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which are complete
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Abstract. The notion of the rigidity is important for classifying the hy-
persurfaces in a real space form. It is well known that a hypersurface Mn

in a real space form has the rigidity in the case of the type number = 3
at each point of Mn. The purpose of the present paper is to prove that
Mn has the rigidity in the case of Mn being complete, c 6= 0 and n = 3.
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1 Introduction

Let M̃n+1(c) be an (n+1)-dimensional real space form of constant curvature c (i.e.
complete, simply connected Riemannian manifold of constant sectional curvature, say
c). For each real number c and each integer n > 1 there is (up to isometry) exactly
one n-dimensional real space form of constant curvature c.

The real space forms are:
(1) If c = 0, then M̃n+1(c) is a Euclidean space En+1.
(2) If c < 0, then M̃n+1(c) is a real hyperbolic space Hn+1(c).
(3) If c > 0, then M̃n+1(c) is a Euclidean sphere Sn+1(c) .
Let f be an isometric immersion of a Riemannian manifold Mn in M̃n+1(c). Then

we call a hypersurface such a Mn. Let t(x) denote the rank of the second fundamental
form of x ∈ Mn. t(x) is called the type number at x. Let f be the other isometric
immersion of Mn in M̃n+1(c). If there exists an isometry α of M̃n+1(c) such that
α ◦ f = f , then it is called that Mn has the rigidity. Then it is well known (Beez [1]
and Thomas [12]): If the type number t(x) = 3 at each point of Mn in M̃n+1(c), then
Mn has the rigidity. Sacksteder [11] proved : If Mn is a complete convex hypersurface
in En+1, n = 3, and t(x) = 3 at one point, then Mn has the rigidity. Harle [3] showed
: If the scalar curvature of Mn is constant, c 6= 0 and n = 4, then M has the rigidity.
The author [4] showed : If the mean curvature of Mn is non-zro constant, c 6= 0 and
n = 4, then Mn has the rigidity. Ferus [2] obtained : If Mn is complete, t(x) = 2 at
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each point, c > 0 and n = 5 , then Mn has the rigidity.
The purpose of this paper is to prove the rigidity of Mn in the case of c 6= 0 and

complete. We prove the following theorem.

Theorem. Let Mn be a hypersurface in M̃n+1(c). If M is complete, c 6= 0 and
n = 3, then Mn has the rigidity.

2 Preliminaries

Let M̃n+1(c) be an (n+1)-dimensional space form, i.e., a Riemannian manifold of
constant curvature, say c. Let f of Mn in M̃n+1(c) be an isometric immersion of an
n-dimensional Riemannian manifold Mn in M̃n+1(c). For simplicity, we say that Mn

is a hypersurface in M̃n+1(c), and for all local formulas and computations, we may
consider f as an imbedding and thus identify x ∈ Mn with f(x) ∈ M̃n+1(c). The
tangent space Tx(M) is identified with a subspace of the tangent space Tx(M̃), and
the normal space T⊥x is the subspace of Tx(M̃) consisting of all X ∈ Tx(M̃) which are
orthogonal to Tx(M) with respect to the Riemannian metric g.

For an arbitrary point x0 ∈ Mn, we may choose a field ξ of unit normal vectors
defined in a neighborhood U of x0. The second fundamental form h and the corre-
sponding symmetric operator A are defined and related to covariant differentiations
∇̃ and ∇ in M̃n+1(c) and Mn, respectively, by the following formulas:

(2.1) ∇̃XY = ∇XY + h(X, Y ),

(2.2) ∇̃Xξ = −AX,

where X and Y are vector fields tangent to Mn. The Gauss equation is:

(2.3) R(X, Y ) = c(X ∧ Y ) + AX ∧AY, X, Y ∈ Tx(M),

where X ∧Y denotes the skew-symmetric endomorphism of Tx(M). And the Codazzi
equation is expressed by

(∇XA)Y = (∇Y A)X.(2.4)

Moreover, we prepare the following lemmas to prove the Theorem. We shall assume
that Mn is oriented (so that a unit normal vector field ξ is defined on the whole Mn)
and that the type number k(x) is greater than 0 everywhere on Mn. It is known
that the function k(x) is locally constant and hence is a constant, say k, since Mn

is connected. We may also speak of the differentiable function λ(x) which assigns to
each x ∈ Mn the non-zero eigenvalue of A at x. Thus, at each x ∈ Mn, λ(x) is the
non-zero eigenvalue of A with multiplicity k and 0 is the eigenvalue with multiplicity
n− k. We define two distributions on Mn as follows:

T0(x) = {X ∈ Tx(M); AX = 0},

Tλ(x) = {X ∈ Tx(M); AX = λ(x)X}.
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We have Tx(M) = T0(x) + Tλ(x) (direct sum). For any Y ∈ Tx(M), Y0 and Yλ will
denote the components of Y in T0(x) and Tλ(x), respectively.

