A note on semi-symmetric spaces with
metric F-connection
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Abstract. In this work, we consider semi-symmetric spaces with metric
F-connection and examine the curvature properties of the spaces having
such a connection. We also several conditions for these spaces to have the
same curvature with the Riemannian connection and to have conformally
flat curvature. Furthermore, a special recurrent torsion tensor is found so
that the space with F-connection becomes an Einstein space. Finally, a
condition is given for every path of the connection to be a geodesic.
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1 Introduction

Let (M,,g) be an n-dimensional (n > 2) differentiable manifold with metric tensor
g and let V be the Riemannian connection. A linear connection D is said to be a
semi-symmetric connection on M, if the torsion tensor S of D satisfies

SX,Y)=p(Y)X -p(X)Y,

where p is a smooth linear differential form [3, 6, 7].

In a Kaehlerian manifold with Hermitian metric tensor g;; and complex structure
tensor F,”, Yano and Imai [7] constructed an affine connection D such that

Dygij =0, D;jF,"=0

with the connection coefficients

h
L= {ﬂ} +0'pi—gip" + F;" i+ F,"q; — Fjiq".

Here p; is a 1-form and ¢” is a vector field.
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In theoretical physics, especially in the general theory of relativity, spaces with
Riemannian and non-Riemannian connections have been studied widely. Among these
spaces, certain type of spaces are of interest such as spaces with constant curvatures,
conformal flat spaces and spaces having recurrent curvature tensor [5]. Einstein spaces
are one of the most studied ones.

Semi-symmetric spaces are generalization of the Riemaninan spaces and there-
fore, we consider semi-symmetric spaces with metric F'-connection and exhibit some
conditions to obtain certain type of curvatures of these spaces.

2 Preliminaries

Let M,, be an n-dimensional Kaehlerian manifold covered by a system of coordinate
neighborhoods {U;£'}, (n > 4), and denote by g;; and F,” components of the Her-
mitian metric tensor and those of the complex structure tensor of M, respectively.

Let V denote the covariant differentiation with respect to Christoffel symbol {Jhl}
determined by g;;; then we have

Vigij =0, ViF7 =0, V,Fy;=0,

where Fj; = F,'g;, and consequently Fj; = —F;; [8].

3 Semi-symmetric metric F-connections

Definition 3.1. Let { Z} be the coefficients of Riemannian connection V and Fijh
be the coefficients of an affine connection D. If D satisfies

(3.1) Drgij=0, D;F"=0
then D is called a metric F-connection [7].

If the coefficients of D have the form
(3:2) L= {]hz} Ui
then the torsion tensor Sjih of the connection D is given by
(3.3) Sjih = Fjih - Fijh = Ujih - Uijh )
where the tensor Uy;; is defined by the metric as Uyj; = Ukjt gri and Syjp is defined
by Sijn = Sy gin-

The torsion tensor has the following property [7]
(3.4) Sjik + Skji + Sik; = 2Ujuk
or

1
U h h h h

Je
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By using (3.1) and (3.2) it can be shown that
(3.6) U/ FM—UF"=0.
In this work, it is assumed that the torsion tensor Sjih has the form

(3.7) Sjih = 5?271' — oy pj — 2Fji qh,

K2

where p; is an 1-form, ¢’ is a contravariant vector field and F;; are the components
of a skew-symmetric tensor.

If D is a semi-symmetric and metric F-connection then, from (3.5) and (3.7), Ujih
is obtained as

(3.8) Ujih:6?pi_gjiph+Fith+thQi_Fjiqha

where p; = 0;p is gradient of a scalar function, p’ = p, ¢"* and ¢; = ¢* g .
Then, the coefficients of the connections satisfying (3.2) are obtained [7]

