Dynamical bifurcation of
an eco-epidemiological system

C. Bercia

Abstract. In this paper we have considered a dynamical system which
models the evolution of three species, two of them being the susceptible
and infected preys, respectively and the other one -the predator popu-
lation. The system depends on eight parameters. We found a Hopf bi-
furcation point when one of the parameters was varied and we deduced
the presence of a stable limit cycle. Bifurcation diagrams are presented
and we established the important types of dynamics of the system. By
numerical integration, we obtained the phase portrait for different types
of dynamics and plots of time course for the corresponding solutions.
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1 Introduction

In this paper, we study a prey-predator system with three populations, the infected
prey, the susceptible prey and the predators on both populations. The system models
the combined effect of epidemiological and demographic features on real ecological
populations. The dynamical system was studied in [3] and there were analyzed suf-
ficient conditions for the local stability of the equilibrium points of the system and
numerical simulations for its dynamical behavior.

After we obtained the non-dimensional form, the system has now eight param-
eters. Our goal is to find the domain in the parameters space for the existence of
the equilibria and for local stability and to proof a Hopf bifurcation point, under one
parameter variation. Also, we search the ecological interpretation of this point and
we shall establish all the important types of dynamics of the system.
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2 The eco-epidemiological model.
Stability and bifurcation analysis

The model considered here is described by the following three-dimensional ODE sys-
tem:

S'(t)=rS(1—8 —1I)—bSI— 5%

m+S
(2.1) I'(t) = bSI — dy 1 — 222

Y'(t) = ~doY +qBFg +¢2217,

where the prey population density consists of susceptible one- S and the infected prey-
1. The predator population density is Y.

There are general assumptions of the model, namely [3]:

1. In the absence of disease, the prey population grows logistically with intrinsic
growth rate r.

2. Only the susceptible prey can reproduce. The infected prey is removed with
death rate d; or by predation. The infected population I contributes with S to
population growth towards the carrying capacity.

3. The disease is spread among the prey only. Susceptible prey becomes infected
when it comes in contact with the infected prey and this process follows the simple
mass action kinetics with b as the rate of conversion.

4. The predation functional response of the predator towards susceptible, as well as
infected prey, namely = 1+Ss and -2 iII are of Michaelis-Menten type (see for example [4])
with predation coefficients p; and ps. Here m denotes the half-saturation constant.
Consumed prey is converted into predator with efficiency g. The loss of predator
population is due to death at a constant rate, ds.

In [1] we proved that R% is an invariant set for the system and the existence
criteria of the equilibrium points are the following:

Proposition 2.1. i) The trivial equilibrium Eq = (0,0,0) and the azial equilibrium
E; = (1,0,0) always exist;
i1) The boundary equilibria Eg, = (d1 T(b_dl),O) exists iff b > di and Epy =

D b(bFr)
(S,0,Y) exists iff gp1 > da(1 4+ m), where S = q;ff2d27 Y = wi )
ii) The interior equilibrium is E* = (S*,I*,Y™), where Y* = (bs_d;#,
S* = (qplﬂéiﬁi’ﬁ)ﬁ;zﬁ A and I* is the positive root of the equation
*Y o= [l — —l(da—gp)l"tmda) ___ puy_ bda(mtl”)
(22) g(I):= [l (qp1+qp22*dz)§*+7n(qp?*dz) I”] 2pzq
o ((gpy + gpa — do) T + m(gp1 — da))] =0.

We found, as well, necessary and sufficient conditions for the local stability of the
boundary equilibria:

Proposition 2.2. i) Ey is a saddle point, always stable in the direction of I and'Y
and unstable in S - direction;

i1) En is locally asymptotic stable iff b < dy and q < W = Qmin ;

iii) Epy is locally asymptotic stable iff b > dy and q < —574 djz,,,(b,dl) =:q.

mbTd; T mbbt ) Fr(b—dp)
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For the disease-free equilibrium Epo, the eigenvalues of the Jacobian matrix in
this point, are Ay =b S — dy — %’Y and Az 3, the roots of the equation

~ A~

N 2
(2.3) N4 A\ — LYA]S bqm- LY
(m + S5)2 (m+S)3

We assume m < 1 and the equilibrium Ep, is asymptotic stable if Re(Ag3) < 0
da(1+m)
N N N p1(1—m)
one, with S < S, , where S, is the single positive root of the equation f(z) :=
parz? + (mbpy — par + parm)x — m(p1dy + par) = 0.

