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Abstract. In this work, we consider semi-symmetric spaces with metric
F -connection and examine the curvature properties of the spaces having
such a connection. We also several conditions for these spaces to have the
same curvature with the Riemannian connection and to have conformally
flat curvature. Furthermore, a special recurrent torsion tensor is found so
that the space with F -connection becomes an Einstein space. Finally, a
condition is given for every path of the connection to be a geodesic.
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1 Introduction

Let (Mn, g) be an n-dimensional (n > 2) differentiable manifold with metric tensor
g and let ∇ be the Riemannian connection. A linear connection D is said to be a
semi-symmetric connection on Mn if the torsion tensor S of D satisfies

S(X, Y ) = p (Y )X − p (X)Y,

where p is a smooth linear differential form [3, 6, 7].
In a Kaehlerian manifold with Hermitian metric tensor gij and complex structure

tensor F h
i , Yano and Imai [7] constructed an affine connection D such that

Dk gij = 0 , Dj F h
i = 0

with the connection coefficients

Γ h
ji =

{
h

ji

}
+ δh

j p i − gji ph + F h
j qi + F h

i qj − Fji qh .

Here pi is a 1-form and qh is a vector field.
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In theoretical physics, especially in the general theory of relativity, spaces with
Riemannian and non-Riemannian connections have been studied widely. Among these
spaces, certain type of spaces are of interest such as spaces with constant curvatures,
conformal flat spaces and spaces having recurrent curvature tensor [5]. Einstein spaces
are one of the most studied ones.

Semi-symmetric spaces are generalization of the Riemaninan spaces and there-
fore, we consider semi-symmetric spaces with metric F -connection and exhibit some
conditions to obtain certain type of curvatures of these spaces.

2 Preliminaries

Let Mn be an n-dimensional Kaehlerian manifold covered by a system of coordinate
neighborhoods {U ; ξi}, (n ≥ 4), and denote by gij and F j

i components of the Her-
mitian metric tensor and those of the complex structure tensor of Mn respectively.

Let ∇ denote the covariant differentiation with respect to Christoffel symbol
{

h
ji

}
determined by gij ; then we have

∇k gij = 0 , ∇k F j
i = 0, ∇k Fij = 0,

where Fij = F t
i gtj , and consequently Fji = −Fij [8].

3 Semi-symmetric metric F -connections

Definition 3.1. Let
{

h
ij

}
be the coefficients of Riemannian connection ∇ and Γ h

ij

be the coefficients of an affine connection D. If D satisfies

(3.1) Dk gij = 0 , Dj F h
i = 0

then D is called a metric F -connection [7].

If the coefficients of D have the form

(3.2) Γ h
ji =

{
h

ji

}
+ U h

ji

then the torsion tensor S h
ji of the connection D is given by

(3.3) S h
ji = Γ h

ji − Γ h
ij = U h

ji − U h
ij ,

where the tensor Ukji is defined by the metric as Ukji = U t
kj gti and Sijh is defined

by Sijh = S t
ij gth.

The torsion tensor has the following property [7]

(3.4) Sjik + Skji + Sikj = 2Ujik

or

(3.5) U h
ji =

1
2
(S h

ji + Sh
ji + Sh

ij) .
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By using (3.1) and (3.2) it can be shown that

(3.6) U t
ji F h

t − U h
jt F t

i = 0 .

In this work, it is assumed that the torsion tensor S h
ji has the form

(3.7) S h
ji = δh

j pi − δh
i pj − 2Fji qh ,

where pi is an 1-form, qi is a contravariant vector field and Fij are the components
of a skew-symmetric tensor.

If D is a semi-symmetric and metric F -connection then, from (3.5) and (3.7), U h
ji

is obtained as

(3.8) U h
ji = δh

j pi − gji ph + F h
i qj + F h

j qi − Fji qh ,

where pi = ∂ip is gradient of a scalar function, pi = pt gti and qi = qt gti .
Then, the coefficients of the connections satisfying (3.2) are obtained [7]

(3.9) Γ h
ji =

{
h

ji

}
+ δh

j p i − gji ph + F h
j qi + F h

i qj − Fji qh .