(3.9) ;"= {Jhl} +0pi—gup" +F"ai+ F"q; — Fiq" .
From (3.6) and (3.8), it is obtained that the vector fields p; and ¢; are related to each
other by
(3.10) pi=—Fud, g =Fip".
By using the relations in (3.10) we find that
gip' = —qp' and then g;p' =0.
In general, the curvature tensor of a manifold M,, is defined by [1]
(3.11) ijih = akrjih — 9Ty + Ty Fjit - thh Ly

h

For the connection coeflicients I jih given by (3.9), the curvature tensor L, ;;* of spaces

with semi-symmetric metric-F connection becomes
ijih = Rkjih + 61 (pipj — 9P’ — 4105 — Fyipeq' — Vipi)
+60 (—pipk + grioed" + Gk + Friped' + Vips)
+9i (0" — axd" = Vip") + gin(d" a5 — p"p; + Vip") + 2Fj(—p" i + ¢" i)
+Fu(p"q; + pid" = V;4") + Fiilped" + 0" ax — V")
+F,"(@ipj + a;pi — g5ip" @t — Fjiqrd" — V)
(3.12) +F; "(—qipk — @upi + gD’ + Friqed' + Via:) + F; " (Vig; — Viar)

where the tensors p;; and ¢;; are of the form

1
(3.13) pji = Vipi —pjpi + ¢ ¢ + §ptptgji )
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1
(3.14) Qi = Vit — PG —pig; + §PtptFjia

and R, jih is the curvature tensor of the Riemannian manifold.

Multiplying (3.12) by gin, the curvature tensor is obtained in the form

Lijin = Brjin — Pjignk + DrkiGjh — PkhGji + PjhGki

(3.15) —Fungji + Finars — Fyiqrn + Frigjn — agjFin — BinFr;j
where
(3.16) ar; = —(Vieg; —Vjae), Bin = 2(pign — Prai) -

From (3.16) it is seen that ax; = —ak , Bin = —Bhi -

Now we examine the properties of the curvature tensor Ly ;;, of the connection D
in detail, and give some conditions to get special type of curvatures.

The curvature tensor Lyj;, has the following properties:

i) Lijin = —Ljkin;

ii) Lrjin = —Lijnis

ili) Ligih = Lgjnn =0

Let Lj; = Lgjing™ denote the Ricci tensor of the connection D and R;; be the
Ricci tensor of the connection V. Then, multiplying (3.15) by g*" we obtain

Lji = Rji — (2n — 1)pji — gjiprng™”

(3.17) k kh k h
+F qri — Fjiqen 97" — agi F;© — BinF".

Using (3.13), (3.14) and (3.16) we have

Lji = Rji — 2n(V;pi — pipj + gjipep”) — 2(n — 1)qi; — 95:Vip"
(3.18) +E 5 (Vias) — Fji(Vied®) + F, ¥ (Vi) -
Let L = Ljigji be the scalar curvature of the connection D. Multiplying (3.18) by
g%, we obtain the scalar curvature
L =R—(2n—1)pjig”? — 2nppng™ + F; g7 qui — an; F; * 9" — Bin F' g™

(3.19) , , , . ,
=R — o FI% — By F" = R+ (Vip® + V;p7) — 2(pip" + pip'),
where R is the scalar curvature with respect to the connection V.
Then, we get the scalar curvature of the semi-symmetric metric F-connection in
terms of the divergence and the norm of the vector field p as

(3.20) L=R+2(Vip" —2pup") .

Theorem 3.1. A semi-symmetric metric F-connection D and the Riemannian con-
nection V on M, have the same curvature tensor if the divergence of the vector field
q vanishes with respect to V, i.e., Viq* = 0.
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Proof. For the curvature tensor of the semi-symmetric connection D we have
Lijin = Brjin + Pjignk — DkiGjh + Pkhji — PjhGki

(3.21) +Funqi — Fnqri + Fiiqen — Friqin — anjFin — BinFj -

By assumption Lyjin = Ryjin and multiplying (3.21) by F*| we get

(3.22) FXpri + 95i(@emg™™) — (20 + 3)qji + s + Bij — Fji(pemg"™™) = 0.

Also, multiplying the equation (3.22) by ¢’¢, we obtain

(3.23) FF i + 2n(qkmg®™) — (2n+ 3)(g;i9") = 0.
Since

1
(3.24) Qg™ = Vid" — 2pp® + §ptpt(kag’”") :

and from equation (3.23) and (3.24) we find
km k k 1 t km
Gemg”" = Vid" = 2peq” + 5pep (Frmg™™) = 0.
Consequently, we obtain V¢* = 0. O

In the next section, we define the conformal curvature tensor of the connection D
and examine the conformal flatness of D.

