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Abstract. The goal of this paper is to study equivalent projective rep-
resentations on a Hilbert C∗-module and to present conditions for the
associated multipliers of two projective representations to be equivalent.
We also prove the existence of a projective representation π2 projectively
equivalent with a given projective unitary representation π1 with the as-
sociated multiplier ω1, which is equivalent with the associated multiplier
ω2 of π2.
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1 Introduction and preliminaries

Hilbert C∗-modules were first introduced by Kaplansky in 1953 in [7]. His idea was to
generalize Hilbert space by allowing the inner product to take values in a commutative
unital C∗-algebra rather than in the field of complex numbers. In 1973, Paschke
showed, in his PhD thesis [13], that, contrary to Kaplansky’s misgivings, most of
the basic properties of Hilbert C∗-modules are valid for modules over an arbitrary
C∗-algebra. At about the same time, Rieffel [14] independently developed much of
the same theory and used Hilbert C∗-modules as the technical basis for his theory of
induced representations of C∗-algebras.

Definition 1.1. ([9]) A pre-Hilbert A-module is a complex vector space E which is
also a right A-module, compatible with the complex algebra structure, equipped with
an A-valued inner product 〈·, ·〉 : E × E → A which is C -and A-linear in its second
variable and satisfies the following relations:

1. 〈ξ, η〉∗ = 〈η, ξ〉 for every ξ, η ∈ E;

2. 〈ξ, ξ〉 ≥ 0 for every ξ ∈ E;

3. 〈ξ, ξ〉 = 0 if and only if ξ = 0.

∗BSG Proceedings, Vol. 19, 2012, pp. 27-31.
c© Balkan Society of Geometers, Geometry Balkan Press 2012.



28 Tania-Luminiţa Costache

We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the norm ‖·‖ given by ‖ξ‖ =

√
‖〈ξ, ξ〉‖.

The theory of projective representations of finite groups was founded by I. Schur
[15]. Projective representations help us understand numerous physical systems. For
example, they are used to describe the symmetry operations of a crystal lattice and to
label the energy levels of quantum systems. Mackey remarked in [10] that a problem
arising in quantum field theory can be formulated as a problem of finding certain
projective representations. Brown has used projective representations of translation
groups to discuss the energy-level degeneracy occurring when a crystal is subjected
to a uniform magnetic field. Projective representations of abelian groups arise natu-
rally in the study of energy bands in the presence of a magnetic field. A projective
representation is also relevant for describing the symmetries of quantum mechanical
systems.

Let A be a C∗-algebra, let E be a Hilbert C∗-module over A and let LA(E) be the
Banach space of all adjointable module homomorphisms from E to E ( that is, T is a
module homomorphism such that there is T ∗ a bounded module homomorphism from
E to E satisfying 〈η, T ξ〉 = 〈T ∗η, ξ〉 for all ξ, η ∈ E) and let G be a locally compact
group.

Definition 1.2. A map ω : G×G → U(Z(A)), where

U(Z(A)) =
{
u ∈ A | u unitary, ua = au, ∀ a ∈ A

}

is called a multiplier on G if

i) ω(x, e) = ω(e, x) = 1A for all x ∈ G, where e is the identity of G;

ii) ω(x, y)ω(xy, z) = ω(x, yz)ω(y, z) for all x, y, z ∈ G.

Definition 1.3. Two multipliers ω1 and ω2 on G are called equivalent if there is a
map µ : G → U(Z(A)) such that µ(e) = 1A and

ω2(x, y) = µ(x)µ(y)µ(xy)∗ω1(x, y)

for all x, y ∈ G.

Definition 1.4. A projective representation of G on E with the associated multiplier
ω is a map π : G → LA(E) such that

i) π(xy) = ω(x, y)π(x)π(y) for all x, y ∈ G;

ii) π(e) = IE , where IE is the identity operator on E.

2 Equivalent projective representations on
Hilbert C∗-modules

In this section we give conditions for the associated multipliers of two projective
representations to be equivalent and prove the existence of a projective representation
π2 projectively equivalent with a given projective unitary representation π1 with the
associated multiplier ω1, which is equivalent with the associated multiplier ω2 of π2.
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Definition 2.1. Let π1 and π2 two projective representations from G to LA(E). We
say that π1 and π2 are projectively equivalent if there is an unitary operator U ∈ LA(E)
such that
{
U∗π(x)Uξ/x ∈ G, ξ ∈ E, π projective representation of G on E with the multiplier ω

}

is a dense submodule of E and there is a map µ : G → U(Z(A)) such that µ(e) = 1A

and π2(x)ξ = µ(x)U∗π1(x)Uξ for all x ∈ G, ξ ∈ E.

Proposition 2.1. Let π1 and π2 be two projectively equivalent projective representa-
tions with the associated multipliers ω1, respectively ω2. Then ω1 and ω2 are equiva-
lent.