From (3.6) and (3.8), it is obtained that the vector fields pi and qi are related to each
other by

(3.10) pi = −Fti qt, qi = Fti p t .

By using the relations in (3.10) we find that

qip
i = −qtp

t and then qip
i = 0 .

In general, the curvature tensor of a manifold Mn is defined by [1]

(3.11) L h
kji = ∂kΓ h

ji − ∂jΓ h
ki + Γ h

kt Γ t
ji − Γ h

jt Γ t
ki .

For the connection coefficients Γ h
ji given by (3.9), the curvature tensor L h

kji of spaces
with semi-symmetric metric-F connection becomes

L h
kji = R h

kji + δh
k (pipj − gjiptp

t − qiqj − Fjiptq
t −∇jpi)

+δh
j (−pipk + gkiptp

t + qiqk + Fkiptq
t +∇kpi)

+gij(phpk − qkqh −∇kph) + gik(qhqj − phpj +∇jp
h) + 2Fjk(−phqi + qhpi)

+Fik(phqj + pjq
h −∇jq

h) + Fji(pkqh + phqk −∇kqh)

+F h
k (qipj + qjpi − gjip

tqt − Fjiqtq
t −∇jqi)

+F h
j (−qipk − qkpi + gkiqtp

t + Fkiqtq
t +∇kqi) + F h

i (∇kqj −∇jqk) ,(3.12)

where the tensors pij and qij are of the form

(3.13) pji = ∇jpi − pj pi + qj qi +
1
2
pt ptgji ,
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(3.14) qji = ∇jqi − pj qi − pi qj +
1
2
pt ptFji ,

and R h
kji is the curvature tensor of the Riemannian manifold.

Multiplying (3.12) by glh, the curvature tensor is obtained in the form

Lkjih = Rkjih − pjighk + pkigjh − pkhgji + pjhgki

−Fkhqji + Fjhqki − Fjiqkh + Fkiqjh − αkjFih − βihFkj ,(3.15)

where

αkj = −(∇kqj −∇jqk) , βih = 2(piqh − phqi) .(3.16)

From (3.16) it is seen that αkj = −αjk , βih = −βhi .

Now we examine the properties of the curvature tensor Lkjih of the connection D
in detail, and give some conditions to get special type of curvatures.

The curvature tensor Lkjih has the following properties:
i) Lkjih = −Ljkih;
ii) Lkjih = −Lkjhi;
iii) Lkkih = Lkjhh = 0
Let Lji = Lkjihgkh denote the Ricci tensor of the connection D and Rji be the

Ricci tensor of the connection ∇. Then, multiplying (3.15) by gkh we obtain

(3.17)
Lji = Rji − (2n− 1)pji − gjipkhgkh

+F k
j qki − Fjiqkh gkh − αkjF

k
i − βihFh

j .

Using (3.13), (3.14) and (3.16) we have

Lji = Rji − 2n(∇jpi − pipj + gjipkpk)− 2(n− 1)qiqj − gji∇kpk

+F k
j (∇kqi)− Fji(∇kqk) + F k

i (∇kqj) .(3.18)

Let L = Ljig
ji be the scalar curvature of the connection D. Multiplying (3.18) by

gij , we obtain the scalar curvature

(3.19)
L = R− (2n− 1)pjig

ij − 2npkhgkh + F k
j gjiqki − αkjF

k
i gij − βihFh

jg
ij

= R− αkjF
jk − βihFhi = R + (∇kpk +∇jp

j)− 2(pip
i + pip

i),

where R is the scalar curvature with respect to the connection ∇.
Then, we get the scalar curvature of the semi-symmetric metric F -connection in

terms of the divergence and the norm of the vector field p as

(3.20) L = R + 2
(∇kpk − 2pkpk

)
.