Lemma 1 [6]. T0 and Tλ are differentiable.
Proof. Let {X1, · · · , Xk} be a basis of Tλ(x0) and {Xk+1, · · · , Xn} be a basis

of T0(x0) for any point x0 ∈ Mn. We extend Xi’s to vector fields on Mn and define
vector fields

Yi = AXi for 1 5 i 5 k,

Yj = (A− λI)Xj for k + 1 5 j 5 n,

where I denotes the identity transformation. At x0, we have Yi = λXi for 1 5 i 5 k
and Yj = −λXj for k + 1 5 j 5 n. Thus Y1, · · · , Yn are linearly independent at x0

and hence in a neighborhood U of x0. At each point of U , we have

(A− λI)Yi = (A− λI)AXi = 0 for 1 5 i 5 k,

AYj = A(A− λI)Xj = 0 for k + 1 5 j 5 n.

Hence Y1, · · · , Yk form a basis of Tλ and Yk+1, · · · , Yn form a basis of T0.

Lemma 2 [6]. T0 and Tλ are involutive.
Proof. We recall the Codazzi equation (2.4) . Suppose that X and Y are vector

fields belonging to T0. Then we obtain

(∇XA)Y = ∇X(AY )−A(∇XY ) = −A(∇XY ),
(∇Y A)X = −A(∇Y X).

Thus we get A(∇XY ) = A(∇Y X), that is, A([X, Y ]) = A(∇XY −∇Y X) = 0, showing
that [X, Y ] belongs to T0. Thus T0 is involutive. Suppose now that X and Y belong
to Tλ. Then we get

(∇XA)Y = ∇X(AY )−A(∇XY )
= ∇X(λY )−A(∇XY )
= Xλ · Y + λ∇XY −A(∇XY ).

Interchanging X and Y here and using the Codazzi equation, we get (Xλ)Y −(Y λ)X+
(λI −A)[X, Y ] = 0. Since (Xλ)Y − (Y λ)X ∈ Tλ and (λI −A)[X,Y ] = λ[X, Y ]0, we
get

(2.5) (Xλ)Y − (Y λ)X = 0 and [X, Y ]0 = 0.

The second identity shows that [X, Y ] ∈ Tλ, proving that Tλ is involutive.

Lemma 3. If k = 2 and X belongs to Tλ(x), then Xλ = 0.
Proof. Since dim Tλ(x) = 2, we may choose Y ∈ Tλ(x) such that X and Y are

linearly independent. Extending X and Y to vector fields belonging to Tλ, we have
(Xλ)Y − (Y λ)X = 0 at x from the first identity of (2.5) . Thus Xλ = Y λ = 0 at x.
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Lemma 4 [6]. If X ∈ Tλ, Y ∈ T0, then A(∇XY ) = −(Y λ)X.
Proof. Let X ∈ Tλ, Y ∈ T0, and we compute the both sides of the Codazzi

equation (2.4) :

(∇XA)Y = ∇X(AY )−A(∇XY ) = −A(∇XY ) = −λ(∇XY )λ,

(∇Y A)X = ∇Y (AX)−A(∇Y X) = ∇Y (λX)−A(∇Y X)
= Y λ ·X + λ(∇Y X)−A(∇Y X)
= Y λ ·X + λ(∇Y X)0

Therefore we have (∇Y X)0 = 0, that is, ∇Y X ∈ Tλ and (Y λ)X = −λ(∇XY )λ =
−A(∇XY ).

Lemma 5 [6].
(i) If Y ∈ T0, then ∇Y (Tλ) ⊂ Tλ.
(ii) If Y ∈ T0, then ∇Y (T0) ⊂ T0.
(iii) If Y ∈ T0, X ∈ Tλ and [X, Y ] = 0, then ∇XY ∈ Tλ.

Proof. (i) has been already shown above. (ii) follows from (i) and from the
fact that T0 and Tλ are orthogonal complements to each other. (iii) follows from
∇XY = ∇Y X + [X, Y ] = ∇Y X ∈ Tλ.

Lemma 6 [6]. If Y λ = 0 for every Y ∈ T0, then X ∈ Tλ implies ∇X(T0) ⊂ T0

and ∇X(Tλ) ⊂ Tλ.
Proof. Under the assumption Lemma 4 implies A(∇XY ) = 0, that is, ∇XY ∈ T0

for X ∈ Tλ and Y ∈ T0. Thus ∇X(T0) ⊂ T0 for X ∈ Tλ. Since Tλ is the orthogonal
complement of T0, we have ∇X(Tλ) ⊂ Tλ as well.