4 Conformal curvature tensor of
the semi-symmetric metric F'-connection

The conformal curvature Cyj;;, tensor of the connection D is defined by

(1) Crjin = Lijin — =5 (genLji — gjnLii + Lkngji — Lingui)
4.1
+(71_1)Lw(gkh9ji — 9jnGki),

where Lyjin, Li; and L are the curvature tensor, Ricci tensor and the scalar curvature
of the connection D, respectively. We can state the following theorem related to the
conformal flatness of the connection D.

Theorem 4.1. A semi-symmetric space with metric F-connection D is conformal
flat if the equation

aVkp’“—kbpkp’“ =0

is satisfied, with the coefficients a = (10n3 — 9n? + 6n — 3) and b = n(10n3 — 11n? —
6n—1).
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Proof. By using (3.15), (3.17) and (3.20), the conformal curvature tensor (4.1) be-
comes

1
Chjin = C;?jih + %(pﬁghk — Prigjn + PknGji — Pingki)

—Fengji + Fjnari — Fiiqrn + Friqjn — anjFin — BinFr;j
(4.2) +:250im9 " (GknGji — 9ingki) — 75 5" (kiGmh — Grkndmi)
— L F "™ (gnGmi — 9jidmn) + 75 Fi ™ (Gkh O
—Gin0mk) + =5 Fri(gjicur — gricus) + ﬁFT(gkhﬁim — 9kiBhm)
+ L P F"™ (ki Fjn — 9enFji — 9jiFen + 9jnFri)
where C,gji 5, is the conformal curvature tensor of the Riemannian connection. Since the

conformal curvature tensor is traceless in Riemannian spaces, that is C,gjihgkh =0,
by using conformal flatness assumption in (4.2), we obtain

2 L. 1 .
0= 25 (pjig’") — Engipjhgkigwgkh

+Finarig™ 97" + Friqjng” 9" — anj g7 Fingt™ — Bing" Fio;g""

~ B i F™ — G5 g F™ — (53 B F

(4.3)

+ 2 (2 — Apiph)
Rearranging the terms in (4.3), we obtain
aVip* +bppp* =0
where a = (10n3 — 9n? + 6n — 3) and b = n(10n® — 11n? — 6n — 1). O

5 Einstein spaces with semi-symmetric metric
F'-connection

Definition 5.1. Let M,, be a manifold with semi-symmetric metric F-connection
and let L;; be the Ricci tensor of the connection D. If the symmetric part of the
Ricci curvature L;; satisfies the relation

Lijy = A gij

where A is a function, then the space is called Einstein space with the semi-symmetric
metric F-connection.

Theorem 5.1. An Einstein-Riemannian space is an Einstein space with semi-symmetric
metric F'-connection if the following condition

1
A=) = ~on (e Vip" + fpip®)

is satisfied. Here the coefficients are e = (3n+1) and f = (n—1)2, and v is a scalar
function coming from the Einstein property of Riemann space, that is, R;; = vgi;.
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Proof. Using (3.17), we obtain the symmetric part of the Ricci tensor L;; of the
connection D

Ly = %(sz‘ + Lij)
= %[QRU — (2n = 1)(pji + pij) — 295i06ng™" + Fy " aj + F;  qui
(5.1) —api ¥ — ap By % — B Fly — B F) .
By transvecting (5.1) with ¢ and using (3.13), (3.14) and (3.16), we get
dn(A —v) = =2(3n 4+ 1)Vip® — 2(n — 1)%ppp® .

From (3.1) we reach the following condition for semi-symmetric space with metric
F'-connection space being Einstein

1
A—n) = ~5- ((Sn + DVip® + (n — I)Zpkpk) )
But the the space is Einstein if the following relation holds:
L=R-2(Bn+1)Vip" + (n—1)%pp"). O

We shall further consider semi-symmetric spaces with metric F-connection having
recurrent torsion tensor.

Definition 5.2. A tensor S on M is said to be recurrent with respect to a given
linear connection, if it is not a zero tensor and if the covariant derivative of the tensor
S is equal to the tensor product of a non-zero covariant vector wy with S itself [4].
In local coordinates, we have

ije g
VhSklm —whSklm .

Theorem 5.2. A semi-symmetric space with metric F-connection has a recurrent
torsion tensor S, i.e., Dijih = wg Sjih if and only if, the vectors py and wy are
collinear and qy, is recurrent, where p and q are vectors contained in the definition of
torsion tensor in (3.7) and w is the recurrence vector field.