Theorem 3.1. A semi-symmetric metric F -connection D and the Riemannian con-
nection ∇ on Mn have the same curvature tensor if the divergence of the vector field
q vanishes with respect to ∇, i.e., ∇kqk = 0.
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Proof. For the curvature tensor of the semi-symmetric connection D we have

Lkjih = Rkjih + pjighk − pkigjh + pkhgji − pjhgki

+Fkhqji − Fjhqki + Fjiqkh − Fkiqjh − αkjFih − βihFkj .(3.21)

By assumption Lkjih = Rkjih and multiplying (3.21) by Fhk, we get

(3.22) F k
jpki + gji(qkmgkm)− (2n + 3)qji + αij + βij − Fji(pkmgkm) = 0 .

Also, multiplying the equation (3.22) by gji, we obtain

(3.23) F kipki + 2n(qkmgkm)− (2n + 3)(qjig
ij) = 0 .

Since

(3.24) qkmgkm = ∇kqk − 2pkqk +
1
2
ptp

t(Fkmgkm) ,

and from equation (3.23) and (3.24) we find

qkmgkm = ∇kqk − 2pkqk +
1
2
ptp

t(Fkmgkm) = 0.

Consequently, we obtain ∇kqk = 0. 2

In the next section, we define the conformal curvature tensor of the connection D
and examine the conformal flatness of D.

4 Conformal curvature tensor of
the semi-symmetric metric F -connection

The conformal curvature Ckjih tensor of the connection D is defined by

(4.1)
Ckjih = Lkjih − 1

n−2 (gkhLji − gjhLki + Lkhgji − Ljhgki)

+ L
(n−1)(n−2) (gkhgji − gjhgki),

where Lkjih, Lij and L are the curvature tensor, Ricci tensor and the scalar curvature
of the connection D , respectively. We can state the following theorem related to the
conformal flatness of the connection D.

Theorem 4.1. A semi-symmetric space with metric F -connection D is conformal
flat if the equation

a∇k pk + b pk pk = 0

is satisfied, with the coefficients a = (10n3 − 9n2 + 6n− 3) and b = n(10n3 − 11n2 −
6n− 1) .
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Proof. By using (3.15), (3.17) and (3.20), the conformal curvature tensor (4.1) be-
comes

(4.2)

Ckjih = C0
kjih + (n+1)

(n−2) (pjighk − pkigjh + pkhgji − pjhgki)

−Fkhqji + Fjhqki − Fjiqkh + Fkiqjh − αkjFih − βihFkj

+ 2
n−2plmglm(gkhgji − gjhgki)− 1

n−2F m
j (gkiqmh − gkhqmi)

− 1
n−2F m

k (gjhqmi − gjiqmh) + 1
n−2F m

i (gkhαmj

−gjhαmk) + 1
n−2Fhl(gjiαlk − gkiαlj) + 1

n−2Fm
j (gkhβim − gkiβhm)

+ 1
n−2plmF lm(gkiFjh − gkhFji − gjiFkh + gjhFki)

where C0
kjih is the conformal curvature tensor of the Riemannian connection. Since the

conformal curvature tensor is traceless in Riemannian spaces, that is C0
kjihgkh = 0,

by using conformal flatness assumption in (4.2), we obtain

(4.3)

0 = 10n2

(n−2) (pjig
ji)− (n+1)

(n−2)pjhgkig
ijgkh

+Fjhqkig
khgji + Fkiqjhgjigkh − αkjg

jiFihgkh − βihgijFkjg
kh

− (2−2n)
(n−2) qmiF

mi − (4n−2)
(n−2) αmjF

mj − (4n−2)
(n−2) βimFmj

+ 2n(2n−1)
(n−1)(n−2)

(
2∇kpk − 4pkpk

)
.

Rearranging the terms in (4.3), we obtain

a∇k pk + b pk pk = 0

where a = (10n3 − 9n2 + 6n− 3) and b = n(10n3 − 11n2 − 6n− 1). 2

5 Einstein spaces with semi-symmetric metric
F -connection

Definition 5.1. Let Mn be a manifold with semi-symmetric metric F -connection
and let Lij be the Ricci tensor of the connection D. If the symmetric part of the
Ricci curvature Lij satisfies the relation

L(ij) = λ gij ,

where λ is a function, then the space is called Einstein space with the semi-symmetric
metric F -connection.