Lemma 7. Let Y be vector fields belonging to T0 such that ∇Y Y = 0. If there is

a non-vanishing vector field X belonging to Tλ such that [X, Y ] = 0, then (Y Y )(
1
λ

)+

c
1
λ

= 0.

Proof. We know that R(X, Y ) = c(X ∧Y )+AX ∧AY = c(X ∧Y ), since AY = 0.
On the other hand, we have

R(X, Y ) · Y = ∇X(∇Y Y )−∇Y (∇XY )−∇[X,Y ]Y = −∇Y (∇XY )

in view of ∇Y Y = 0 and [X, Y ] = 0. By Lemma 4 we have −(Y λ)X = A(∇XY ). By

Lemma 5 (iii) we obtain A(∇XY ) = λ(∇XY ). Thus we get ∇XY = −Y λ

λ
X.

Therefore ∇Y (
Y λ

λ
X) = cX, which implies

λ(Y Y λ)− (Y λ)(Y λ)
λ2

X +
Y λ

λ
∇Y X = cX.

Since [X,Y ] = 0, we have ∇Y X = ∇XY and this is equal to −Y λ

λ
X. Hence the

equation above reduces to

λ(Y Y λ)− 2(Y λ)(Y λ)
λ2

X = cX.
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Since X is non-vanishing, we get

λ(Y Y λ)− 2(Y λ)(Y λ)
λ2

= c.

A simple computation shows

Y Y (
1
λ

) = −λY (Y λ)− 2(Y λ)(Y λ)
λ3

= −c
1
λ

.

Lemma 8 [9]. If t(x) = 2, ker Ax = {X ∈ TxM |R(X, Y ) = cX ∧ Y forallY ∈
TxM}, where X ∧ Y is defined by (X ∧ Y )Z = g(Y, Z)X − g(X, Z)Y .

Proof. Denote the latter space by T0(x). If AX = 0, then 0 = AX ∧ AY =
R(X,Y )− cX ∧Y by the Gauss equation. Thus ker Ax ⊂ T0(x). If we now choose X
arbitrary in T0(x), there is a Y ∈ TxM such that AY 6= 0 and g(AX,AY ) = 0 at x.
Since AX∧Y = 0 at x, g(AY, AX)AX = g(AX,AX)AY at x. Thus g(AX,AX) = 0,
and hence AX = 0, namely, X ∈ ker Ax.

Lemma 9 [9]. Let f and f be isometric immersions of Mn as a hypersurface in
Mn+1(c). If t(x) for f = 3 for all x, then A = ±A, where A is the second fundamen-
tal form corresponding to f .

Proof. We first observe that t(x) = t(x). For if t(x) 5 1, then AX ∧ AY = 0
for all X and Y and hence dim T0(x) = n contrary to the fact that t(x) = 3. Thus
t(x) = 2 for all x. Hence ker Ax = T0(x) = ker Ax. Since A and A are symmetric,
Im Ax = Im Ax = T0(x)⊥. In particular t(x) = t(x).

Furthermore, for arbitrary X ∈ TxM , AX ∧ AX = 0. For if not, we may choose
Y so that AX ∧AX ∧AY 6= 0. But AX ∧AY = AX ∧AY since R(X, Y )− cX ∧ Y
is independent of the immersion. Thus AX ∧AX ∧AY 6= 0 which is a contradiction.

Thus, for each X there is a scalar c, possibly depending on X such that AX =
cAX. Choose X1 and X2 linearly independent in T0(x)⊥. Then AX1 = c1AX1, AX2 =
c2AX2 and A(X1 +X2) = c3A(X1 +X2). But A and A are one to one on T0(x)⊥ and
so c1 = c2 = c3. Thus AX = cAX for some c independent of X. This equation also
holds of course for X ∈ ker A. Now AX ∧AY = c2AX ∧AY so c = ±1. We conclude
that Ax = ±Ax.

3 Proof of Theorem

Now we prove the following theorem:
Theorem. Let Mn be a hypersurface in M̃n+1(c). If M is complete, c 6= 0 and

n = 3, then M has the rigidity.
Proof. Let f and f be isometric immersions of Mn as a hypersurface in Mn+1(c).

Assume that t(x) for f = 3 for all x. Then, from Lemma 9, we see that A = ±A,
where A is the second fundamental form corresponding to f . Therefore, from the
result of Beez and Thomas we know that Mn has the rigidity. Hence, we may assume
that there exists a point x0 which has the type number 5 2.

