €,,41,. .., €y, are normal to M,. The map v : M, — G(n,m) C RY

from an oriented pseudo-Riemannian submanifold M, into G(n,m) defined by

v(p) = (e1 Aea A--- New)(p)
is called the Gauss map of M, that is a smooth map which assigns to a point p in

M, the oriented n-plane through the origin of R}" and parallel to the tangent space
of M, at p. We put € = (v,v) =e162---€, = £1 and

~ SV=1H(1) in RY if e=1
N—-1 _ s s )
M (e) = { HYM(-1)  in RY if e = 1.

Then the Gauss image v(M,) can be viewed as v (M) C MN=1(e).
Considering v as an RY-valued function on M, we have

n j—th
(3.2) eiV:Zel/\---/\Veiej/\---/\en:ZEghfjel/\~--/\ eg N Nep.
j=1 7,8

Using Ve, e; = >0 gjwij(ex)e; we have

Jj=1
j—th
=~
(33) (Veiei)’/ = Z 5k55hgjwik(6i) etN---Neg N Ney.

Jik.B8

n

Av = Z 5i(Veiei — 61‘61‘)1/,

i=1

considering the Codazzi equation (2.2) we obtain by a direct calculation that

" BN
AV:HhHQl/—nZel/\--~/\Vele/\~-~/\en
(3.4) =t
—th j—th
— 3 epeseihliher A NN AT A Al
i,7,£,0,3

where V= is the normal connection induced on M,. Hence, from (2.3) and (3.4) we
have

Lemma 3.1. Let M, be an n-dimensional oriented pseudo-Riemannian submanifold
of an m-dimensional pseudo-Euclidean space Ri*. Then the Laplacian of the Gauss
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map v : My — G(n,m) C MN=1(e) c RY is given by

. j—th
2 1
Av = ||h]| V—nZel/\~-/\VejH/\-~~/\en
(3.5) =1
i—th j—th
+ Z EgaﬁRL(ei,ej;eg,eg)el/\~-/\ eg N---Neg N Nep.
1,5;0<8

4 Hypersurfaces of Hyperbolic Space with 1-Type
Gauss Map

We classify hypersurfaces of a hyperbolic space in the Lorentz-Minkowski space R{"
with at most two distinct principal curvatures and 1-type Gauss map.

Theorem 4.1. Let M, be an n-dimensional oriented pseudo-Riemannian submanifold
of an m-dimensional pseudo-Euclidean space Ry*. Then the Gauss map v : My —
MYN=Y(e) cRY, N = (), is of I-type if and only if My has constant scalar curvature,
parallel mean curvature vector, and flat normal connection.

Proof. Suppose that the Gauss map is of 1-type, that is, from Corollary 2.3 Av = Av
for some A € R. It follows from (3.5) that ||h||> = X is a constant, R (e;, e;; ep,e5) = 0
and V*H = 0. So, the normal connection is flat and the mean curvature vector is
parallel which implies that the mean curvature is constant. Hence, from (2.1) the
scalar curvature is constant.

The converse follows from (2.1) and (3.5). O

For example, all n-dimensional isoparametric hypersurfaces of R?‘H have 1-type
Gauss map.

Corollary 4.2. Let M be an oriented hypersurface of the hyperbolic space H"t1(—1) C
R’f”. Then the Gauss map v of M is of 1-type if and only if M has constant scalar
curvature and constant mean curvature.

Proof. Let {e1,...,ent2} be an orthonormal local moving frame on M in R?H such
that ey, ..., e, are tangent to M, and e,11,€e,42 = = are normal to M, where z is
the position vector of M in R?“. Since « is parallel in the normal bundle and the
codimension of M is two, then e, is also parallel, and thus the normal connection
is flat. Therefore the proof follows from Theorem 4.1. O

For example, since isoparametric hypersurfaces of a hyperbolic space have con-
stant mean curvature and constant scalar curvature, then all such hypersurfaces of a
hyperbolic space have 1-type Gauss map by Corollary 4.2.

