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Abstract. In this paper, we give sufficient conditions for the existence
and stability results of solutions to elliptic variational inequalities in non-
reflexive Banach spaces.
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1 Introduction

Let V be a real Banach space, I'(V) the set of proper lower semicontinuous convex
functions on V, A : V — V* a pseudomonotone operator, ® in I'(V) and f € V*. The
elliptic variational inequality problem is to find an u € V such that

(1.1) (Au— f,v—u) > ®(u) —P(v) forallvelV.

Many authors have studied elliptic variational inequalities in reflexive Banach spaces
(see for example [6, 5, 3, 8] and also [7]). For results in nonreflexive Banach spaces,
Watson [10] studied the existence and stability of solutions to variational inequality
problem

(1.2) (Au,v—u) > 0 forallve K,

where K is a nonempty closed bounded convex subset of V. We can show that the
elliptic variational inequalities (1.1) are equivalent to inequalities of type (1.2) in the
space V =V xR

(1.3) GeK: (Aui—f,i—u)>0 forallt € K

such that, V normed by || [l = || |+ ] ], 4 = (4,1) in V to V*, f = (f,—1)
and K = epi®. This makes it possible to deduce the properties of (1.1) from the
corresponding properties of (1.3). The sufficient conditions are given in [10] for the
existence and stability results cannot be applied in the elliptic variational inequalities
(1.1) (since, K not bounded subset of V). It is the purpose of this paper to prove
the existence and stability results of solutions to elliptic variational inequalities (1.1)
under weaker conditions than those needed in [4, 10].
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2 Main results

Throughout the sequel, we assume V is a real nonreflexive Banach space and we
denote by CB(V) the set of nonempty closed norm bounded convex subsets of V.
First of all, we recall some definitions.

e An operator A : V** — V* is said to be

(¢) - hemicontinuous if for any v and v in V** the map ¢ — A(u + tv) of [0, 1]
to V* is continuous for the natural topology of [0, 1] and the weak topology
of V*.

(#7) - pseudomonotone if (Au,v —u) > 0 implies (Av,v —u) > 0, for all v,u €
Ve,

o We define the Hausdorff distance between two elements C' and B of nonempty
closed subsets, i.e. CL(V), of V| by

H(B,C) = supyey|d* (v, B) — d(v,C)|

e For any p > 0, the p—Hausdorff distance between B and C'is given by
haus, (B, C) = maz{e(BNuU,C),e(CNuU, B)},

where U is the closed unit ball of V' and e(B, C') = sup_.c¢ d(c, B) is the excess
of B over C.

e Let K, K1, K», ... be a sequence of CL(V'). Then K, is declared Attouch-Wets
convergent to K, and we write K = 74w — lim K, if and only if for each p > 0,
we have lim,,_, 4 o haus, (K, K,) = 0.

Next, we give some results which will be needed in the proof of the main results.

Lemma 2.1. [2] Let ® € T'(V), and (P,,) be a sequence in T'(V), (D,,) is slice con-
vergent to ® if and only if both of the following conditions are satisfied

(i) for each v € V, there exists a sequence (vy,) strongly convergent to v such that
O(v) = limy— 100 Pp(vn);

(i3) for each f € V*| there exists a sequence (fy) strongly convergent to f such that
*(f) = limp— 100 P5,(fn)-

Lemma 2.2. [10] Let A : K — V* be pseudomonotone hemicontinuous and suppose
K is a subset of CB(V**). Then, the variational inequality
(Au,v —u) >0, for all v € K, has a solution u € K.

We now prove the main result of this paper.

1d be the metric determined by the norm.
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Theorem 2.3. Let A : V** — V* be a bounded pseudomonotone hemicontinuous
operator, suppose ® € T'(V**). Further assume

there exists vy such that ®(vg) < o0 and
(2.1) (Au,u — vg) + D(u)

[
then, for f in V*, there exists an u € V** such that

(Au— f,v—u) > ®(u) — ®(v) for allv € V**.

— 400 if |Ju|| = +oo.

Proof. 1t suffices to deal with the variational inequality (1.3) in the space V**. Clearly,

A is pseudomonotone, hemicontinuous operator, provided A is such.
Let R > 0 and
Kp = {00 = (v,€) € K, |lv —vol| + |¢ — ®| < R}.
Then, by Lemma 2.2, there exists ug in I~(R such that
(2.2) (Aug — f,U—tg) >0 forallde Kp
For this purpose, it suffices to take v = vy = (vo, ®(vp)). If ur = (ugr,ar); then
setting vp in (2.2) we get
(2.3) (Aur,ur —vo) + ar < (f,ur — vo) + ®(vo)
since ag > ®(ug) hence
(Augr,ur —vo) + ®(ur) < (f,ur —vo) + ®(vo)
< el + furl;

By the hypothesis (2.1), with ® replaced by ® — ¢, we may conclude that
lur|| < const. Thus from (2.3) we obtain that : ap < const.
Let x subgradient to ® at vg; it follows that

ar > ®(ur) > (X, ur — vo) + ®(vo)

then ag > ®(ugr) > —cp from this, we obtain that |ug| + |ar| < c2 with ¢y is
constant independent of R, we may conclude that ||ug — vo|| + |ag — ®(vg)| < c5. If
the constant R is chosen as R > c3, then g is solution of inequality (1.3). Indeed, if
@ is taken in K, thanks to the fact that [irl g, < R, we have

v=(1—-0)ug+0we Kp
where 0 is a positive constant sufficiently small, then setting v in (2.2), we get
0(Aup, @ —r) > O(f, @ —1ur),
then (Aug, @ —ug) > (f,@—ugr) YoeK.