The last condition can be written as ¢ > Z—f(ﬁ + 1) =: ¢. So, in order to be in

and A\; < 0. The first one is equivalent with ¢ <

=: qo and the second

the case of local stability, it is necessary that ¢ < qg < §+ > Lm e f(ismy <.

Proposition 2.3. Let be m < 1. %) If b > dq, the equilibrium Epgs is locally asymptotic

2
stable iff § < q < qo and b < 12_djn %.

it) When b < dy, Egs is locally asymptotic stable iff qmin < ¢ < qo-

In the present paper, for the interior equilibrium E*, we search conditions for the
uniqueness which is the case with biological relevance.
The components of E*(S*, I*,Y*) must be positive and we obtain:

do (berdl)

Lemma 2.4. If qp1 > dy and py < p2 , then E* exists iff ¢ < Tipn and
* m[da(bm+di)—digpi] . 7«
0<I” < (gp2—d2)(bm+dy)+digpr ~ ° I

Let us consider ¢ > ¢min, b > di and the function (b) := dy — q[rfgle +

%}. Since 9(d1) < 0, the equation ¥ (b) = 0 is equivalent with a third
order equation having only one solution greater then d;, and this is by definition b, .
So Ep; is stable iff (b)) > 0 < b > by,

Combining the previous results, we find equivalent conditions for equation

g(I*) =0 to have a unique solution I* € (0,1%,).

Proposition 2.5. i) When p1 < p2, b > di and f(%l) < 0, there exists only one
interior equilibrium iff q is between q1 and q;
1) When p1 < pa and gmin < q < qo, there is only one interior equilibrium iff b is

di(gp1—da)+p2qr _ _rTpagq
dom qp1—dz”

between by and ba, where by =

Proof. The equation (2.2) is equivalent with a second order equation, go(I*) = 0 and
this one has a unique solution I* € (0, I},) iff g2(0)g2(I%,) < 0. It can be established
by straightforward calculations that g2(I}) <0< ¢> ¢ < ¥(b) <0< b < by.
Also g2(0) > 0 & b > by & f(S) >0 4 ¢ < g Also note that f(%) < 0 holds iff
Z]\< dz(lt)i?;tdl)' 0O
Remark 2.1. i) Eg; = E; iff b = dy;

11) Epo, = F; lﬁ‘q = Qmin < b= b+;

111) Ep =F" < q=q;

iV) E32=E*<:)b=b2<:>q=a;

v) Ep1 = Eps iff b = d; and ¢ = gmin and in this case, both equilibria coincide
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We are now investigating whether the system admits a stable limit cycle which
represents states of coexistence of all species of the system, as well as the interior
equilibrium E*. When interested in periodic solutions of a dynamical system, Hopf
bifurcation points are first to be considered.

Let g be the control parameter. For ¢ = ¢y we found such a dynamic bifurcation
point:

Theorem 2.6. Suppose m < 1. The point ( Ep2,qo) is a supercritical non-degenerate
Hopf bifurcation point if, for the other parameters,

2d; n por(1 4+ m)?

24 b .
(24) 7 1—-m  2mpi(1—m)
The first Lyapunov coefficient is 1 = _W\/(;nwrl) < 0.

Proof. A necessary condition to be a Hopf bifurcation point is that the equilibrium
FEpo has at the critical parameter value ¢ = ¢g, a simple pair of purely imaginary
eigenvalues and no other with the real part, zero. Only Ay 3 , the roots of equation
(2.3) can satisfy this condition iff Ay + A3 =0 <= ¢ = qo.

Also we need \; # 0 < S #* §+. In consequence it is necessary that q # q at the
bifurcation parameter value, so qo # ¢ < f(152) # 0 or in the form (2.4).