Now we consider the following hypersurfaces of H"**(—1):

1
H"(—c) = {x ¢ H" T (1) |21 >0, Tpio =/ —1+ p 1, (0<e<,

S"(c) = {z € H™'(=1) |21 = 1/1 +% 1 (e>0)



Hypersurfaces with 1-type Gauss map 53

and
k+1 TS 1

HF(—b) x S"*(a) = {x e H" "} (=1)| —2? + Zx? =—% Z r? = PO > 0},
i=2 i=k+2

where 1/a — 1/b = —1. Then we give the following classification theorem.

Theorem 4.3. Let M be an oriented hypersurface of the hyperbolic space H™1(—1)
C RT+2 with at most two distinct principal curvatures. Then, the Gauss map v :
M — SN-11) c RY, (N = (n+1)(n+2)/2, s=n(n+1)/2), is of I-type if and
only if M is congruent to one of the followings:

1) H*(—c) C H*F1(—1) with 0 < ¢ < 1,

2) S*(c) C H" (1) with ¢ > 0 or

3) H*(—b) x S**(a) c H"*'(—~1) with 1/a — 1/b= —1.

Proof. Let M be one of H"(—c) C H"*1(—1) with 0 < ¢ < 1, S"(¢) C H**1(-1)
with ¢ > 0 or H* *(=b) x S¥(a) C H"*1(~1) with 1/a — 1/b = —1. The principle
curvatures in the unit normal direction of M in H"*1(—1) are constant, and the
number of distinct principle curvatures are at most two. Then, the Gauss map v of
M is of 1-type by Corollary 4.2.

Conversely, let M be a hypersurface in H**!(—1) € R?"? with 1-type Gauss map
v. Then M has constant mean curvature and constant scalar curvature by Corollary

4.2. Let {e1,ea,...,ent2} be an orthonormal local moving frame on M in R?+2
such that eq,eq, ..., e, are tangent to M, e,41,€n+2 = x are normal to M, and also
A., .. (e;) = pie;, i = 1,...,n, where z denote the position vector of M in R}™2.
Since M has at most two distinct principal curvature, we put p; = -+ = up = p and
P+l = -+ = iy = A for 0 < k < n. Hence, the mean curvature vector H of M in

R is H = o/e,y1 + , where o = (kp + (n — k)A)/n is the mean curvature of M
in H* 1 (-1).

The mean curvature |H| of M in R} is constant if and only if o/ = (ku + (n —
k)A\)/n is constant. Also, the square of the length of the second fundamental form is
|h||* = n+ ku? + (n — k)A? which is constant because of (2.1). Let X be a vector on
M. From X (|H|?) =0 and X (||h]|?) = 0 we obtain

EX(n)+ (n—k)X(\) =0 and kuX(u)+ (n—k)AX(A) =0

which gives (1 — A)X(u) =0. So, p —A=0or X(u) =0 with g — XA # 0.

Case 1. u = A. Clearly, p and A are constants as o' = (ku + (n — k)\)/n
is constant. The hypersurface M is totally umbilical in H**!(—1), i.e., Ac = pd,
where I denotes the identity transformation. From the Gauss equation it is easily seen
that M is of constant curvature —1+p2. By Theorem 5.1 in [1], M is locally congruent
to H"(—c) C H""1(—1) with the curvature —¢, 0 < ¢ < 1 or S"(c) C H**!(~1) with
the curvature ¢ > 0.

Case 2. X(u) = 0 with g — X\ # 0. Hence, p and X\ are constants. Again, by
Theorem 5.1 in [1], M is locally congruent to HF(—b) x S"~*(a) c H"*!(—1) with
1/a—1/b=—1, where —b=—1+p? (0<b<1),a=—-1+A?(a>0)and p=1.
O

We conclude that
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Corollary 4.4. The totally geodesic hypersurface H"(—1) of H**t1(—1) C R""2 is the
only minimal hypersurface of H"T(—1) with at most two distinct principal curvatures
and 1-type Gauss map.

From Corollary 4.4, the totally geodesic surface H?(—1) of H?*(—1) C R} is the
only minimal surface of H3(—1) with 1-type Gauss map.

Corollary 4.5. An oriented surface M of the hyperbolic space H3(—1) C R} has
I-type Gauss map v : M — S3(1) C RS if and only if M is congruent to one of
the followings: H2(—c) C H3(—1) with 0 < ¢ < 1, S%(¢) C H*(—1) with ¢ > 0 or
H'(—b) x S*(a) C H3(—1) with 1/a — 1/b= —1.
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