This implies that upg is solution of inequality (1.1).
O

Remark 2.1. This proof use the weakens conditions required in [10] and combined
with the method needed in [6] to prove the existence of solutions to elliptic inequalities
(1.1).
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3 Perturbation problems for elliptic variational
inequalities

We consider a sequence of elliptic variational inequalities (1,), i.e., find
u, € V such that

(Anty, — fr,v —up) = Pp(uy) — p(v), forall ve K,.

Theorem 3.1. Let A, A, : V — V* be pseudomonotone and hemicontinuous. Let
o e T(V), @, be a sequence in T'(V), such that & < ®,, for each n. Further assume

there exists a monempty subset Xy contained in a compact conver subset X1 of K,
for each n such that the set

D={teK: (Aui—f,u—71) >0, for all i€ Xo}
is compact or empty, and let us suppose that
(i)- fo— fin V"
(i1)- Apv — Avin V* for allv € V;
(iii)- @, > ®; then,

(a)- there exists, for f; f, in V*, the solutions u and u, of (1.1) and (1,), respectively
and
(b)-if up, — v in V then v solution to the elliptic variational inequality (1.1).

Proof. For each n, the condition K, C K is trivially satisfied if & < ®,,, then we shall
obtain the desired result (a), by applying [10, Theorem 1] (see also [9]) and, combined
with the proof of [10, Theorem 2.
It is seen that the elliptic variational inequality (1,) is equivalent to the search of w,,
in V such as?

_(Anun - fn) € aq)n(un)y

let x € V*, by lemma 2.1, there exists a sequence () strongly convergent to x such
that lim ®% (xn) = ®*(x). Let w be an element of V, again using the Minty’s Lemma
we conclude that

(3.1) Uy € 0P (—Apw + fn)
since, there exists an ug € V' such that
(ﬁ*(wa + f) < <f - A’U}, u0> - (D(UO)a

by lemma 2.1, there exists a sequence (ug,) strongly convergent to uo such that
lim ®,, (uo,) = ®(up). Hence, from (3.1) we may deduce that

(3-2) <Xn + Apw — fn, Un> < q):,(Xn) - <Anw + [, U0n> + (I)n(uOn)

20®,,(uy) is the set of subgradients of ®,, at wn,.
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to prove then v € 9P*(—Aw + f) for all w € V, it suffices to pass to the limit in (3.2),
by the Minty’s lemma we conclude that v € 9®*(—Av + f). Moreover, taking into
account that

—Av+ f € 0D(v),

we obtain the desired result (b). O

Theorem 3.2. Under the assumptions of Theorem 3.1 relative to the operators
A A, -V — V* with (A,) a sequence of uniformly bounded operators, if the
following conditions are satisfied

(a)' fn— fin V¥

(b)- (Ay) continuously converges to A, that is for allw € V** and all
sequence (wy) converging to w, the sequence (Aywy,)converges to Aw;

(c)- &, X o,

(d)- ®,(vg) = ®(vg) and ®,, > P in subset of solutions the variational
inequality (1,);

(Apu,u —vo) + D (u)
(¢)- [[ul

if |lull = +oo.

— 400 uniformly

then, the solution (u,) to the variational inequality (1,) has a subsequence which
converges to the solution u to (1.1) in the weak-star topology.

Proof. Consider a sequence of elliptic variational inequalities (3,,), corresponding to
(1.3), and let R > 0. Under the assumptions listed in Theorem, we may apply Theorem
2.3 and deduce the existence of the solutions @ and u, of (1.3) and (3,,) respectively,
such that ||u,|| < ¢ with ¢ constant independent of R. For R > ¢, and under the
assumption that (A,) be a sequence of uniformly bounded operators and hypothesis
(a),(c) and (e) and, by taking into account the proof of Theorem 2.3, we obtain the
constant ¢ independent to n. Let,

Bg = {v= (v,6) € V| |lv = wol| + ¢ = ®(wo)| < R},

since NI?,L NB R is a nonempty closed convex subset of 17**, then I?n NB Rr converges to
K N Bpg, in the sense of definition of Attouch-Wets convergence [2], for p sufficiently

large, we have IN(n N ER A2 Kn ER. Since,
d(ﬂn,f{ﬂgg) SH(I?nﬂgg,I?ﬂgR)HOasne—l—oo

there exists a subsequence of (i, ), denoted by (@iy); such that @, — @ € K N By in
the weak-star topology. We now prove that

(Au—f,5—1) >0, Vi € K.
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It suffices to prove that u is a solution of (gﬂ - f,ﬁ— u)y >0, Vo e K N Bg, Indeed,
given v € K N Bpg, there is a sequence v, € K, N Br converging in norm to v as
n — +00, by the Minty’s lemma, we have

(AT, — fro O — Tg) > 0;
letting & — +o00, and using the assumptions (a) and (b), we get
(AT —Fo-u) >0,
and as 0 € K N Bp is arbitrary, then thanks to the proof of theorem 2.3, we have
(R > ¢ > liminf [|@,|| > ||a]])
and using Minty’s lemma, we get the desired conclusion. O

Remark 3.1. In reflexive Banach space, a closed convex bounded set is compact.
Then, it is possible to prove a result similar to Theorem 3.1 by applying the lemma
2.2 [10], because in this case X; = K is a nonempty compact convex subset of V.

4 Conclusions

We have extended a well-studied and generic problem of variational inequalities in
reflexive Banach spaces to encompass nonreflexive Banach spaces, under weaker con-
ditions for the existence of solutions.
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