As a function of the control parameter, A2 3(q) = a(q) & iw(q), w(q) > 0 and it is

defined in a neighborhood of ¢y = zfﬁfzg Since a(q) = % = %(1— — qf}T_dle ),
we find that o' (qo) = % > 0 (H1) and the first non-degeneracy condition for

Hopf bifurcation is satisfied.
Next we shall find the first Lyapunov coefficient and for this we fix ¢ = go. Using

2
the equation (2.3), we compute w?(qp) = gm (:1155)3 = rmdy and the Jacobian
9=40
0 a2 a3 ,
matrix at Epg for ¢ = qo, A = 0 ax O where a1p = %27"_1), a3 =
az; azz 0
p1(m—1) _ b(1—-m) par(1+m)> . _ rdom(14m) , _ rdapa(1+4m)®
1m-‘,—l ) (22 = 2 - = 4p1m - dl’ asy = p21(1—m) ;@32 = 41)2%;(1—m) :

We need eigenvectors corresponding to the purely imaginary eigenvalues of A and
its transpose AT. From now on we denote by w = w(qy). We compute u € C?
an eigenvector corresponding to iw and v € C3 the adjoint eigenvector, having the
properties Au = iwu, ATv = —iwv and satisfying the normalization (u,v) =1 in C3.

Next, we make a translation of the variables in the system (2.1), so that Eps
becomes the origin and we find its coefficients at the critical parameter value. We
substitute (S — S, I,Y —Y) = (21,22, x3) and the system becomes at ¢ = qp :

Fo= v ) - ) = b+ )
—[prws + F(1+ m)z]gﬁiiﬁ
(2.5) G = blan+ 5")re — dizs — prEs s + g5 (1+m)?]
o = LU 4 L (14 m)?[pr S 4+ py 2]
—ds[rs + 7= (1 4+ m)?),




22 C. Bercia

T
which is in the form z = AzT + F(z), = € R? and F(z) = O(|z|*), so we express
F(z) in terms of the multilinear functions B(z,y), C(x,y, z ) :

F(z) = 1B(x,2) + £C(x,2,2) + O(||z|*), Bi(z,y) = 2 oo |, T

Ci(x;yy ) Z 8{;3{58(1 ’C TiYk2l, 7= 1,3

From [2], the ﬁrst Lyapunov coefficient is

Iy = %Re[(v, C(u,u, @) — 2 (v,B(u,A™'B(u,m))) + (v, B(T, (2iwl; — A)"'B(u, w))l.

Using MAPLE, we found that [y = WTH) =10 <0 (H2), for every com-
bination of the other parameters. Thus, the Hopf bifurcation is non-degenerate and
always supercritical. The conditions (H1) and (H2) determine the sense of bifurcation
and the stability of the solutions. In consequence, from a stable branch of equilibrium
points corresponding to Epo for ¢ < qp, it bifurcates a branch of periodic solutions
(stable limit cycles) for ¢ > qop, while Eps becomes unstable. O

3 The bifurcation diagrams and numerical results

First we use ¢ as a control parameter and the fixed parameters satisfy p; < po2, b > dy,
f(d—bl) <0, f(352) <0 (<7< q), ¢1 < gmin- We plot the bifurcation diagram for
the system (2.1) and make its projection into the plane (g, S). The diagram contains
the branches of stationary solutions. Solid and broken lines correspond to stable,
respectively unstable equilibrium points (see fig. 1). The static bifurcation parameters
are, in order q1, qmin and ¢. Also we proved that g = qq is the value of the parameter
corresponding to Hopf bifurcation.

o>
ol o
{1
a

o 91 9min qy

Figure 1: The bifurcation diagram with ¢ as a control parameter which contains static
bifurcation points, also Hopf points gy and ¢g. For decreasing values of ¢, from the
stable branch of E*, a stable limit cycle emerges for ¢ < qg. For increasing ¢, from
the stable branch Fpgs, a stable limit cycle appears for ¢ > qq.

For the asymptotic stability of E*, we computed the Jacobian matrix at E* and the
characteristic equation is A3 +A4; A2+ A, A+ A3 = 0. Using Routh-Hurwitz criterion, all
the eigenvalues A\ have negative real part iff A; As > A3 and Ay, A5 > 0. Otherwise,
E* is unstable.

We took r = 11.2, p; = dy = 0.4, m = 0.016, ps = 0.6, do = 0.08, b = 36 and we
found g; ~ 0.1102; gmin ~ 0.2032; ¢ ~ 0.20331; go ~ 0.2065.
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We detected numerically another Hopf bifurcation point ¢y € (¢min, ), qu =
0.203305 when Ay A; = Az, Ay, A3 > 0. We integrated the system using MATLAB
and for decreasing values of g, from the stable branch of E*  a stable limit cycle
emerges for g < qg.