Proof. Since π1 and π2 are projectively equivalent, there are an unitary operator
U ∈ LA(E) and a map µ : G → U(Z(A)) such that

π2(x)ξ = µ(x)U∗π1(x)Uξ

π2(y)ξ = µ(y)U∗π1(y)Uξ

π2(xy)ξ = µ(xy)U∗π1(xy)Uξ

for all x, y ∈ G and ξ ∈ E.
Since π1 and π2 are projective representations, we have

µ(xy)U∗π1(xy)Uξ = π2(xy)ξ = ω2(x, y)π2(x)π2(y)ξ =

ω2(x, y)µ(x)U∗π1(x)Uµ(y)U∗π1(y)Uξ =

ω2(x, y)µ(x)µ(y)U∗π1(x)π1(y)Uξ = ω2(x, y)µ(x)µ(y)U∗ω1(x, y)∗π1(xy)Uξ =

ω2(x, y)ω1(x, y)∗µ(x)µ(y)U∗π1(xy)Uξ,

for all x, y ∈ G and ξ ∈ E. 2

Proposition 2.2. Let π1 and π2 be two projectively equivalent projective representa-
tions with the same associated multiplier ω. Then the map µ from Definition 2.1 is a
homomorphism from G to U(Z(A)).

Proof. By Definition 2.1 results that there are an unitary operator U ∈ LA(E) and a
map µ : G → U(Z(A)) such that

π2(x)ξ = µ(x)U∗π1(x)Uξ

π2(y)ξ = µ(y)U∗π1(y)Uξ

π2(xy)ξ = µ(xy)U∗π1(xy)Uξ

for all x, y ∈ G and ξ ∈ E.
Since π2 is a projective representation with the associated multiplier ω and π1 and

π2 have the same associated multiplier, for all x, y ∈ G and ξ ∈ E we obtain :

π2(x)π2(y)ξ = ω(x, y)∗π2(xy)ξ = ω(x, y)∗µ(xy)U∗π1(xy)Uξ.



30 Tania-Luminiţa Costache

On the other hand,

π2(x)π2(y)ξ = µ(x)U∗π1(x)Uµ(y)U∗π1(y)Uξ =

µ(x)µ(y)U∗π1(x)π1(y)Uξ = µ(x)µ(y)U∗ω(x, y)∗π1(xy)Uξ =

ω(x, y)∗µ(x)µ(y)U∗π1(xy)Uξ.

Therefore, µ(xy)U∗π1(xy)Uξ = µ(x)µ(y)U∗π1(xy)Uξ. So µ(xy) = µ(x)µ(y) for all
x, y ∈ G. 2

Definition 2.2. A projective unitary representation of G on a Hilbert C∗-module E
over a C∗-algebra B with the associated multiplier ω is a map π : G → LB(E) such
that :

i) π(x) is a unitary element of LB(E) for all x ∈ G;

ii) π(xy) = ω(x, y)π(x)π(y) for all x, y ∈ G.

Theorem 2.3. (a) Let πi, i = 1, 2 be two projective representations with the associated
multiplier ωi, i = 1, 2. If π1 is projectively equivalent with π2, then ω1 is equivalent
with ω2. Moreover, if ω1 = ω2, then every map µ : G → U(Z(A)) which satisfies the
relation in Definition 2.1 is a homomorphism.

(b) Let π1 be a projective unitary representation with the associated multiplier
ω1. Then for every multiplier ω2 which is equivalent with ω1 there is a projective
representation π2 (with the associated multiplier ω2) which is projectively equivalent
with π1.

Proof. (a) This assertion results by Proposition 2.1 and Proposition 2.2.
(b) Since ω2 is equivalent with ω1, By Definition 1.3, there is a map µ : G →

U(Z(A)) such that µ(e) = 1A and

ω1(x, y) = µ(x)µ(y)µ(xy)∗ω2(x, y)

for all x, y ∈ G.
For every x ∈ G, we define π2 : G → LA(E) by π2(x)ξ = µ(x)π1(x)ξ, for all ξ ∈ E.
Since π1 is a projective unitary representation with the associated multiplier ω1, we

have ω1(x, y)π1(x)π1(y)ξ = π1(xy)ξ for all x, y ∈ G and ξ ∈ E, that is ω1(x, y)IEξ =
π1(xy)π1(y)∗π1(x)∗ξ for all x, y ∈ G and ξ ∈ E.

Hence, ω2(x, y)IEξ = µ(x)∗µ(y)∗µ(xy)π1(xy)π∗1(y)π∗1(x)ξ =
µ(xy)π1(xy)µ(y)∗π∗1(y)µ(x)∗π∗1(x)ξ = π2(xy)π∗2(y)π∗2(x)ξ.

Therefore, ω2(x, y)π2(x)π2(y)ξ = π2(xy)ξ.
This means that π2 is a a projective unitary representation with the associated

multiplier ω2. By the its definition, the representation π2 is projectively equivalent
with π1, taking the unitary operator U ∈ LA(E) equal with the identity operator on
E, IE . 2
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