At first, we consider a neighborhood U of x0 which has the type number = 1. Then
we see that the distributions T0 and Tλ are differentiable and involutive. Moreover,
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we know from (2) of Lemma 5 that the maximal integral manifold M0(x) to T0(x)
through x is totally geodesic and hence complete (See Proposition 1 of [6]). Then by
the Lemma 7 we obtain that

Y Y (
1
λ

) + c
1
λ

= 0 for Y ∈ T0.

We choose Y ∈ T0 as above. Let L be a geodesic in the maximal integral manifold
M0(x) of T0(x) and Y the parallel vector field in the direction of L. Then we have

Y Y (
1
λ

) + c
1
λ

= 0. This means that if s is the length parameter of L, then

(3.1)
d2

ds2
(
1
λ

) + c
1
λ

= 0.

Assume that c > 0. From the equation (3.1) we have the solution

1
λ

= a cos(
√

cs) + b sin(
√

cs),

where a and b are certain constants which are independent of s. Then there exist

α and β such that
1
λ

= α cos(
√

cs + β). If
1
λ

is dependent of s, we see that it is a
contradiction, since M is complete. We have thus shown that λ is equal to a constant
on L. Since L can be an arbitrary geodesic in M0(x) starting from x, we conclude that
λ is equal to a constant on M0(x). Thus Y λ = 0 for any Y ∈ T0. Since R(X, Y )Y = 0,
we obtain c = 0, which is a contradiction to the condition of c > 0. Hence, we know
that the case of c > 0 does not occur. When c < 0, even complete, the solution

1
λ

= a cosh(
√−cs) + b sinh(

√−cs)

is nonzero, but by the existence and uniqueness of the solutions of the ordinary
differential equation and the second term of (3.1) we thus see that A = ±A if c < 0.

Next, we assume that a neighborhood U of x0 which has the type number 2.
We consider the case of U having the three distinct eigenvalues λ, µ and 0. In this

case we define three distributions as follows:

Tλ = {X ∈ Tx(M); AX = λX},
Tµ = {X ∈ Tx(M); AX = µX},
T0 = {X ∈ Tx(M); AX = 0}.

Let X and Y be unit vector fields belonging to Tλ and T0 such that ∇Y Y = 0,
[X, Y ] = 0, respectively. Using the Codazzi equation, we obtain

−λ(∇XY )λ = (Y λ)X,

λ(∇Y X)0 = 0,

(λ− µ)(∇Y X)µ = −µ(∇XY )µ.

On the other hand, we have

c = g(R(X,Y )Y,X)
= g(∇X∇Y Y −∇Y∇XY −∇[X,Y ]Y,X).(3.2)
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From (∇Y X)0 = 0, λ(∇Y X)µ = 0 we obtain A∇XY = λ∇XY = −(Y λ)X.
Hence, we get

c =
λY Y λ− 2(Y λ)(Y λ)

λ2
.(3.3)

From (3.3) we have

Y Y (
1
λ

) + c
1
λ

= 0

By the same argument as above we see that the case of c > 0 does not occur. Assume
that c < 0. Let Z be a unit vector fields belonging to Tµ such that [Z, Y ] = 0.
Similarly, we can obtain

Y Y (
1
µ

) + c
1
µ

= 0.

By the existence and uniqueness of the solutions of the ordinary differential equation
and the second term of (3.1) we thus see that this case does not occur.

Assume that U has the two distinct eigenvalues λ and 0. In the case we consider
two distributions as above:

Tλ = {X ∈ Tx(M); AX = λX},
T0 = {X ∈ Tx(M); AX = 0}.

Let X, Y be unit vector fields belonging to Tλ and T0 such that ∇Y Y = 0, [X, Y ] = 0,
respectively. Using the Codazzi equation, we obtain

−λ(∇XY )λ = (Y λ)X,

λ(∇Y X)0 = 0.

On the other hand, we have

c = g(R(X,Y )Y,X)
= g(∇X∇Y Y −∇Y∇XY −∇[X,Y ]Y,X).

From (∇Y X)0 = 0 we obtain A∇XY = λ∇XY = −(Y λ)X.
Hence, we get

c =
λY Y λ− 2(Y λ)(Y λ)

λ2
.(3.4)

From (3.4) we have

Y Y (
1
λ

) + c
1
λ

= 0.

By the same argument as above we see that the case of c > 0 does not occur. Assume
that c < 0. Since A and A are simultaneously diagonalizable, we see that A = ±A.
Thus we see that f and f are totally geodesic immersions if c > 0 and A = ±A if
c < 0 in the case of the typer number 5 2. Hence Mn has the rigidity. This proves
theorem.
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