Also we illustrated our analytical findings through numerical integration for ¢ > qo,
g = 0.21 and we depicted one trajectory which tends to a stable limit cycle.(fig. 2)
Our simulations revealed that the cycle is a global attractor for the interior of the
first octant. In fig. 3 we represented the time evolution of the corresponding solution.

25

Figure 2: One trajectory from the phase portrait which tends to the limit cycle, when
q > qo, q = 0.21.
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Figure 3: Time evolution of the solution which tends to a periodic behavior, corre-
sponding to the limit cycle.

For ¢ € (g, qo), numerical simulations showed that the stability of Epy is of local
nature. For ¢ small, ¢ < g1, ¢ = 0.05, numerical integration revealed that Fp; (the
predator free state) is not only locally asymptotic stable, but moreover it has global
stability in the interior of R3 (fig. 4 and 5).
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Figure 4: One trajectory for ¢ < q1, ¢ = 0.05, which tends to the predator free
equilibrium.
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Figure 5: Time evolution of the corresponding solution.

Now we take b as a control parameter and we fix the other ones, satisfying the
hypothesis of proposition 2.5 ii): p1 < p2 and gmin < ¢ < go so that E* is unique
for b bettween by and by. On the bifurcation diagram (fig. 6), there are three static
bifurcation points, in order: b = d; when Ep; = E1; b = by when Ep; = E* and
b = by when E* meets Eps. For numerical simulations, the fixed parameters are
r=11.2, py = 0.3;d; = 0.2, m = 0.036, po = 0.32, d2 = 0.17, ¢ = 0.6 and we found
by =~ 62.219; by ~ 136.659.

For b € (by,by), we obtained that E* is unstable. In consequence, this is an interval

for b where two stable branches of solutions coexist (Epe and Epi). So it is an
interval of bi-stability. We integrated numerically the system for b = 63 and the
phase portrait obtained (fig. 7) is in agreement with the analytical result, so there
are solutions which start from a small neighborhood of Eps = (0.612;0;9.386) and
will approach the equilibrium for ¢ — oo, but other solutions tend to Eg;.
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Figure 6: Bifurcation diagram with b as the control parameter, when p; < py and
qmin < q < qo-

Figure 7: The phase portrait of the system when b € (by,bs), b = 63. Trajectories
which start in a neighborhood of Eps = (0.612;0;9.386) will approach the equilibrium
for t — o0, others tend to predator free equilibrium.

4 Conclusions

We have examined the behavior of the system (2.1) under the variation of one param-
eter (¢) and then another, (b) in order to establish the important types of dynamics.
We discussed the case p; < p2 because the predator have a natural tendency to
consume a larger number of infected preys [3].

1) For small values of predator conversion efficiency (¢ < ¢1) and for average
values of b - the rate of conversion of the susceptible prey into infected prey, the
system evolves to the free-predator state Ey. (fig. 4) Also this is the evolution for
average ¢ (i.e. ¢ € (¢min, go) and large b (i.e. b > max(by,bs)).

2) For average ¢ (i.e. ¢ between ¢ and ¢;) or large ¢, i.e. ¢ > qq, all the three
populations coexist in an oscillatory behavior, namely the system tends to a stable
limit cycle. (fig. 2)

3) For ¢ € (q,q0) and average b or ¢ € (Gmin, qo) and b < by , the system can
evolve to the free-disease state, if I(0) is small.

We determined several threshold values ¢ and ¢g, which are important for disease
eradication, as well as for the coexistence (in a stable state or oscillatory stable state)
of species.



26 C. Bercia

References

[1] C. Bercia, The dynamics of an eco-epidemiological system, U.P.B. Sci. Bull.,
Series A, 72, 4 (2010), 53-60.

[2] Y. A. Kuznetsov, Elements of Applied Bifurcation Theory, Springer Verlag, New
York, 1995.

[3] B. Mukhopadhyay and R. Bhattacharyya, Role of predator switching in an eco-
epidemiological model with disease in the prey, in Ecological Modelling, 220
(2009), 931-939.

[4] J. D. Murray, Mathematical Biology, Springer Verlag, Berlin, 1989.

Author’s address:

Cristina Bercia

Department of Methods and Mathematical Models,

Faculty of Applied Sciences, University Politehnica of Bucharest,
Splaiul Independentei 313, 060042 Bucharest, Romania.

E-mail: cristina_bercia@yahoo.co.uk