Theorem 5.1. An Einstein-Riemannian space is an Einstein space with semi-symmetric
metric F -connection if the following condition

(λ− γ) = − 1
2n

(
e∇kpk + f pkpk

)

is satisfied. Here the coefficients are e = (3n + 1) and f = (n− 1)2, and γ is a scalar
function coming from the Einstein property of Riemann space, that is, Rij = γgij.
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Proof. Using (3.17), we obtain the symmetric part of the Ricci tensor Lij of the
connection D

L(ij) =
1
2
(Lji + Lij)

=
1
2
[2Rij − (2n− 1)(pji + pij)− 2gjipkhgkh + F k

i qkj + F k
j qki

−αkiF
k

j − αkjF
k

i − βjhFh
i − βihFh

j ] .(5.1)

By transvecting (5.1) with gij and using (3.13), (3.14) and (3.16), we get

4n(λ− γ) = −2(3n + 1)∇kpk − 2(n− 1)2pkpk .

From (3.1) we reach the following condition for semi-symmetric space with metric
F -connection space being Einstein

(λ− γ) = − 1
2n

(
(3n + 1)∇kpk + (n− 1)2pkpk

)
.

But the the space is Einstein if the following relation holds:
L = R− 2

(
(3n + 1)∇kpk + (n− 1)2pkpk

)
. 2

We shall further consider semi-symmetric spaces with metric F -connection having
recurrent torsion tensor.

Definition 5.2. A tensor S on M is said to be recurrent with respect to a given
linear connection, if it is not a zero tensor and if the covariant derivative of the tensor
S is equal to the tensor product of a non-zero covariant vector wh with S itself [4].
In local coordinates, we have

∇hS ij···
kl··· = whS ij···

kl··· .

Theorem 5.2. A semi-symmetric space with metric F -connection has a recurrent
torsion tensor S, i.e., DkS h

ji = wk S h
ji if and only if, the vectors pk and wk are

collinear and qk is recurrent, where p and q are vectors contained in the definition of
torsion tensor in (3.7) and w is the recurrence vector field.

Proof. Firstly, we assume that the torsion tensor S h
ji is recurrent

S h
ji = wk S h

ji(5.2)

= wk(δh
j pi − δh

i pj − 2Fji qh) .(5.3)

By taking the covariant derivative of the torsion tensor S h
ji we get

DkS h
ji = Dk(δj

hpi − δi
hpj − 2Fjiq

h) = (δj
hDkpi − δi

hDkpj − 2FjiDkqh) .(5.4)

By contracting h and i in (5.3), we get the following relations

S h
hj = (2n + 1)pj and Dk S h

hj = wk S h
hj .
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Then recurrence condition of p is obtained, Dk pj = wk pj . On the other hand, to
calculate the difference (Dk pj −Dj pk) we need

Dkpj = ∂kpj − ph

{
h

kj

}
− phδh

kpj + phgkjp
h − phF h

k qj − phF h
j qk ,(5.5)

and Djpk = ∂jpk − ph

{
h

jk

}
− phδh

j pk + phgjkph − phF h
j qk − phF h

k qj .(5.6)

From (5.5) and (5.6), we get

Dkpj −Djpk = ∂kpi − ∂ipk

= wkpj − wjpk .(5.7)

Since pk is gradient, that is pk = ∂kp , from (5.7) we obtain

(∂kpi − ∂ipk) = (wkpj − wjpk) = 0 or wkpj − wjpk = 0

which means that vectors wk and pk are collinear, wk = a pk, where a is an arbitrary
constant. Also, from (5.4), we conclude that qh is recurrent.