Proof. Firstly, we assume that the torsion tensor Sjih is recurrent

(53) = wk((Sfpz — 5£zpj — 2Fﬂ qh) .

By taking the covariant derivative of the torsion tensor ij' we get

(54) Dijih = Dk((;jhpi — (Sihpj — 2Fjiqh) = ((5th]€]77; — (5¢thpj — 2Fjkaqh) .
By contracting h and 7 in (5.3), we get the following relations

Sh]h = (2n+1)p, and Dy, Shjh = wy, Sh]h.
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Then recurrence condition of p is obtained, Dy p; = wg p;. On the other hand, to
calculate the difference (Dy, p; — D; pi,) we need

h
(5.5) Dyp; = Okp; —ph{kj} — ProEp; + Pugrip" — puFy a; — puF i,

(5.6)and  Djpy = 9;py, — ph{j};} — pr6oe + prgikp" — o F"ae — pnF g -
From (5.5) and (5.6), we get
Dyp; — Djpr, = Oxpi — Oipi,
(5.7) = Wkpj — W;Pk -
Since py, is gradient, that is py = dgp, from (5.7) we obtain
(Okpi — Oipr) = (wkp; —wjp) =0 or  wgpj —wpr, =0

which means that vectors wy and pj are collinear, wy = a px, where a is an arbitrary
constant. Also, from (5.4), we conclude that ¢" is recurrent.

Conversely, using that the vectors py and wy are collinear and gj is recurrent in
(5.4), by assumption, we get Dy Shjh = wyg Shjh which completes the proof. O

Theorem 5.3. Let M, be an FEinstein-Riemannian space. If M, has a recurrent
torsion tensor with respect to the connection D then, the space is Einstein under the
condition

1
(5.8) w; pj +w;pj =2 <Qi qj — mpi pj)

where w is the recurrence vector, p and q are vectors defined by torsion tensor.

Proof. We know that if the torsion tensor is recurrent, then Dy, p; = wy p; and Dy ¢; =
wy, ¢;- When we substitute recurrence conditions into curvature tensor (5.1) we get

1
L(ij) = 5[2Rij - (2” - 1)(pji +pij) - 29jipkhgkh + Fikaj + ijka‘

(5.9) *Oékiij — i By P — B B — @'hF’}]

where pj;, qi; are given by (3.13) and (3.14), and «y; and [, are given by (3.16) .
By using the definition of the covariant derivative Dy, we also have the relations

(5.10) Djpi =V;p; — pipj + gi;p" + 2¢i g
(5.11) Drg; = Vi aj — 2qkpj — P q; + Frjpe 0

then pj;, qr; become

1
(5.12) pji =Djpi —qiq; — 5P P’ gji

1
(5.13) qrj = Drgj + qupj — iptpt Fi;.
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Since the recurrence condition requires that Dy p; = wg p; and Dy, q; = wy q;, we have

1
(5-14) Pji = W;pi —qiq5 — §pt pt 9ji
1
(5.15) Qi = W qj + ak Pj — 5Pt P’ Fyj .

After some calculations we get
1
Liijy = 5[2Ri; — 2(2n — 1)(wi pj + w;pi) + 4n —1)gs ¢; + 4pip; +2(n + 2)pe P’ gijl-

Since R;; = vgij, to get L(;;) = Agi; we conclude that any semi-symmetric space
with metric F-connection is Einstein if

1
w; pj + w; pj = 2[qi g — mpipj]

holds. O

We further point out sufficient conditions under which the paths of the connection
D are geodesics.

Definition 5.3. A path of I'y ,” is a curve 2 (t) whose tangent vector dz"/dt satisfies
the relations [2]

i (Pt et da?
dt dt2 B qt dt

Proposition 5.4. Every path of a D-connection Iy ,”

coincides with the D-recurrent vector p”, is a geodesic.

whose tangent vector dx¥ /dt

Proof. The equations of D-paths are
de™ { d2z dz® daP
e (Lar 1 ({1} +U,,7) )

da¥ ( d?z? A A\ dz® daP ) _
—de (L2 4 ({0} +U,Y) B 80) =0,

where
Uys” = 0505 — gapp” + Fo Va3 + F3 "o — Fapq" .
If p¥ = dz¥ /dt, then these reduce to the geodesic equations,

de ([ \dat da\ det () (A dat do?) .
dt \ dt? afBf dt dt dt \ dt? aB) dt dt )
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