Conversely, using that the vectors pk and wk are collinear and qk is recurrent in
(5.4), by assumption, we get Dk S h

hj = wk S h
hj which completes the proof. 2

Theorem 5.3. Let Mn be an Einstein-Riemannian space. If Mn has a recurrent
torsion tensor with respect to the connection D then, the space is Einstein under the
condition

wi pj + wi pj = 2
(

qi qj − 1
(n− 1)

pi pj

)
(5.8)

where w is the recurrence vector, p and q are vectors defined by torsion tensor.

Proof. We know that if the torsion tensor is recurrent, then Dk pi = wk pi and Dk qi =
wk qi. When we substitute recurrence conditions into curvature tensor (5.1) we get

L(ij) =
1
2
[2Rij − (2n− 1)(pji + pij)− 2gjipkhgkh + F k

i qkj + F k
j qki

−αkiF
k

j − αkjF
k

i − βjhFh
i − βihFh

j ](5.9)

where pji, qkj are given by (3.13) and (3.14), and αkj and βjh are given by (3.16) .
By using the definition of the covariant derivative Dk, we also have the relations

Djpi = ∇j pi − pi pj + gijp
h + 2qi qj(5.10)

Dkqj = ∇k qj − 2qk pj − ph qj + Fkjpt pt;(5.11)

then pji, qkj become

pji = Dj pi − qi qj − 1
2
pt pt gji(5.12)

qkj = Dk qj + qk pj − 1
2
pt pt Fkj .(5.13)
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Since the recurrence condition requires that Dk pi = wk pi and Dk qi = wk qi, we have

pji = wj pi − qi qj − 1
2
pt pt gji(5.14)

qkj = wk qj + qk pj − 1
2
pt pt Fkj .(5.15)

After some calculations we get

L(ij) =
1
2
[2Rij − 2(2n− 1)(wi pj + wj pi) + 4(n− 1)qi qj + 4pi pj + 2(n + 2)pt pt gij ].

Since Rij = γ gij , to get L(ij) = λ gij we conclude that any semi-symmetric space
with metric F -connection is Einstein if

wi pj + wi pj = 2[qi qj − 1
(n− 1)

pi pj ]

holds. 2

We further point out sufficient conditions under which the paths of the connection
D are geodesics.

Definition 5.3. A path of Γ ν
λµ is a curve xν(t) whose tangent vector dxν/dt satisfies

the relations [2]
dx[λ

dt

(
d2xν]

dt2
+ Γ ν]

αβ

dxα

dt

dxβ

dt

)
= 0 .

Proposition 5.4. Every path of a D-connection Γ ν
λµ whose tangent vector dxν/dt

coincides with the D-recurrent vector pν , is a geodesic.

Proof. The equations of D-paths are

dxλ

dt

(
d2xν

dt2 +
({

ν
αβ

}
+ U ν

αβ

)
dxα

dt
dxβ

dt

)

−dxν

dt

(
d2xλ

dt2 +
({

λ
αβ

}
+ U λ

αβ

)
dxα

dt
dxβ

dt

)
= 0 ,

where
U ν

αβ = δν
αpβ − gαβpν + Fα

νqβ + Fβ
νqα − Fαβqh .

If pν = dxν/dt, then these reduce to the geodesic equations,
dxλ

dt

(
d2xν

dt2
+

{
ν

αβ

}
dxα

dt

dxβ

dt

)
− dxν

dt

(
d2xλ

dt2
+

{
λ

αβ

}
dxα

dt

dxβ

dt

)
= 0. 2

References

[1] L. P. Eisenhart, Non-Riemanian Geometry, AMS Colloquium Publications, vol.
8, 1927.

[2] J. W. Lee and K. T. Chung, Geometric properties on Singh connection, Tensor
N.S. 58 (1997), 299-303.



A note on semi-symmetric spaces 109

[3] Y. X. Liang, On semi-symmetric and reccurent metric connection, Tensor N.S.
55 (1988), 107-112.

[4] W. Roter, On conformally related conformally recurrent metrics I, Some general
results, Colloquium Mathematicum 47 (1982), 39-46.
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